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*' The tableau," eays this. competent judge, "comprising 
*' as it does agreat varieiy of elementary models, will serve 
" admirably to educate the eye, an«l must greatly facilitate 
*' the study of solid mensuration." *^ Again," says Mr^ 
Wilkie, ** the Government would confer a boon on schools 
' *' of the middle and higher class by affording access to so 
** susjrestive a collection." There are others who, irres- 
pective of considerations as to the comparative accuracy of 
the formula, or of its advantages, as applied to mere 
mensuration, are awake of the fact that the models are so 
much more suggestive to the pupil and the teacher than 
their mere representation on a blackboard or on paper, and 
who, in their written opinions, have alluded especially to 
this feature of the proposed system. M. Joly President of 
the Quebec Branch ot the Montreal School of Arts and 
Design, in a letter on the subject to Mr. Weaver, the 
President of the Board, and after having himself witnessed 
its advantages on moie than one occasion, says, in hia 
expressive style, '* the difference is enormous." Professor 
Tuussaint, of the Normal School, Dufreane, of the Mout- 
magny Academy, Boivin, of St. Hyacinthe, and many 
others, are of the same opinion; among them MM. R. S. 
M. Bouchette, O'Farrell, Fletcher, St. Aubin, hteckel, 
Juneau, Venner, Gallagher, Lafrance, and the late Brother 
Anthony, &c., &c. Neither will it be forgotten that the 
professors of the Laval University, after reading the 
enunciation of Mr. B.'s formula, as given in his treatise of 
1866, expressed themselves thus : " CJn doute involontaire 
•' s'empare d'abord de I'esprit, lorsqu'on lit le No. 1521; 
^^ mais un examen attentif des paragraphes suivants, dissipe 
'* bientoi ce doute et i'on reste etonne a la vue d*une 
** formule, si claire, si aisee k retenir et dont I'application 
" est si generale." Mr. Fleichor, of the Crown Lands 
Department, says: ** I have compared, in the case of 
*' several solids, the results obtained by your mode of 
'^ computation with those resulting from the ordinary and 
** more lengthy processes, and congratulate you sincerely 
** on your enunciation of a formula- so brief and simple iu 
** its character, and so precise and satisfactory in its 
*' results." Mr. Baillairge also took occasion during hia 
lecture to allude, iu other relations, to his treatise ou 
geometry and mensuration, in which he showed he has 
introduced rnany important modifications in the usual 
mode of trea/ing the subject of plane and spherical geometry 
and trigononnetry. In conclusion, we must add that the 
Council of Public Instruction, at its last meeting, appointed 
a CommittJe, composed of the Lord Bishop of Quebec, and 
of Bishops JLangevin and Larocque, to report to the Council 
at its next/general meeting in June, and who, it may be 
taken for granted, after the many flattering testimonials in 
relation to the utility and many advantages of the stereo- 
metrical tableau for purposes of education, cannot but 
recommend and direct its adoption in all the schools of 
the Dominion. 
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THE PREFACE. 



The question may be asked " If the system be so simple, why 
80 volaminous a *^ Key" ? Now, it will be immediately seen that the 
present work is in reality, for the most part, a mere " Mensuration 
of Areas" which might perhaps have been omitted, since there are 
already many works which treat on that subject, and that tlie mode 
of measuring the surface or area of any solid is supposed to be known 
before its cubical contents can be arrived at. It is however more satis- 
factory for Teachers in gfeneral. Professors and Students to find thus 
brought together in a siiigle volume, all that they require, -than to 
have to seek it elsewhere. The mensuration of areas is not at all 
superfluous, even in the " Key " ; since, in point of fact the whole 
difficulty and labor of computing the solid contents of any body, con- 
sists in determining the areas of certain of its component faces and 
sections. 

That which also contributes largely to swell the dimensions of 
the " Key ", is the great number of examples, • fully worked out, of 
the author's system as applied to the computation of the most intri- 
cate solids, and the numerous tables of which the great utility will 
-, _ become apparent, when, having to compute the capacity of any boiler 
^ tub, vat or cask — the volume of a cylinder, sphere, spheroid, conoid 
** or of any segment, frustum or ungula of such bodies, the calculation 
;; will be found, so to say, fully worked out, since it will suffice to take 
*out the requisite areas, add them and multiply their sum by the 
£^ sixth part of the length or altitude of the body j after wliich a simple 
multiplication or division (as the case may be) of the units so ob- 
tained, will reduce them to inches, feet, metres, gallons, litres, &c. 
or to any other units greater or less than the first. 

At page XXIX, however ) that is, after the testimonials will be 
found an 

ABRIDGED OR STNOPTICAL KEY TO THE tABLEAIT. 

atid, to any one who understands the nomenclature of solid forms 
and the mensuration of ai;eas, this Abridged Key contains all that is 
esaential to the full and entire intelligence of the author's system. 
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The Archbishopric of Quebec. 

The Ursiilines Convent. 

The Bishopric of Rimouski. 

The Bishopric of Kingston. 

The Bishopric of St. llyacinthe. 

The Laval University, Quebec. 

The Laval Normal School, Quebec. 

The Seminary, Quebec, 

The Society for the vulgarisation 
of education, France. 

The College, Ottawa. 

The College, Rimouski. 

The College, Ste. Anne Lapoca- 
ti^re. 

The school of Arts & Design, 
Quebec. 

The Board of Land Surveyors, 
Quebec. 

The College, I'Assomption. 

The Dept. of Public Woiks, Ot- 
tawa. 

The College, Nicolet. 

The College, St. Hyacinthe. 

Dufresne's Academy, Montmagny. 

The Academy, St. Michel. 

J. F. Peachy, Archt., Quebec. 

J. Lepage, Archt., Quebec. 

The Education Office, New Bruns- 
wick. 

£. Hamilton, Esq. Quebec, for a 
school. 

The City Hall, Quebec, for the 
Dept. of Works. 

Godin & Devarennes, builders. 

N. Piton, builder. 

F. N. Martin, Surveyor, Rimouski* 

The Grovernment, Province of Que- 
bec, for Model Schools & Aca- 
demies. 

C. Roy, Surveyor & Engineer. 

J.'Maguire Plumber, &c., Quebec. 

J. Marcptte, iron founder, Quebec. 

The Jacques - Cartier Normal 
School^ Montreal. 



M. Piton, Manitoba. 

The Ministry of Public Instruction, 

Belgium. 

The Convent of the Good Shep- 
herd, Quebec. 

The Convent of the Sisters of Cha- 
rity. 

The Convent of Jesus-Marie, Cap 
Rouge. 

The Dept. of Public Works, 
Quebec. 

The Board of Arts & Trades, Mon- 
treal. 

J. H. Clint, Lumber Mercht. Que- 
bec. 

P. Cot6, builder, Quebec. 

The College, Aylmer, Ottawa. 

S. W. Townsend, Hamilton, C. W. 

The Fr^res Schools, Canada. 

The Fr^res Schools, France. 

G. Bisset, iron founder, machinist? 
Quebec. 

T. Archer, Lumber Merchant, 
Quebec. 

R. Steckel, Civil Engineer, Ottawa. 

V. Vannier, Paris & Canada. 

The Commercial Academy, Que- 
bec. 

G. R. Baldwin, Civil Engr. Boston. 

The Litterary & Hist. S. . Quebec. 

The Worcester Free lust, Mass. 

P. V. Du Tremblay, Surveyor & 
Engineer, Baie St. Paul. 

C. Jobin, ship builder, Quebec, 

J. Racine, iron smith, Quebec. 

A. Reaume, Lumber Merc. Quebec. 

Le College Melbrun, Haute Py- 
renees, France. 

A. Humbert, artist, Paris, France. 

The Academy of Science, Paris, Fr. 

The Conservatory of Arts and 
Trades, 

&c., &c.. &c. 
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TESTIMONIALS. 



No, 2272-71. — Ministry of Public Irutructiohf 

Quebec, this 18th September 1811. 
0. BaillairqS, Eeq., Quebec, 

Sib, — ^lam instructed by the Hqnorable, the Minister of Public Instrnc- 
tion to acknowledge receipt of your letter of the 8th instant, transmitting copy 
of the prospectus of yout Stereometrical Tableau. 

He will make it a duty to recommend its adoption in all educational 
establishments and in. all schools, persuaded that he is of its practical utility. 
The tableau and accompanying formula reduce to an operation of the most 
simple kind the measurement of every description of solid, which required 
according to the old method a calculation long and often very difficult for 
persons especially who were not in the daily practice thereof. 

I lave the honor to be. Sir, your obedient servant, 

LoTis GiAAD, Secretary, 



Paris, 8 Jaillet 1873. 

Monsieur, — *'I1 est bien d6cid§ que votre tableau aura le premier prix 
de la SociSt6 libre d'instruction et d' Education populaire ; vons en seres 
averti officiellement & la rentr^e des vacances, fin Octobre, et vons seres en 
mdme temps convoqu6 pour la distribution solennelle des ricompensea qui 
aura lieu dans le courant du mois de Mars prochain. 

V. Vansieb. 
C. Baillaiboe, Ecr. 



VI tfHE STEREOMETRIGAL TABLEAU. 

Quebec Budget 12 April 1873. 

THB URSULINB CONVENT. 

We learn with satisfaction and legitimate pride that this admirable insti- 
tution has ordered one of Mr. Baillairge's Stereometrical Tableaus, and tha^ 
this gentleman, during a single sitting of a few hours devotion, generously 
granted him by the Nuns, managed to render them thoroughly conversant 
with his system of nomenclature and mensuration. It seems almost incre- 
dible, and yet, we are ensured that the Reverend Superior (the talented 
Miss Cimon, of St. Paul's Bay) accompanied by Sister St. Croix and Sister 
St. Raphael, at once mastered and perfectly understood Mr. Baillairge's 
system in all its detajls. Paying comparatively little attention to the more 
ordinary forms of which the mode of measurement was to them apparent 
at a glance, they selected for their questions the more complex forms, such 
as the sections of the sphere and spheroids and the numerous and varied 
priumoids, to be found among the 200 models of the tableau. The edu- 
cation given by the Religious Ladies to their pupils comprises the geometry 
of lines and surfaces, and from this to the mensuration of solids by Mr. 
Baillairge's system, there is but one step, a simple addition of certain sur- 
faces and the multiplication of their sum by one sixth part of the height 
or length of the body under consideration. The Nuns intend to commence 
immediately the teaching of this branch to their pupils, who will be exam 
ined on the tableau at the next examination which takes place in June. 
The noble example thus given by the Ursulines has been rapidly followed 
by another important educational establishment, the Convent of the Relig- 
ious Ladies of Jesus Marie, on the Cap Rouge road, and we are, moreover, 
informed that the Soeurs de la Congregation de St. Roch, together with the 
Nuns of the Good Shepherd and the Sisters of Charity intend forthwith to 
add to the already varied programme of their tuition, this study of Stereo - 
tomy, which, up to the present time, could not be even dreamed of, but 
which Mr. Baillairge's system now renders possible by reducing, as it does, 
the study of a year to that of a day or two, so to say. 



" Mr, Baillairge next explained in detail his stereometrical tableau, 
which we hope to see soon introduced into all the schools of this Dominion. 
He showed how conducive il will be iji shortening the time heretofore de- 
voted to the study of solids and even to that of plane and convex superficies, 
spherical trigonometry, geometrical projection, perspective dra-ving, the 
development of surfaces, shades and shadows, and the hke. Mr. Wilkie, 
so far as opportunity had been afforded him of proving the calculations, 
corroborated Mr. B.'s statement in relation to the immense saving in time, 



TESTIMONIALS. Til 

where many abetruRe problems which generally required hours or days to 
solve, can now (if the rale be, aa Mr. Baillarge asserts, so generally appli- 
cable, and, as been certified by so many persons in testimonials over their 
own signatures,) with the help of the new formula and tableau^ be perform" 
ed in as many minutes ; to say nothing of the use the models are in im- 
parting at a glance a knowledge of their nomenclature or names, and an 
acquaintanceship with their varied shstpes and figures. He showed bow, to 
the architect and engineer, the builder and mechanic, the models are sug- 
gestive of the forms and relative proportions of buildings, roofs, domes, 
piers and quays, cisterns and reservoirs, cauldrons, vats, casks, tubs and 
other vessels of capacity, earthworks of all kinds, comprising railroad and 
other cuttings and embankments, the shafts of the Greek and Roman 
column, square and waney timber, saw-logs, the camping tent, the square 
or splayed opening of a door or window, nich or loop-hole in a wall, the 
vault or arched ceiling of a church or hall, the billiard or the cannon-ball, 
or, on a larger scale, the moon, earth, sun and planets. Mr. Baillairgd, 
we may add, has received an order for a tableau from the Minister of Edu- 
cation of New-Brunswick, with the view of introducing it into all the schools 
of that Province ; and Mr. Vannier, in writing to Mr. Baillairg6, from 
France, on the 10th of January last, to advise him of the granting of his 
letters-patent for that country, says that Messrs. Humbert & Noe, the Pre- 
sident and secretary of the society for the generalization 'of education in 
France, have intimated their intention, at their next general meeting, of 
having.8ome mark of distinction conferred on him for the benefit which his 
invention and discovery are likely to confer on education. Mr. Giard, in 
writing to Mr. Baillairg^, on the part of the Hon. Mr. Chauveau, Minister of 
Public Instruction, says : " II se fera un devoir d'en recpmmander I'adop* 
" tion dans toutes les maisons d' Education eidans toutes les ^coles.'' From 
the Seminary and Laval University, Mr.' Mainguy writes : " Plus on 6tudie, 
^^ plus on approfondit cette for mule du cubage des corps, plus on est en. 
^^ chante (the more one marvels at) de sa simplicity, de eaclart6 et surtout de 
" sa grande gen6ralite. " Rev. Mr. McQuarries, B* A., " shall be delighted 
*' to see the old and tedious processes superseded by a forn\ula so simple 
and so exact. " Newton, of Yale College, United States : " considers the 
" tableau a most useful arrangement for showing the variety and extent of 
<* the applications of the formula." The College I'Assomption "will adopt 
^* Mr. Baillairg6's system as part of their course of instruction. " Mr. "Wil, 
kie has written to the author that " the rule is precise and simple, and will 
** greatly shorten the processes of calculation. The tableau, " says this 
competent judge, ^^ comprising as it does a great variety of elementary 
" models, will serve admirably to educate the eye, and must greatly facili- 
" tate the study of solid mensuration." ** Again," says Mr. Wilkie, the 
^' Government would confer a boon on schools of the middle and higher 
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" olass by affooding access to so saggestiYS a collection*'' There are 
others vrho, ineepective of considerations as to the comparative accuracj of 
the formula, or of its advantages, as applied to mere mensuratioD, are 
awake to the fact that the models are so much more snggeative to the pupil 
andi the teacher than their mere representation on a blackboard or on paper 
and whO) in their writtea opinions, have alluded especially to this feature 
of the psoposed system. Mr. Joly, President of the Quebec Branch of the 
Montreal School of Art and. after having himself witnessed its advantages 
on more than one occasion, says, in his expressive style, ^' the difference is 
enormons. '' Frofesseur Toussaint, of the Normal School, Dufresne, of the 
Montmagny Academy, Boivin, of St Hyacinthe, and many others, are of 
the same opinion ; among them MM^ R. S. M. Bouchette, O'Farrell, Flet- 
cher, St. 4ubin, Steckel, Juneau, Verner, (Gallagher, Lafrance, and tlie late 
brother. Anthony, &a, die. Neither will it be forgotten Uiat the professors 
of the liava) University, after reading the enunciation of Mr. B.'s formula, 
a9 given iii his treatise of 1866, ez,pres.8ed themselves thus : ^' Un doute in* 
'Wolontaire ^'eropare d'abord de I'esprit, lorsqu'on lit le No. 1621 ; mais uq 
'' fizamen attentif de^ paragraphes suivants, dissipe bientdt ce doute et ron 
'' reste 6tonn6 k la.vue d'une forqnule, si claire, si aisee d.retenir et dont Pap- 
<< pliqation Qst. si g6^n6rale,'' Mr. Fletcher, of the Crown Lands Department^ 
says : ''I haye compared, in the case of several solids, the results obtained 
'* by your mode of computation with those resulting, from the ordinary and 
'^more lengthy processes, and congratulate you sincerely on your enunciation 
<<. of a formula SQ brief and simple in its character and so precise and satisfac- 
'' tory ii^ its results." Mi:. Baillairgd also took occasion during his lecture to 
allude, in other rjGilatious, to his treatise on geometry and mensuration, in which 
h^ showed h^ has introduced many important modifications in the usual mode 
of treating the subject of plane and spherical geometry and trigonometry. 
In conclusion, we must add that the Council of Public Instruction, at its 
Ic^t nae^ting, appointed a Committee, composed of the Lord Bishop of 
Quebec, and of Bishops Langevin and Larocque, to report to the Council at 
its next general meeting in June, and who, it may be taken for granted, 
alter the many flattering testinaonials in relation to the utility and many 
advantages of the stereoroetrical tableau for purposes of education, cannot 
but. recommend and direct its adoption in all the schools of the Dominion* 
— From the Quebec " Daily Mercury " march 26 1872. 



Our progress, and success are of course attributable, before all, to your 
perfect mastery of the subjects of which you treat, and to the clear and 
concise manner in which you enunciated and demonstrated the several pro. 
positions introduced to our notice, ; but neither must we omit to say tha 
our intelligence of the problems and demonstrations has been greatiy facili. 
tated by our access and reference to the models of your <' Tableau, " 



TESTIMONIALS. IX 

We d«em it not out of place to remark that in our Opinion tlie word 
** SUreometrical " which, you have prefixed, as qualitative of the uses that 
your " Tableau " can be applied to, is not suggestive enough of the many 
advantages which such a varied collection of models presents ; for, not 
-only is it of paramount importance and utility, as illustrative of your system 
of mensuration, by one and the same invariable formula, implied in the 
title at the head of the board j but, we hesitate not to say that to the use of 
the " Tableau " we are indebted in an eminent degree for the singularly 
rapid progress we have been enabled to make since the 4tn of January last 
<only 30 lessons) not only in Geometry proper and in the Mensuration of 
surfaces and solids, both plane and spherical j but also in the study of 
geometrical projection and perspective, shades and shadows, the develop: 
ment of suriaces and the lines of penetration of divers solids, &c., &c. — 
Prom an address to Chs. Baillairg6, professor of the school of Arts. 



Quebec, 6 Septembre 1872. 

Monsieur,— J' ai le plaisir de vous annoncer que le Conseil de Plns- 
truction Publique vient d'approuver votre Tableau et suis heureux de vous 
«n feiiciter. 

Bien sincerement, Votre tout devou6, 

C. Baillairgb, Ecb, P. J, 0. Chauveau. 



Quebec, 9th January 1872. 
G. W. Weaver, Esq. 

President of Board of Arts ^ Manufactures, 

My Dear Sir, — Our evening class began last week. I am happy to say 
every thing looks promising and we have been fortunate enough, to secure 
again Mr. C. Baillairge's invaluable services, as teacher, for this winter. 

We have procured from him, for our school, the " Stereometrical 
Tableau " which is his invention, and I am so delighted with it, that I send 
you a photographic representation of it, and a number of letters and other 
documents printed which will serve to explain the tableau, and show at the 
same time how useful it is considered by the most eminent authorities in 
this country. 

You ought to get the tableau for yoiir schools at Montreal. You showed 
me last year when I visited your, schools, several wooden models of 
geometrical figures ; I was struck with their usefulness at the time, and 
thought of procuring some for our schools, but there are only a few of them 
and their price is very high. Mrv Baillairge's Tableau costs only fifty 
dollars, and it contains itoo hundred geometrical figures. I fancy the col- 
lection embraces every variety of figure that can ever be required for practi- 
cal use. 
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They are solid figures made of wood; each fixed on a nail, so that they 
can be taken ofi by the teacher for demonstration and handed to the pupils ; 
who are enabled to understand and master- their divers shapes and forms 
with much greater ease, than if they saw them drawn on a black board, or 
in a book ; the difference is enornms. 

In addition to the great help they afibrd, for the study of geometry, 
these figures are very useful as models for earthworks, piers, reservoirs, 
castings, roofs, domes, columns, cauldrones, &c., &c., &c. 

The tableau is most useful too for the working out of that wonderfully 
simple rule, which has been applied by Mr. Baillairge, for the first time, 
to the measurement of the solid contents of all bodies. It was known pre- 
vious to his discovery to apply to a certain number of bodies, but he has 
. found out that it applied to all unthout exception. You will find that rule 
in the papers I send you, and in his treatise on geometry. I will soon let 
you know, what progress the school is making and remain, my deaf Sir. 

Yours truly, 

(Signed,) H. G. Joly. 

* President Quebec School of Art. 



Cette formule est veritablement curieuse par sa g6- 

n6ralit6 et merite d'etre recommandee. 

Enfin j'ai accompli cette t&che, et voici le resultat : 

— L'auteur d^montre sa formule comme rigoureusement exacte pour un 
grand nombre des corps 6nonces, et comme aussi approximative qu'on vou- 
dra pour ceux auxquels elle ne s'applique pas d'une maniere absolument 
rigoureuse. J'ai v6rifi6 soigneusement la demonstration de la formule pour 
les lers corps, ceux auxquels elle s'applique rigoureusement. La proposi- 
tion et la demonstration sont exact es et vraies dans tous ces cas. 

Quand aux autres corps, il est vrai que plus on multiplieralessectionSy 
suivant le besoin, plus 1* approximation sera proche de la verite. 

. . - Je finis en disant que j'approuve et recommande la 

m^thode de Monsieur Baillairge telle que proposee par lui. — Lettre du Rev. 
L. Billion professeur de Math. Seminaire de St. Sulpice, Montreal, k Mgr. 
Larocque Eveque de St. Hyacinthe.' 



" Montreal Gazette "13 November 1873. 

Educational. — Last evening, Mr. C. Baillairg^, C. E., and Mr. J. 
Carrel, both identified with the Quebec School of Art, visited the rooms of 
our Art School in St. James street. Mr. Baillairge there exhibited his 
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stereometrical tableau, and explained his system of teaching solid geometry 
by a method so. simple as to bring this hitherto difficult subject within the 
grasp of ordinary students The tableau cannot fail to make easy and popu- 
lar the study of solid forms and the mode of measuring their surfaces and 
their solidities and volumes. This tableau or board, which is made up of 
some two hundred models, comprises almost all the elementary forms which 
it is possible to conceive. To compute the volumes or cubical contents of 
the solidS; Mr. Baillairge has found that it is necessary only to apply the 
following rule: To the sum of the parallel end areas add four times the middle 
area, and multiply the whole by one sixth part of the height or length of the 
solid. The whole difficulty is, therefore, reduced to measuring the areas of 
the opposite bases and middle section, the remainder of the work being a 
mere multiplication. This system, it appears, has attracted considerable 
attention among mathematicians and educational authorities both in this 
eountry and in Europe, and its introduction into several of the colleges and 
schools in Quebec has led its author to seek its adoption in similar institu- 
tions in Montreal. The stereometrical tableau is well worthy of the attention 
of those engaged in educational work. 



The extraordinary progress made by the pupils, in the 

short space of three months, in stereometry or the mensuration of solids, is 
attributable to the grand and important discovery by their professor, Mr. 
Baillairge, of a rule, one and the same, applicable to every known form, 
from a pyramid to a sphere, from a stick of timber to a vessel or other body 
of any shape or dimensions. 

We have seen them in a very few minutes by the help 

of Mr. Baillairg6' 8 new and beautifully simple and accurate rule arrive at 
the number of gallons in a cask of any size or shape. We have seen them 
determine by the same rule the exact weight of a shell, the true contents 
and weight of a hollow cast-iron eolum, the size and weight of a pontoon 
and its draught of water. — From the Saturday Budget of May 6, 1871. 



In the instances which I have subjected to critical 

analysis, I have found the rule to work most admirably — combining com- 
prehensiveness, utility with simplicity and great exactness. It will render 
a study heretofore charged with difficulty and abstruseness at once easy and 
acceptable — modernizing that which was ancient and which from its multi- 
tudinous formulae had become an isolated branch of Mathematics. Believ- 
ing it to be of universal use, I shall heartily lend myself to the introduction 
of your system. 

Horatio B. N. Bioelow, 

Quebec deer. 26, 1871. M, A. 
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I have comparedi in the case of eeveral solids, the results obtained by 
your mode of computation with those resulting from the ordinary and more 
lenthy processes, and congratulate you sincerly on your enunciation of a 
formula so brief and simple in its character and so precise and satisfactory 
in its results. 

E. T. Fletcher, 

Inspector of Surveys Dept. of Crown Lands. 
Quebec 27 deer. 1871. 



J'ai lu attentivement les appreciations que nombre d'hommes compe- 
tents ont faites de votre donnee r6ellement merveilleuse, dans les solutions 
St6r6om6trique8 quelconques, et j'y donne mon plein assentiment. 

J'ai eu occasion d'en remarquer la justesse, il y a un an, en pr^parani 
quelques eleves pour T^tude de I'arpentage, et je puis dire que toutes les ap- 
plication que j'en ai faites ont 6te des plus satisfaisantes. 

Veuillea bien me consid6rer comme votre souscripteur. 

GdE. D0FRESNE. 

Professeur de Mathematiques, etc. 
College de Montmagny 4 Janvier 1872. 



I shall be delighted to see the old tedious processes 

superseded by a formula so simple and so exact. 

A. N. McQqirbib, B. A. 

Professor of Mathematics, etc., at the Morin College. 

Quebec 31 St Jany. 1872. 



What pleases me most is your Stereometrical Ta, 

bleau as, under the direction of the Bevd. Superior, I am now engaged ia 
certain theoretical studies relating to this formula which your are about to 
render famous. 

The more one examines, the more deeply one looks into this formula of 
the " cubing of bodies, " the more one marvels (plus on est enchantfe) at 
its simplicity, its clearness and especially its great generality. 

Nor can I do otherwise than hope it may, as well in theory as in 
practice, assume the place which it is entitled to and that thus your efforts 
may be fully crowned with success. 

L. P. N. Mainqui, Ptre. 

Professor of Mathematics 
Seminary of Quebec 25th November 1871. 
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Je V0U8 declare done, monsieur, que je recommande 

vivement 1' adoption de votre Tableau St6r6om6trique, et vous prie de m'ea 

faire conDaitre le coiit probable. 

T. Boivnr, Ptre. 

College de St. Hjacinthe 8 Janvier 1872. 



Please to accept my sincere thanks for the copy of your excellent 
Treatise on Geometryj THgonometry, &c., which yon kindly sent me some 
time ago. I have perused its pages with deep interest. In my humble opi- 
nion it is a complete success ; whether we consider its admirable arrange- 
ment, the clearness and conciseness of its demonstrations, or the amount of 
valuable knowledge it contains. Tour Book on Mensuration is a boon to 
every practical mathematician, and your remarkable Theorem for finding 
the contents of any solid, is sufficient, of itself, to immortalize its originator. 
In a word, your work merits a distinguished rank among the ablest produc- 
tions on the exact sciences. The flattering and well-merited praise lavished 
on it by the press, both English and French, is sufficient guarantee that it 
meets the approbation of the public. 

Tour Treatise is used as a book of reference by the pupils of our 

Academy. 

Bbo. Anthovt. 
Commercial Academy, 25 Feb. 1868. 



T%e January SeBsion of the Board of Examiners Jor Land Surveyors 
Jor the Province of Quebec. 1812.-^ Extract from the minutes* 

Moved by the President, Adolphe Larue, Esq., and seconded by E* T. 
Fletcher, Esq., and resolved : 

<^ That the Board of Examiners for Land Surveyors, having taken into 

consideration the Stereometrical Tableau of Charles Baillairg6, Esq., Civil 

Engineer, and the very neat and precise formula connected therewith, desire 

to record their opinion of the utility and importance of this formula, and 

coincide wholly with the opinions expressed by those to whom it has been 

already submitted, and further they would recommend that the Board be 

provided with one of these Tableaux. 

Alexander Sewill, 

Quebec, January 2nd, 1872. Secretary ofthe Board of Surveyors. 



Paris, 10 Janvier 1872. 
MosrsiEUB Charles Baillairq^, k Quebec, 

Cher Monsieur, — Aujourd'hui seulement, j'ai pu d^poser votre de- 
mande de brevet et je m'empresse de vous en envoyer le bulletin de d^pdt 
qui vous donne le droit de brevet i partir de ce jour, 10 Janvier. 



Ziy THS STEBEOMfiTKIOAL TABLSAU. 

Envoyez-moi maintenant V9txe tableau-moddle le plustdt poesible, yen 
ai parl6 & plusieurs membres de racad^mie; entre autres ^ Littr6 qui d6siie 
beaucoup le voir. 

Messieurs Humbert et No6| president et secretaire de la soci^td pour la 
generalisation de Finstruction en France sonttres-simpathiques ^ votre 
oeuvre et seproposent de yous iaire reoompenser & leurprochaine assemblee 

V. Vannibr. 

No. 94. rue de Levis, Paris. 



^t. 2} Np. 255« Eclua^ion Qffict^ Province of New Brunswick, 

FifcBDfiRiOTov, January 25ih 1872. 
G. B^iLLAiEG^, Esq., Quebec 

Dear iS>r,— :I am inetracted by the Boaod of Education for this Pro- 
▼ince to a^j to you for a set of your Siereometric Tableau and your 
text-book on Practical Mathematics. The Board desire these articles for 
inspection, with a Tiew of prescribing them for general use in all the Schools 
of this Province, should they be deemed suitable for the purpose. Should 
there be any charge for these articles, the same will be met by thvi) Depart- 
ment. 

Your Obdt. Servt., 

Thbodorb H. Baud. 



Mr. Baillairge's Stereometrical Tableau seems to me to be a very useful 
arrangement for showing the variety and extent of the applications of the 
Prismoidal FormtUa, Where demonstrations are given in the study of 
Mensuration of Solids, it will aid a teacher in illustrating the rules, but it 
If 9uld probably be much more valuable to those who try to teach that study 
i^^gut introducing demonstre^tions of the rules. 

H. A. Newton, 
J^ie College, Feb. 6th 1872* Prof, of Math, in Y. College. 



No. 13567. Subj. 995. Bef. 20814. Department of Public Works, 

Ottawa, Fbbt. 7th 1872. 

. ^, — In reply to your letter of the 26 nlto., I am directed by the Minis- 
ter to request you to furnish the Department with one of your " Tableau 
Ster6om6trique " at the price of Fifty dollars, together with your account 
for the same. 

I have the honor to be. Sir your obt. servant, 

Chs. Baillairge, Esq. F. Braun, 

Architect, etc., Quebec. Secretary. 
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New Haven, Feb. 7th 1872. 

Dear Sir, — I have been much interested in looking over the papers 
descriptive of your useful, valuable and (as it very plainly appears) univer- 
sal application of a rule for the mensuration of solids. I sincerely congra- 
tulate you on the success which your discovery has met with in all quartei^s 
in which it has at present been introduced. It must have been a great 
labour to work it out to its present state of perfection and yoti have the 
satisfaction of knowing that you are a benefactor and staunch pilot in that 
eea of difficulty : Geometry. 

Yours very sincerely, 

E. B. Barber. 



HtoH School, Quebbo, 7th Feb. 1782. 
Chs. Baillaibo£, Esq., 

My Dear Sir, — ^I beg to acknowledge with many thanks the receipt of a 

Dumber of papers explanatory of your new formula fbr finding the contents 

of solid bodies. 

The rule is precise and simple, and being applicable to altnost '^ny 
variety of solid, will greatly shorten the processes of calculation. I have 
proved its accuracy as applied to several bodies. 

The Tableau comprising a great variety of elementary models will 
serve admirably to educate the eye and must greatly facilitate the study oi 
solid mensuration. 

The Government would confer a boon on schools of the middle and 
higher class by affording access to so suggestive a collection. 

I have the honor to be, my dear sir, your obedient servant, 

D. WiLKIS, 

Rector. 



Votre travail est d'une utility sup^rieure. Votife 

formule est destinee, ce me semble, d. simplifier de beauooup les operations 
dans le toisd des corps, et A rendre, par 1^ des services signal6s 4 Tensei- 
gnement comme i T application de cette partie importante des math6- 
matiques. 

Aussi mon plus grand d6sir est-il de voir adopter votre formule et votri' 
tableau par nos Maisons d' education. 

En finissant, j'ai Thonneur de vous informer que nous adopterons votre 
systeme, comme partie de notre enseignement. 

J. C. Gaisse, Ptre., 
Prefet des Etudes au Golldge de L'Assomption. 
College L'Assomption, 27 Janvier 1872. 



XTI THl 8T1RS0M1TBICAL TABLEAU. 

• •••• From Formulse eyolved by the Calculus, I find tha 

ffowr Thtortm holds good ** for all solids produced by the betolutiov 
''q^ any STRAIGHT uned fioube, or of any curved lined figure of the 
*' second degree^ aroukd ant axis within or without the figure in either case." 
As to its application to all regular Polyhedrons, you give in your Treatise 
a clear Demonstration of the fact. I hare reason, moreover, to suspect that 
your Theorem holds good, with mathematical exactness, in more cases than 
yoQ give it credit for. I hope soon to be able to present you with an analytical 
Demonstration of your theorem as applied to solids of Revolution. 

Needless to say that your Stereometrical Tableau should be in use in 
every school where Mensuration is taught within the Dominion. 

In conclusion, let me congratulate you on the highly remarkable, and 
deeply useful discovery you have made. 

Quebec, 26 deer. 1871. J. O'Fabrell, 



II n'y a pas besoin d'une longue dissertation pour faire voir quelle im- 
mense utility offre un pareil tableau. Tous lee professeurs qui out enseign^ 
la GionUtrie dane Pespace et la Giomitrie descriptive savent que, dans 
les classes les mieux compos^es, il y a toujours un certain nombre d'^leves, 
trds intelligents d'ailleurs, qui 6prouvent des difl^cult^s sou vent insurmon- 
tables, & s'imaginer exactement, d'aprds des lignes trac^es sur un tableau 
noir ou sur le papier, la forme exacte d*un solide^ Le tableau de M. B. 
supprime totalement ces difficult^s. Quand on voit il faut bien croire, et 
dans toutes les classes ou Pon emploiera ce tableau, tous les eleves seront d 
m6me de suivre ais6ment et de comprendre les explications du professeur. 

D seriait trbp long de detaillerici les avantages qu'offre le m em e tableau 
pour calculer le volume d'un corps qaelconque. Ge corps fut-il de la forme 
la plus bizarre, on trouvera, dans le tableau de M. B., une ou plusieurs 
figures qui refpr^sentent approximativement ce corps ou les parties dans les- 
quelles on pent la decomposer, et il deviendra des lors facile de calculer, du 
moins avec une erreur tres faible et inappreciable dans la pratique, le vo- 
lume d'un corps de forme quelconque. 

Ottawa, le 27 x bre 1871 E, B. de St. Aubin, 



• (Extrait du Courrier du Canada^ ler Octobre 1873.) 

Nous apprenons avecplaisir qu^une nouvelle medaille d'honneur vient 
d'etre decern^e d. un canadien par une society fran9aise. M. Chs. Baillairg6 
de cette ville, a re9u cet honneur de la '^ Sociei6 pour la generalisation de 
IMnstruction en France, '' et il est en meme temps nomme membre hono- 
raire de cette societe. Nos felicitations ^ M, Baillairge qui par son travail 
coatribue d taire connaitre son pays ^ Vetranger. 
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^' SUreometrical TaMeau^ — In a large number of schools in Germany 
tbe pupils are taught, from the time they commence the alphabet, to judge 
of color and geometrical form by the regular use and comparison of colored 
slips and small blocks of wood representing the elementary principles which 
will, in after years, be called into study. The advantages of this early 
training are very manifest, as all are aware of the superiority of this nationa- 
lity in that branch of science. An exceedingly ingenius device for the study 
of forms has been invented by Mr. G. Baillairge, a native of Quebec, and 
patented in the United States, Canada, and Europe. It consists of a board 
about five feet long, and three feet wide, on which are placed some two 
hundred models, comprising, so to say, all the elementary forms, their 
segments and sections and numerous other solids, both simple and compound. 
The instruction conveyed by this tableau, appealing as it does to the une- 
ducated eye and mind, is, the inventor thinks, destined to be of great use in 
developing the intelligence of the beginner and the untaught masses of 
mankind, M. Baillairge is in possession of a mass of printed testimonials 
from high officials and other distinguished men in Canada and Europe, 
together with reports from educational institutions, all highly complimentary 
to him and the invention. A specimen of this stereometrieal tableau may 
be seen at No. 7 Park street, of this city, in the possession of Mr. S. W, 
Townsend ; and we would recommend our teachers to call and inspect it, 
believing as we do that this method of training should be considered as & 
subject of great importance. — ^Hamilton Daily Spectator 19 Sept. 1873. 



BAILLAIROis'S 8TKRE0METBICAL TABLEAU. 

Our engraving is a perspective view of the above named educational 
device, which has been patented for its inventor, Mr. C. Baillairg^ of 
Quebec, in the United States, Canada and Europe. It consists of aboard, 
about five feet long and three feet wide, with some two hundred wooden mo- 
dels, comprising, so to say, all the elementary forms, their segments, and 
sections, and numerous other solids, simple and compound. 

The tableau is set in an appropriate frame, with glass covering, so as 
to exhibit fhe models while excluding the dust. The front can be opened at 
pleasure so as to afford access to the models, each of which is merely sup- 
ported on the board by a round nail or wire, which admits of its easy removal 
and replacement by teacher or pupil. The instruction conveyed by this 
tableau, appealling, as it does, to the uneducated eye and mind, is, the in- 
ventor thinks, destined to be of great use in developing the intelligence of 
the untaught masses of mankind. • He expects to introduce it into all the 
educational institutions of the United States and elsewhere, as it is now 
being disseminated in Canada j aud he has no doubt that the tableao will 
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also find its place in the studio of the engineer and architect, to whom the 
models will be suggestive of various forms and relative proportions which 
cannot fail to aid them in their pursuits. The rapid success attained by a 
school in Quebec, in mensuration of all kinds of surfaces and yet higher 
mathematics, including conic sections, was attributed to the use of this 
tableau. Every tableau is inscribed with a rule for finding the solid con- 
tents of any body, called '^ the prismoidal formula.^' This formula has 
been shown, by Mr. Baillairg6 in his treatise on geometry and mensuration 
published in 1866, to be less restrictive than supposed, and he has added to 
the known solids, measurable thereby, a long list of others discovered by 
him, the whole of which are given in the tableau. Each tableau is also 
accompanied by a printed treatise, explanatory of every use to which the 
models can be put. Mr. Baillairge is in possession of a mass of testimonials, 
from high officials and other distinguished men, both in Canada and Europe 
together with reports of various educational and other institutions, all highly 
complimentary to him and his invention. 

Dr. Wilkie, of Quebec, thinks " the government would confer a boon 
on schools of the middle and higher classes by affording access to so sugges- 
tive a collection } " and Professor Newton, of Yale College, considers the 
tableau '^ of great use for showing the variety and extent of applications of 
the prismoidal formula. " — Scientific American June 1st 1872. 



Worcester Frbb Institute. 

Worcester f Mass., 24 Jtdyj 1873- 
This is to certify that I have carefully examined Baillairge*s models as 
applied by him to the teaching of mensuration by the prismoidal formula 
and I consider them eminently useful in all schools where mensuration is 

taught. 

(Signed,) C. 0. Thompson, 

Principal "Wr. Free Inst. 



-^eometry^ Mensuration and Stereometrical T^ahleaUy by Charles 
BaillaibgIs, civil engineer, &c. ; Middleton et Datoson, iditeur, Quibec, 
1872. 

M. E. Blain de St. Aubin, donne f appreciation suivante du travail de 
M. Baillairg6: 

— On sait quelle serie interminable de regies ou formules, dont plu- 
sieurs tres^ompliqu^es, les anciens traites de geom^trie donnent pour le 
mesuragedes solides. M. B. n'en aqu'une qu'il 6nonce comme suit et 
dSmontre clairement §tre applicable ^ toute espece de solides, si bizarres 
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que puissent Stre leurs formeS; — '^ A la somine des enrfaoes dee bases paral- 
leles du solide ^ ^valuer, ajouter 4 fois la surface au centre et roaltiplier le 
tout par la sixieme partie de la hauteur ou longueur du Bolide." 

G'est dans le but de populariser 1' usage de cette regie que M. B. a eu 
recours ^ son Tableau SUriamitrique, ^' Ge tableau^ dit M. Baillairg6, 
est un cadre oil sont places envioon 200 modeles differents de solides; 
chaque modele pent etre d6place ^ volont6, en sorte qu'on peut le mettre 
entre les mains de I'eUve pour qu'il Pezamine. Le tMeau comprend 
toutes les formes el6mentaires iraagilables de solides, depuis le prisme or- 
dinaire jusqu'au cone concave, eic , etc " Sur 

chaque modele, — dit plus loin M. B. — est tracee une ligne qui indique la 
nature et les dimensions de la section du milieu " 

On con9oit ais^ment les avautages que presente I'emploi de ce Tableau, 
L'eleve doit apprendre en fort peu de temps la maniere d'appliquer siire- 
ment Vunique formule, 6noncee tout ^ Theure, au calcul du volume de 
chacun des 200 solides contenus dans le Tableau ; et. plus tard, dans la 
pratique, il s'habituera vite a decomposer un solide quelconque en parties 
se rapprochant, par la forme, des modeles qu'il a ainsi ^tudi6s. 

Quant auz solides de formes coroparativement r^gulieres, tels que 
pieces debois, blocs de marbre ou de pierre, reservoirs et ohaudieres dans 
les usiaes ^ vapeur, les distilleries, etc., 1' application de la formule de M. 
B. offire des facilites et des avantages qui deiQent tout concurrence, et nul 
doute qu'elle se repandra universellement au grand avantage de tons les 
praticiens. Telle est, du reste, la prediction que n'ont point h^site 4 faire 
plusieurs savants etrangers qui ont eu connaissance de la d^couverte de M. 
Baillairge; et nos meilleurs professeurs canadiens sont tons du mSme 

avis 

— Journal de V Instruction Fupliqw, Nov, 1873. 



Je me reserve de revenir bientdt sur le tableau stereom^trique de M. 
Baillaiige, ou nouveau systeme de toiser tons les corps, segments, troncs 
et ODglets de ces corps par une seule et mdme r^gle. Ce travail, d*une im- 
portance majeure, comme tout ce qu'a produit M. Baillairge, est marque 
au cachet de Tutilite pratique. G'est un esprit progressiete, un jugement 
rare e^une forte conception, qui ont preside d son execution. En le cou- 
ronnant d'un premier prix et d'un diplome, le jure a su rendre temoignage 
au merite^ et nul doute que nos colleges et autres institutions de premiere 
classe ratifieront cette appreciation en I'introduisantdans leurs classes pour 
aider Tenseignement ardu des mathematiques. — U Opinion Publique, 

Sept. A. N. MoNTPiTiT. 
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No. 2272-71. Ministhede P Instruction Publiqtie. 

Quebec, ce Sept. 1872. 
C. Baillairo^, Ecuyer, Quebec. 

Monsieur. — J'ai Phonneur de vous transmettre, ear I'autre feuillet, 
copie de la retiolution adoptee par le Gonseil de Plnstructioii Publique, ap* 
prouvant voire ^' Tableau sUreometrique pour toiser tous les corps, seg- 
ments, troncs et onglets de ces corps," ainsi que voire ''Nouveau traiie de 
g^om^trie et de irigonometrie rectiligne et spb^rique, suivi du '^ Toise des 

surfaces et des volumes." 

Louis GiARD. • Secr^iaire-Archiviste. 



Journal de V Instruction Puhlique^ Nov. 1872. 

TABLEAU ST^RioMETRIQUE DE M. BAILLAIROE. 

Nous avons dej^ eu occagion de parler de ce tableau, et de rimpulsion 
extraordinaire qu'il doit donner Tetude du toise. L'auieur a, depuis ob- 
tenu les certificats les plus flatteucs de tous les bommes competents sur 
cette inatiere. Le tableau, avec la forniule qui I'accoropagne, est appele, 
au dire de tous, d faire une veritable revolution dans les mSthodes de me- 
surage pour les solides. Leconseil de 1' instruction publique, ^ sa derniere 
stance Pa approuve, avec le ^'Traiie de geom^irie " du mSme auteur. Ce 
tableau, de cinq pieds par trois contient deux cents modeles en bois, com- 
prenant toutes les variet^s de formes, depuis les corps les plus simples 
jusqu'aux corps les plus bizarres et les plus difficiles d toiser. Ges modeles 
sont mobiles et ne sont fixes au tableau que par une petite tige en fer, de 
sorte que les 61dves peuvent les examiner et les 6tudier de main en main. 
L' auteur espere que son CBUvre, tout en simplifiant et en facilitant les 
calculs du savant, aura surtout pour resultat de mettre & la portee de tous, 
une science demeuree jusqu'ici, par ses difficuliSs presque insurraontables 
en dehors des atteintes du plus grand nombre. Tousles colleges et les 
6coles trouveront dans le '' Tableau st6reom6trique " un puissant moyea 
de progres siirs et rapides. 

Nous en publions ci-dessous une gravure, et nous renvoyons le lecteur, 
pour de plus amples details, ^ noire bulletin bibliographique, ou uq 
homme expert en cette matiere, M. Blain de Si. Aubin, en fait une excel- 
lente appreciation, dans le compte-rendu qu'il donne d'une conference Ivifi 
par M. Baillairge, devant la Soci6t6 hietorique de Quebec. 

_ • 

Extrait du Courrier du Canada du 20 Aoixt 1873. 

TABLEAU ST]&RE0m£tRIQUE DE CHS. BAlLLAIROi:, BCUYEB. 

Monsieur le Kedacteur, 

M'accorderiez vous dans les colonnes de voire bienveillant journal^ 
quelques lignes touchant un object bien paisible, malgr6 que nous soyions 
dans un temps de grande agitation ? Je desire appeler Patteniion du 
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gouvernement local sur un sujet qui conceroe renseignement public : je 
veux parler du tableau ster^ometrique de M. Cha. Baillairg6 et exprinier 
inon humble opinion sur lea resultats pratiques que peut avoir cette etude 
pour les professeurs et les eleves. 

Si I'on en juge par les teraoignages pariout obtenus, ce tableau est 
destine di une grande renommee*. D'ailleurs cette renommee s^etend au- 
jourii'luii non-seulenient dans les differentes Provinces de la Puissance, 
niais meme aux Etats-Unis, en Europe, en France surtout, d'bu sont 
venus a M. Baiilairge les eloges et les recommandations des plus hautes 
autorites competentes. 

Plusieurs de nos maisons d' education Font mis en pratique, et en ont 
obteuu des r69ultats qui d^passent toutes provisions. Les daraes Ursulines 
de Quebec, les premieres, ont mis le tableau et la formule de M. BaiUairgi 
en usage, avec tant de bonheur, que toutes les autres communautes reli- 
gieujjes ont decide de euivre cet exemple, convaincues qu'elles sont de 
Putilite et des grands avantages qu'ofFre ce pr6cieux travail de notre dis- 
tingue mathematicien. Outre les ROvOrendes dames Ursulines, les Eeve- 
rendes soeurs de la Congregation de St. Roch, les soeurs de la Charite, celles 
du Bon Pasteur, et les dames du convent de Jesus-Marie sur le chemin du 
Cap-Rouge, ont toutes decide que leurs Aleves seraient interrogees sur ce 
tableau aux procbains examens. 

Un de mes amis, inetituteur dipl6m6 d'Ecole academique, ne craint 
pas d'affirmer qu'^ I'aide de la formule et du tableau stereometrique, il 
ferait comprendre en quelques le9ons seulement, k un 616ve, ayant 
des aptitudes ordinaires, les toisO de toutes especes de solides avec plus de 
succes qu'il ne I'a jamais pu obtenir, en un an, et m^me en dix-huit mois, 
avec les formules suivies jusqu'i present. " C'eet si simple, si clair, dit-ilj 
que 9a saute aux yeux mSme des enfants." 

Quant i moi, M. le Redacteur, ]\% d'amiti6 avec plusieurs instituteurs 
possOdant leurs diplomes d'Ecole Modele, je conuais leur opinion et sais 
leur desir d'enseigner, p<vr le moyen de cette nomenclature. Tons s'aocor- 
dent ^ dire que Vouvrage de M. Baiilairge repandra necessairement le goflt 
des mathOmatiques dans cette province. Ce serait done un bien grand 
service ^ rendre au pays, ^ la jeunesse canadienne, que de distribuer cet 
ouvrage reconnu d'une si grande importance. 

Comme la plupart des instituteurs sont peu rOnumOr^s et que learo 
ressources pecuniaires eont tres-limit6es, nous ne pouvons meme pas desi- 
rer que ces hommes de sacrifice achetent, de leurs propres deniers, uii 
t&bleau qui, par les etudes et le temps qu'il a coutes, est audessus de leur» 
moyens. 

Deja le gouvernement du Nouveau-Brunswick a repandu ce tableau 
dans toutes les ecoles de cette province. L' Honorable M. Chauveau, mi- 
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■listr* de I'ltistniotion Publique, en en recoDnaissant toute la valenr, s^etait 
eDgag6 en vers Tauteur i le faire r^pandre dans nos ecoles et nos maisons 
d'6duoation, et le bureau dea Travaux Public^) en a distribu^ un grand 
nombre d'ezemplairds, pour guider ses employes dans tous lea mesu- 
rages. 

n est done d esp^rer que le gouvemeroent local prendra en consid^ 
ration le dSsir unaninie des horomes qui s'occupent de rinstruction publi- 
que, et ponrvoiera liberal erne nt lea instituteurs d'^coles'academiquea et 
d'^coles Tnod^lea de ce tableau si preoieux et destine d toute une heureuse 
revolution dans Kenseignement dea eciences math^inatiquea. Ce sera en 
mdme temps un bieniait pour la jeunease studieuse et un honneur pour 
notre goavernement; qui le premier aura encourage ce mode d'enseignement 
•imple, pratique, et fructueux. 

Un ami de L'inuoATioN et du PRooais. 



{Extrait tPune lettre de Aug, Humbert d V, Vannier.) 

Paris, le 4 AoCkt 1872. 

J'ai fait receroir M. Baillairg6 Membre Tiiulaire de la Societe de Vul- 
garisation pour Tenseignement du Peuple. 

A d^faut de son tableau que nous n'avons pas, j'en ai expose la photo- 
grapbie k Paris et d Lyon. 

Son tableau appelle tous les regards d Texposition, on ra'interroge, on 
me demande des explications que j'ai donnees de mon mieux, et cela in^ 
t^resse beaucoup. J'ai done tout lieu de compter sur un succes. 



Extrait d^un Journal de Paris du 16 Aout 1873. 

TABLEAU ST 6 REO M i; T RIQ U E 

ffouveau systkme de toUer tous les corps^ quelles que soient leurs JormeSf 
par une seule et mime rkgle : par C. BAILLAIEGE, Architected etc., ' 

d Quebec (Canada.) 

M. 0. Baillairg6, architeote du gouvernement A Quebec (Canada), 
nous a adress^ un tableau qu'il appelle stireometrique. 

Ce tableau, espece d'armoire, contient deux cents petits solides en bois 
affeotant deux cents formes diff(§rente8, spheres, de mi-spheres, segments 
cdnes, troncs de cdnes, pyramides, tronca de pyramides, polyedres les 
plus varies, onglets, etc. j— enfin figurant toutes les formes elementaires de 
■olides qa*0Q peut rencontrer dans les arts, la construction et la nature. 
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M. C. Baillairg^ donne, inscrite en Icte de ce tableau, pour trouvee" 
\e volume d'un de cea deux cents corps, une formule qui pourra s'appli- 
quer ^ un corps quelconque de la nature, car son volume pourra tou jours' 
tse decomposer en un de ceux compris dans le tableau ou s'en rapprocher 
infiniment. 

Voici cette regie : 

A la somme des surfaces des extrimitis parallUes ajouter quaire 
fois la surface au centre^ et multiplier le tout par la sixieme pariie de 
la hauteur ou longueur du solide, 

Cette formule est ^videmment d'une simplicite extreme et abr6gera 
considdrablement les calculs pour les bommes qui s^occupent sp^cialement 
de mesurage et de metrag'^, — tels que les toiseurs-verificateurs, les mesu- 
reurs, j&ugeurs des contributions indirectes et des douanes, les arpenteurs, 
g^metres, constructeurs, architectes et ing^nieurs. 

Quant aux 616vesdes maisons d' education, des ecoles d^arts-et-m^tiersy 
il est bon de leur faire connaitre une m^thode abregee et se rapprocbant 
infiniment de Pexactitude. Mais nous pensons qu'il convient dc leur en- 
eeigner comment on arrive par les donnees de la science ^ formuler cette 
regie universelle. 

Si Ton doit 6viter de donner trop de temps aux Etudes tb^oriqaes, il 
faut bien prendre garde k I'exces contraire. Le jeune bomme dont touie 
la science consiste en une mdmoire bien farcie de formules dont il ne salt 
pas retrouver les Elements est toujours un praticien bien embarrasse, lors- 
que les conditions du travail qu'il a a remplir sortent des donnees or- 
dinaires. 

Ge sera un bon caboteur, si vous le voulez, qui manoeuvre bien soa 
navire en vue des cdtes ; mais, une fois en pleine mer, il sera desorient^ 

ce sacbant ni faire le point, ni determiner sa position par le Cfilcnl. - 

M. Baillairge, du reste, parsdt etre completement de notre avis, car, 
ant^rieurement au tableau dont nous parlons, il a public un excellent 
ouvrage sur la g6om6trie et la trigonom^trie, dans lequel il a d^velopp^ 
une foule de queations pratiques, de tb^oremes et de formules remarquables 
par leur nouveaut6, parmi lesquelles se trouve celle que nous venous d'ex- 
poser concernant la mesure des solides de forme quelconque. 

Get ouvrage a attir^ k M. Baillairg6 Tes 61oges m6rit6s des hommetf 
comp^tents du Ganada. 

Nous regrettons viveraent que Pouvrage n'ait pas accompagn6 le ta- 
bleau qu'on nous a adress^ ; le compte-rendu que nous avons entrepris f 
aurait gagne en int^rSt et en clart6. R6duits aux Elements ordinaires de 
la science, nous sommes entra£n6s ^ des calculs trop longs, et probable- 
ment par des sentiers moins directs que ceux iadiqu6» par Fauteori pouf 
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que nous vous invitions ^ verifier avec nous I'exactitude de la regie donnee 
par M. BaillairgS. A ceux A qui la trigonometrie et la geometrie descrip 
tive sont familieres, nous dirons : Faites comme nous, cherchez et vous 
trouverez. — A ceux qui travaillent pratiquement, nous conseillerons d'ap- 
pliquer la regie que nous indiquons ^ un solide quelconque, dont ils savent 
mesurer le volume par une autre mfethode, et ils se rendront compte de 
I'exactitude de la formule par la similitude des deux r^sultats ; d^ou ils 
concluront que ce qui est vrai pour un cas le sera pour Fautre. 

On reconnaitra ainsique la formule estmath^matiqueraent exacte, pour 
les prismes et prismoides, cyJindres et cylindroides, droits ou inclines, pyra- 
mides rdgulieres, et irregulieres, et les troncs de ces solides entre bases 
paralleles, pour le c6ne droit ou oblique et son tronc entre bases paralleles, 
pour la sphdre ou le spheroide et tout segment ou tronc de ce corps separ^ 
du solide entier par un plan inclin6 d'une maniere quelconque aux axes 
ou diametres, ou compris entre deux plans paralleles quelconques, pour les 
conoides paraboliques et byperboliques droits ou inclines et les troncs de 
ces solides compris entre plans paralleles; et ces divers solides constituent 
dans leur ensemble la presque totalite des solides ^lementaires que Ton 
puisse etre appele a e valuer. 

II n'y a que pour les fuseaux seuls et les onglets que la formule n'est 
pas matbematiquemeut exacte, mais encore se rapprocbe*t-on sensiblement 
de la veriti^. 

Du reste, il est tou jours facile, quand un corps aflfecte une forme par 
trop fantaisiste, de le decomposer eu plusieurs solides se rapprocbant des 
formes plus geom^triques et auxquels on peut appliquer la formule en 
toute security. Le tableau construit par M. Baillairge donne precis^ment 
les formes les plus diverses qui permettent, en rapprocbant les differents 
solides, d'en construire de nouveaux de formes composees. On fait ainsi 
Tanalyee et la syntbese de la m^tbode, d'une part, en appliquant la m6- 
tbode au volume total compose des differents solides ; de I' autre, en calcu- 
lant le volume de cbaque morceau separe et en additionnant les resultats ; 
]' addition de cette seconde maniere d'operer doit donner le meme cbiffre 
que r application de la regie au volume total. 

Est-il necessaire d'indiquer les applications qu'oh peut faire de cette 
metbode dans la pratique? Cela nous parait inutile, nous remplirions 
toutes les colonnes de la Revue ; les bomntes pratiques sauront bien le mo- 
ment de s'en servir. 

Quant aux eleves, je laisse aux profeseeurs le soin de leur faire tou- 
cber du doigt ces applications, multiples et si journalieres. 

Pour me resumer, je dirai que la metbode de M. C. Baillairge est 
d*une simplicity et d'une exactitude remarquables, qu'elle est appelee A 
rendre de tres-grands services aux praticienS; en leur evitant des pertea 
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considerables de temps et eii leur permettant d'obtenir le^esultits cherches 
aussi exacteraent que par les anciennes formules maihematiquea ; c'est 
done ui^devoir pour tous de propager ceeystemej et pour mni un plaisir 
d'en feJiciter I'auteur. J. Morand. 
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Paris, le ler Aoiit 1872. 
A 
Monsieur Baillairge, 

Architecte, etc. 
A Quebec, (Canada). 

Monsieur, 

J'ai I'honneur de vous donrier avis que 
Ic Conseil Superieur vient de vcus admettre 
a faire partie de la Society de Vulgarisation 
pour I'Enseignement du peupie a titre de 
Membre Titulaire. 

Nous sommes beureux d'une decision qui 
assure k notre (Euvre votre precieux con- 
cours et nous esperons les meilleurs effete 
de votre propagande active en faveur de 
I'Instruction et de TEducation populaires. 

Veuillez agreer. 
Monsieur et tres honore Collegue, 
r assurance de mes sentiments de haute con- 
sideration. 

Le Secretaire General fondateur, 
(Signe,) Aug. Humbert. 
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Extract from a letter of Brother Basilian of St. Thomas^ to Brother 
Paulian of the Lasalle Institute, New York. 

.Mr. BaillairgS's system has. also received 

the general approbation of the principal Houses of Education in the Domi- 
nion of Canada, and in foreign land. It surpasses, by its facility and its 
simplicity, all that ever appeared of the like on the continent 

I am very anxious to have you examine Mr. B's system, as no one is 
better able to judge of its merits than yourself, being, as every one knows, 
80 distinguished a mathematician. 



Extrait cPune lettre du Rev, Fr^re Basilianj ci-devant de Montreal, au 

Fr^re Ligouriy Visiteur des Frhrea des Ecoles Chritiennes, d 

Londres (Angleterre) et au Biv, Frhre Patrick, d Paris. 

Mr. Baillairg6 est re9u membre 

honoraire de la Society d' Education de France. Honneur que lui a merite 
son nouveau systeme de st6r6om4trie et pour lequel il est mande ^ Paris, 
par le President de la Societe, pour y recevoir le premier prix de concours. 

Ge systeme a aussi regu 1' approbation des principaux etablisseraents 
d'6ducation de la Puissance du Canada et ^ P^tranger ; il surpasse par son 
extreme simplicite tout ce qui a jamais paru en ce genre, com me vous 
pourrez vous en convaincre par ce que vous en dira ce monsieur. 

Je suis tres aise, tres cher Frere visiteur, que vous preniez connais- 
sance de ce systeme, par ce que je ne connais personne qui puisse mieux 
que vous apprecier le merite de cette nouvelle decouverte. 



Ottawa, 17 Decembre 1873. 

J'ai ensei^n^, moi-mdme, depuis de 

longues aniiees, cette speciality d'evaluation des surfaces et solides, et, vu 
Fextreme complication que comp> »rte cette etude, j'applaudis vraiment au 
mode sommaire que vous venez de nou~ reveler, lequel parait evidemment 
destin6 ^ sujpplanter le systeme suivi jusqu'ici. 

Sans etre revolutionnaire, j'aime ces petits bouleversements tendant a 
reformer certains regimes parfois trop conservateurs, lorsque surtoiStt ces 
benins catadysmes, n'ont d'autrt; effet que de vulgariser une branche d'en- 
seignement qui devrait etre accessible ^ tous. 

. Votre devoue, 
Revd. Frere des Ecoles Chretiennes. F. Andre. 
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(TranalaHon). 

St. Thomas, December, 15 1873. 
Sir, 

I beg to acknowledge receipt of your letter of the ith^instant informing 
me that the first prize had been awarded you, in France, for your Stereo- 
metrical Tableau. This I consider a happy presage of its future success. 

It pleases me as it must all lovers of science, that, notwithstanding the 
prejudices of the age, you have known how to triumph over the difficulties 
which naturally presented themselves in the research of the fundamental 
principles of such a system. Indeed, with the grace of God, your efibrts 
•Will soon be crowned with complete success ; and I hope you will be rendered 
the glorious testimony of being a benefactor of the human race, by the 
discovery of a new system which will give a fresh impetus to popular 
education, and be the means of giving to the less educated an opportunity of 
understanding its commercial value. It is to be hoped that the promoters 
of science will recognise the immense benefit you are conferring on Society 
at large and will render you full justice. 

Had I remained in Montreal, I should have labored to introduce 
your system in our classes there. But be assured-, Sir, that very soon, 
I hope, you will have the satisfaction of seeing your new system introduced 
to the greater number of our institutions in Canada. It must be acknow- 
ledged that until recently it was not much known, but owing to your kindness 
its reception in our institutions will soon make it so. 

It cannot be otherwise than that, after so many testimonials have been 
awarded you from the principal educational establishenients of this Province, 
approving of the superiority of your system — not only for its facility but for 
\i% simplicity — you will soon, I say, have the satisfaction of seeing it in use 
in all educational institutions, even the most elementary, throughout the 
Province. 

I herewith send you a letter of introduction to our venerable Brother 
Patrick, in Paris, lately a visitor to the christian schools in the United 
States, a man of great merit and a very great lover of Science. The second 
letter is for the Rev. Brother Ligouri, visitor to England and residin'r in 
London (french) and who recently visited Canada. When here he saw your 
work on Geometry, and passed high encomiums on it, I have no doubt but 
that he will most willingly adopt your system. The third letter is fur the 
Rev. Brother Paulian, visitor to New-York, a mathematician ofthe first order. 

I stopped at Quebec with the intention of seeing you, but was informed 
that you were out of Town. I think that the Rev. Brother Aphraates • 
Director of Quebec, who is so well known in France, will do himself the 
pleasure of giving you several letters of introduction. 

. I have the honor to be, Sir, Your very humble Servant 

(Signed) FBiRE Basilian. 
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(Tratulation). 
Ste. Anke i)e la PfiRADE, 2.3d December 1^73. 
Sir, — r liave the honor to acknowlcJge the receipt of your interesting 
letter of the 22d instant. 

With you, I should very much like to see your btereonietrical Tableau 
figuring in my School, and if the Government will but lend a helping 
hand there is but little doubt it will be adopted by all our Acalemies 
and Model Schools. Believe me, Sir, as the frien i of youth, to whose 
instruction I liave devoted myself for 28 years past, no exertion will be 
wanting on my part, to secure for them the advantages to be desired from 
your importjint discovery. 

I authorize you to add my name to those petitioning the Honorable The 
Minister of T'ublic Instruction to subpcribe for your Tableau and introduce 
it in our Sch'iols, Academies anc^ Model Schools. I a?n of the opinion that 
the youth of the Country will derive great advantage from it and that it vpill 
contribute not slightly to disseminate among the people a ta«t<. for the 
mechanical utts, a taste which, so to say, only begins to have existence 
among us. 

I have no doubt but that the government will give you such encourage- 
ment as will, at least in part, indemnify you for your great labor and the 
expenses you have been at in the advancement of useful science throughout 
the Country. The flattering testimonials conferred upon you by France and 
the United States should impress upon those at the head of our affairs the 
justice of coming to your aid by asking of the Legislature to vote a sum 
which would renumerate you for your invaluable labor and reimburse you 
in the amount you have expended. 

I am therefore prepared to sign any petition that will have for its object 
the introduction of your excellent Tableau in all our Schools, or of deman- 
ding of the Legislature to indemnify you for your expenditure and labor. 

I will write to Mr. Letourneau for a copy of the petition being signed 
and think I can assure you of obtaining the signatures of a good many 
persons of influence in this locality. 

With consideration, I remain, Sir 
Chs. Baillairg6 Esq. Your devoted Servant 

Architect &c. Quebec. (Signed) D. N. St. Ctr. 



Quebec, Sept. 27th 1873. 

The undersigned who have witnessed the many advantages of the 
Stereoraetrical Tableau as applied in the teaching of Geometry and Men- 
suration, ect., to the pupils of the Quebec School of Arts and Manufactures. 

Would recommend that the Montreal School be also provided with one 
or more of these useful adjuncts. 

(Signed,) Hon. E. Chinio, 

J. WOODLEY, 

L. J. BoiviN, 
Revd. 0. Ai DET. 

Members of the Board of Arts & Manufactares for the Provioce of Quebec. 

s 



SYNOPTICAL OR ABRIDGED 

• KEY 

TO THE author's NEW SYSTEM 

OF MEASURING ANY SOLID, 

SEGMENT, FRUSTUM OR UNGUU' OF SUCH SOLID, 

BY ONE AND THE SAME RULE. 

(1.) To the sum of the areas of the opposite amd parallel ends or 
bases of the tody to he measured, add four times the area of a 
section thereof parallel to these hq^ses and equidistant from each 
of them, and multiply the whole hy the sixth part of the lieight or length 
of the solid, 

(2) To be brief, we will call " intermediate or half -way section " 
the section in question in the formula^ or again, and at will^ 
** centre section " " middle section, " and we shall always designate 
this section by the letter M, initial letter of the word middle as we 
designate by B and B' the opposite bases or ends of the solid, and 
by L or H its length or height. 

(3) The lengtli or height of the solid nnder consideration, shall 
always be the distance between its parallel bases or ends/ that is 
the perpendicular drawn from one of these bases to the other or to 
the plane of this base, produced if necessary. 

Then the formula will write : \ 

Volume= (area B + 4 area M + area B') x J L or H. 

or: 
V.= (B + 4 M + BO i L or H. 

01*, 

to dispose the areas so as to facilitate their addition : 

+ area B ) C + B 

V= ^ + 4 area M > x ^ L or H, or < + 4M 

+ area B ) ( + B' 

Sum of the areas 
X J L or H. 



£^ CtJm^ c! A^J'^^^ 



iCcLM. A*«.4..^t^i/-^^ a\M^ ^ij^^ 
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Mature and value of the bases B, B'. 

(4) Sometimes one of the endaor bases of the solid, as with the 
pyramid, cone, conoid, segment or ungula of a sphere, spheroid, or 
spindle, &c., will be but a point and its area, consequently, null 
or equal to zero ( ). Sometimes, each of the bases will be null as 
to area or ^0, as in the case of the sphere and spheroid; now, one 
of the bases will be a simple line, as for the wedge and certain piis- 
molds and nngulsB, and its surface again null ; at other times, each 
of the bases, as with certain prismoids, will be but a line and the 
surfaces null, as before ; but in all cases, the author advises the 
pupU to maintain entire the formula and to write, as the case 
may be : 



V.= 




Sum X ^ L or H. 

areas 

(+ B 
or, V.-= < + 4 M 

/+ 





areas 


{ 

or, V.= < 


+ 4MV 

!+ B'S 


FUim X 


i L or H. 




areas 


or,V.= < 


;+ 0) 

+ 4M> 

'.4- S 


Sum X 


^ L or H. 



Sum X ^ L or H. 

(9) RBinr. It is clear from what precedes that the respective 
surfaces in questiQn are all plane surfaces, or must be considered as 
such, and that, with the author's system, every surface is null, to 
which a plane surface or a plane can touch but in one point, as in the 
sphere, spheroid and conoid; which does not prevent oue from 
measuring in the same manner by the formula, and with the same 
accuracy, a spherical cone or pyramid, or any frustum of such a body 
conpiprised between paralled or concentric bases, one of which is 
consequently concave and the other convex. 

(6) These enunciations would be quite sufficient to give a 
perfect understanding of the author's system, but some observations 
concerning more particularly, if not each of the solids of the tableau, 
at least every category or class thereof will perhaps not be useless. 

("7) We say "class" or •* category " and in fact it is proper to 
observe that the solids are disposed, on the tableau, by groups or 
families, each in one or several vertical rows. These rows are 20 
in number and the horizontal rows 10 in number, forming 200 pieces. 



TO THE STER£OMETRICfAL TABLEAU. XXXI 

The first row to the right (it would l>e indifferent to reverse the 
order and begin at the left) comprises the prism under some of its 
varied forms. 

(8) The four following ranges offer the prismoid, under several 
diversified aspects (see introduction, page 6) Including the regular 
or platonic solids, (dodecahedron, icoetahedron, &c.,) and certain 
ungulsB of prisms. 

(9) The sixth row, still going towards the left, is the pyramid 
and the frustum of that solid. 

do) Bows 7 and 8 show the right, inclined, truncated cylinder, 
and the numerous ungulsB, and frusta of uuguUd, of this solid, with 
also some cylindroids. 

(11) 9 and 10 axe the right and incHaed oones, their frusta and 

lUlgulSB. 

(IS) 11 is the concave cone with its varieties and sections. 12 
and 13 are the right and inclined parabolic and hyperbolic conoids, 
with their frusta, ungulsd and truncated unguis. 

(13) 14, 15 and 16, the flattened and elongated spindles with 
their decomposed parts and varieties. 

(14) 17 and 18 are the sphere and its segments, frusta, ungulaa, 
&c., spherical cone and pyramid and frusta of these bodies between 
parallel bases. These solids offer also to the appreciation the 
spherical, tri-rectangular, tri-acutangular, tri^obtusaagttlar, &e., 
triangle, and facilitate to the pupil, the understanding of spherical 
geometry and trigonometry, and to the professor, the teaching of 
these sciences. 

(15) 19 and 20, finally, are the flattened and elongated spheroid 
with the decomposed parts of these bodies. 

See again on this subject /' The Introduction " page 7. 

Let us flrst consider the 

PBISM OE CTLIHDEE, 
Right, Inolined, Twisted. ^ 

(16) The prism is a body whose breadth or size is every where 
equal or uniform ; it is, in other terms, a solid which throughout its 
whole length or height is of invariable diameter or thickness, and 
the opposite and parallel bases or ends of which, as weU as each 



1. See the lutrodiiction, page 11, last paragmph, letter of (be ReT«l. M. Billion 
mathematiciau of the St. Sulpice Seminary, Montreal. 
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section parallel to these bases, are consequently, similar and eqnal 
plane figures ; these figures may indifferently be rectilinear, curvili- 
near or mixtilinear. 

We will then obtain the solidity or volume by making 

( + area B ^ and, supposing ( + ^ 
V.= < + 4 area M > the base = J + 4 ► 

( -f- area B^ ) =1, ( -f 1 

Sum of areas x |^ L or H. Sum of areas x ^ L. or H. 

r 6 a. B ] C a. B ) 

= •{ or 6 a. M V X J L. or H = < or a. M > x L. or H. 
j or 6 a. B' ) (or a. B' ) 

(17) That is : in the case of the prism, the general formula is reduc- 
ed to the simplified expression : B or B' or M x L ; but we advise the 
pupil not to endeavour to remember this formula, simplified though 
it be, since he will always (see the introduction, page 9) return to 
it of himself; for one soon sees that it is the same thing to multiply 
any number by another number, or to multiply 6 times the first by 
the sixth part of the second. 



FEISMOID 

Right, Inclined, Twisted. 

(18) The prismoid of which we treat at length, from page 
161 to 167 of this work, has for its opposite and parallel bases or 
ends, any plane figures, equal or unequal, similar or clissimilar, 
rectilineal, curvilineal, or mixtilineal, and one of which, as in the 
case of the pyramid or the wedge, may be a simple point or a line, 
or each of the bases a mere line as already stated (4). 

We must then write, according to the case : 

C+a. B) ^+^) ^^^ 

V=<+4a. M> or<+4M> ori;+4M 

(+a.B'!) ( + B') (+0 

Sum of the a. Sum of the a. Sum of the a. Sum of thJB a. 
X J L or H. X J L or H. x ^ L or H. x J L orNH. 




FTEAMID, CONE 
Re^lar, Irregular. Right, Inclined. 

(19) In the pyramid, the base, or one of the ends is any ^plane 
figure and the intermediate section a figure similar to the ba Ae and 
equal in area to the fourth part of the base (95, T.). 
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The section of the cone, as of the pyramid, by a phme 
passing through its axis and apex, is a triangle, and the breadth of 
this triangle, taken at the half of its altitude is (page 85, rem.) 
half that of the base. Now, this ^anie half-way breadth of the 
triangle furnishes the corresponding diameter of the pyramid or of 
the cone ) that is, the diameter of the half way section of the 
solid by a plane parallel to the plane of its base. The cone, if 
right, has for base a xiircle ; if inclined, an ellipse, and for its middle 
section parallel to the base, a circle or ellipse similar to this base and 
equal in surface to the fourth part of it j the othel' base or end, of the 
cone or pyramid, is a mere point, and its area in consequence is null 
or = 0. 

Which gives us : 

+ a. B, 

V.= { +4 a. M 

+ a, B 




Sum of the areas x 1 L or H. Sum of the areas x J L or H. 



And suppos. C+ 0) S ^^) ^^^ ^^» ^ 

the base =< + 4xi> =^+l^ =-? or 



= 1, (jH n ( -H) ( B X ^L, H 

S. of the a. X J L or H. S. of the a. x 

^LorH. 

That is : for the pyramid, the cone, the formula reduces to mul- 
tiplying the surface or area of the base by the J of the height. 

FABABOLIC, HYFEBBOLIC CONOID 
Right, Inclined. 

(SO) Here the base is a circle or an ellipse, according as the 
solid is right or inclined, and the half-way section between the base 
and the apex or the opposite ends, is, as any other section 
parallel to the base, a figure similar to such base and in the parabo- 
loid, equal ( 7 ) in area to the half of it ; or, which is the same 
thing, the diameter of this section is equal to the square root (see 
the tables) of half the square of the corresponding diameter of 
the base. The other base or end of the solid is but a point, since 
we have agreed to consider as such every curved surface which a 
plane surface or a plane can touch, at a time, but on an infinitely 

small extent ^ that is, a point. 

Whence: 

C + area B' 

V.= < + 4 area M 

( + area B 

Sum of the areas Sum of the areas 

X J L or H. X ^ L or H. 
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Aiul snpjm.s. C+ 0) (+0) (3xiHorL 



the base = < 4- 4 x i 




or 



= 1, ( + \) f+lN (IxiR otJ^ 



X J L or H X J L or H 

(21) So that for the i)aral)oloid, the general formula is reduced 
to tliat of multiplying the area of the base by half the height j 
but as tliis expression, simplified though it be, differs ft'om the gen- 
eral formula aud may confuse the memory, (Introduction page 9) 
the i)upil will do well not to endeavour to retain it ; but instead of 
that, and to remove all doubt concerning the simplified formula, to 
resort immediately — although, it is true, with a few additional fi- 
gures — to the sole aud universal formula of the author; for, it 
cannot be denied that a longer process under a less tension of the 
mind, is less toilsome, and causes less anxiety as to the accuracy of 
the result, than a shorter but more arduous operation. 



SPHERE, SPHEEOID 
Flattened, Elongated. 

(82) In the sphere and sphenoid, the only area to be computed 

is that of the central or half-way section, each of the two other areas 

being, as that for the top of the conoid, null or = 0. The central 

eectiou is either a circle or an ellipsis. 

Thence : 

( + area B' ^ ^ "^ ^ ) ^ ^^^^ great circles ^ 

V = < + 4 aiea M > = < + 4M > =^ < or ellipses as the C x J R. 
( + area B ) ( + ) ( case may be. ) 

Sum of the areas x i Sum of the areas, 
diam. or H. or ,L. . x ^ D or vj R. 

(2Ji) REM. As for the spheroid or ellipsoid, it is indififerent 
under which aspect it be considered, respecting its half-way section 
and its height, length or diameter : but as it is more simple to fi^nd, 
either by calculation or from the tables at the end of this treatise, the 
area of a circle than that of an ellipse, matters can be managed 
so that its central section be a circle, which will be done by per- 
Torming the imaginary section of the solid by a plane perpendicul^ 
to the fixed axis. The solid would equally be measured in an inclined 
position (174, R.) being attentive however, as has been said (3) 
to take for the height or length a perpendicular to the plane of sect- 
ion and terminated on both sides by planes parallel to such a sect- 
ion and botli of them on opposite sides tangential to the solid under 
consideration. 



t 
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SEOMENT 
of Sphere, Spheroid. ^ 

(24) The segment having but one computible base, the formula 
to measure it does not differ in any way from that of the cone or 
conoid, except however that the relation between the ai-ea of its 
base and that of its intermediate section varies with the height 
of the segment. The radius of this section in the segment of a 
sphere "small circle of the sphere " is equal (374, G.) to the 
square root (see the table) of the product of the half-versed sine 
(height) of the segment, by the remainder of the diameter of the 
sphere of wliich the segment is a part, and when necessary this diame- 
ter is obtained by dividing the square (see the tables) of the radius of 
the base of the segment, by its height, to get the remainder of the 

diameter. 

i + area B' ) ^ + 

V= < + 4 area M V = < + 4M 

( + area B ) ( + B 

Sum of the areas x J H. Sum of the areas x J H. 



FRUSTUM 

of Pyramid, Cone, Conoid, Sphere, Spheroid. 

(25) hi all these solids with two parallel bases, the bases 
and half-way section are similar figures : circles, if the frus- 
tum be that of a right cone or conoid, sphere or spheroid cut by 
planes perpendicular to its fixed axis j similar regular polygons, if 
the frustum is a part of a regular pyramid of the same name ; and, 
similar rectilineal, mixtilineal or curvilineal figures, if the pyramid 
is irregular. 

(26) hi each of these cases, the vertical section of the solid 
by a plane parallel to its axis, presents a trapezium. Now, the 
mean breadth of the trapezium is obtained by taking the half-sum of 
its paralled sides, that is, their arithmetical mean ; and this mean is 
precisely the diameter of the frustum at half-height between its two 
bases \ whence it is easy to arrive at the factors of the half-way 
section of the solid, and consequeutly at the area of such a section 
(see the tables.) 



1. We do not add : ** Ee^^ment of pyramid, cono and conoid " simply because all 
snch segments, that is, all such parts cut off from the apices of the^e solids by a plane pa- 
rallel or not to the base, is still a pyramid, a cone, a conoid and its volnme subjcof to 
the formula already giyen. 



XXX VI SYNOPTICAL OR ABRIDGED KEY 

C 4- area B' 

V= ^ + 4 area M 

( 4- area B 

Sum of the areas + i H. 



UNGTTLA 

of Sphere, Spheroid, oomprised bet'ween planes of sect- 
ion passing in any direction through the 
centre of the solid. 

(37) In each vf these solids, the opposite bases or ends are null as 
to area or = -, the central section alone has any value and this section, 
in the sphere, is a sector of a circle (a part of a circle comprised 
between an arc and two radii) whilst in the spheroid, the same sect- 
ion is circular, if the planes of section have their common intersection 
in the fixed axis of the solid, in the other case it is elliptical. 

Whence, tire cubic content is : 



=1 



•4- area B' \ 


C 


+ 4 area M \ 


= < + 4 area M 


4- area B ) 


I 



Sum of areas x J H. or L, Sum of areas x JH. or L. 

(S8) linn[. In i)ractice, the length of the arc of the sector 
may be directly measured, \ys means of a metallic ribbon or the like, 
or of a thin rod that can be fitted to the curve of the solid, to deter- 
mine its circular or elliptical circumference, or any part of such 
circumference. 



UNGULA 

of any Prism, Prismoid, Cylinder, Oylindroid, Pyramid, 
Cone, Conoid, comprised between planes of 
section having their common inter- 
section in the axis of the solid. 

(39) It is clear that the uogula of a prism or prismoid, cylinder or 
cylindroid is nothing else itself but a solid of the same name ; that the 
ungula of a pyramid or of a cone is simply a pyramid having for base, 
in the case of the pyramid, any plane figure, and in the case of the 
cone, a circular or elliptical sector, according as the cone of which the 
ungula forms part, is right or oblique. As for the ungula of a conoid, it 
will be considered, with respect to its measurement, as the segment 
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of an nngula of a sphere or spheroid (see the following patragrarph)-. 
It is clear that the apex or one of the bases of the ungiUA i£t but 9f 
line or point, as the case may be, and that ' 

In all such cases the formula is : 

C area B' 1 that is, as 
y. s ^ + 4 area M v the case Y 
( + area B ) may be. 

Sum of areas Sum of areas Sum of areas 

X J H. or L. X J H. or L. x J L. or H. 




m ' ' 
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in the oonditiona of the eniuiciatioii, pax. 127, of the 

treatise ; that is, in the oonditions enumerated 

in the tixro last paragraphs (27 and 29). 

(80) It is plain that if the segment lu question be tlmt of i^ 
ungula of a sphere or spheroid, this segment will have but one 
base of any value, the other base being a mere point. The base will 
be a circular or elliptical sector and the section at half-height 
and parallel to the base, will be a .sector similar to the base. We 
will then have for the expression of the volume of the proposed seg- 
ment : 

C + area B' 

V.= ^ + 4 area M 

( -f- area B 

Sum of the areas Sum of the areas 

x ^ H. or L. X ^ H. or L. 

(31) If it be a firustum of an ungula, sphere or spher- 
oid betixreen parallel bases, the expression will~be : 




= 1: 



areaB' 

4area M 

area B 



Sum of the areas 4-{ H. or L. 

(3d) Finally if it be a firustum of an ungula of a prism 
or prismoid, pyramid, oone or oonoid (for the segment of an 
ungola of a pyramid, coue or oonoidy is evictoutly p, aoUd ^ the same 



j[i^ 
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name as that of which the nngola forms part) the formula will be^ 

as always : 

C -f areaB' 

V= < + 4 area M 

( ">- area B 

Sum of areas x ^ H. or L. 



SPHEBICAL COKE OE SECTOE, SPHEEICAL PTEAMID. 

(33) To arrive at the yolume of these bodies, we most do pre- 
cisely as for the ordinary cone and pyramid, «ave that the base and 
middle section will be convex or concave surfaces which will be 
measured according to the rules found (109, 167), the volume being 

always ; 

( area B' ) C ^ ) 

V.= < 4areaMV 5s)+4Mp 

( area B) ( + B) 

Sum of the areas x ^ H. Sum of the areas x ^ H. 



FETTSTirX 
of a spherical oone or p3rramid betixreen parallel bases. 

(34) Will be expressed as the frustum of the ordinary cone 
and pyramid by : 



area B 

v.* ^4-4 area M 

+ area B 






Sum of the areas x ^ H. 



FEirSTirX OF A TEIAKGULAE PEISH 

that iSy having its opposite bases or ends not parallel 

to one another. 

(39) The frustum of a triangular prism, considering any of its 

lateral faces as one of its bases, and the edge or opposed side as the 

other base, is nothing else but a prismoid } such is the wedge when 

the edge of that solid is of unequal breadth with the head. Under 

this view, the edge or side in question being but a mere line and 

consequently null as to area, we will have as an expression of the 

volume : 

area B' 
V= -{ + 4 areaM J. that is V.= «? + 4M 

+ area B 



is V.= < + 4M 



Sum of the areas x ^ H. Sum of the areas x } H. 
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If the frustum of the triangular prism (of the last para- 
graph) is itself truncated by a plane parallel to one of its lateral 
fsLCGB, we will still have a prismoid whose volome will be : 

area B 

V.= ^ + 4 area M 

+ area B 



'■'-\ 



Sam of areas x ^ H. 



SPHEEOID WITH THREE AXES. 

(30) This solid, as also any segment, frustum, or ungula thereof, 
segment or frustum of such ungula, is exactly measured by the for- 
mula, whatever the direction of the planes of section may be. There- 
fore, as the case may be : 


or "^ + 4 M i or 
+ B 





Sum of the a. Sum of the a. Sum of the a. 

X ^ H or L. X } L or H. x ^ L or H. 



COMPOirin) BODIES. 



(37) The tableau presents a certain number of these bodies ; for 
instance a cylinder terminated at one end by a segment of a sphere or 
spheroid (such would be a mortar) ; a frustum of a cone ending in 
the same way (a gun for instance) ; a cylinder or frustum of a cone 
crowned with a cone (a hay-stack or circular tower with a conical 
roof) } a cone ending at its base by a segment of a sphere or spheroid, 
like certain kinds of buoys. It is plain that to measure these com- 
pound bodies or any other forms that can be decomposed into ele- 
ments of the kind already treated on, the composing parts thereof 
must be separately computed, in order to make up afterwards the 
sum of such parts, according to the rules which have just been given 

APPROXIMATELY. 

(See the general expression, par. 127). 

(38) And very nearly, say generally Skt .005 or at about ( i ) one 
half per cent, more or less, often (see the detailed problems of the 
treatise) with perfect accuracy or very near an exact result; is 
the volume obtained of 
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AVT FETTSTVX 

€f « IMOm or Prlsmoid, Cylinder or Cylindroid, Pyramid, 

Ctone or Ckmoid, Spltere or Spheroid, comprised 

between non parallel bases. 

(89) By decomposing it, by an imaginary section parallel to 
one of its bases and passing through the nearest x)oint of the other 
base into a fnistam with parallel bases (the exact volnme of which is 
obtained by the mies already given) and an nngula. 



ANT TTBrGTTLA 

of a Prism or Prlsmoid, Cylinder or CyHndroid, Pyramid, 

CSone or Gonold, Sphere or Spheroid* 

(40) In this solid, as in the reg^ilar nngula of paragraphs 
(27 and 99) the apex or one of the bases or ends, is but a mere line 
or point, and its yolame is very nearly. 

^ee the detailed nngnlsB of the treatise). 



V. = < +4 area M > That is V 



area B' ) 
+4 area M > 
+ area B ) 




Sum of the areas x ^ H. Sum of the areas x ^ H. 

RlSni. As will be seen {i^O)if ihe base of the cylindrical unguis 
be not truncated, that is, if this base is a circle or an ellipsis, 
th<d formula gives the exact Tolume of the solid, and in the same 
manner under the same conditions, the exact Tolume of an ungola of 
a prism will be arrtved at. 



FBTTSTTTX OS AK xnTGFLA. 

If the ungula of the last paragraph is cut off by a plane parallel 
to its base, of which the tableau offers examples, the volume will 
not tilie less be, as usual : 

C area B' 
V.= < + 4 area M 
( + area B 

tltlm of the areas x ^ H. 



EL0VGA1ED SPIITDLE, FLATTEKED SFIITDLE. 

(41) The spindle considered, as a whole, is not a usual solid ; 
it has little importance, and to be convinced that it cannnot be mea- 
sured at once, as with the elongated or flattened spjheroid, it is 
su£Elcient to compare it in one's mind to an exact splijeroid having 

\ 



V 
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the same axes or diameters. It is tben seen how much its volume 
is less than that of the corresponding spheroid which is more swollen 
towards the ends of its axis in the elongated spheroid, and in the 
opposite direction, if it be a flattened spheroid. 

(48) But if it be impossible to arrive at once at the volume of 
the spindle, one succeeds almost immediately, by measuring the 
half of this solid, and aferwards doubling the result, since 
then, by taking its section half-way between the centre of the 
spindle and its apex or end, the very element which contributes 
especially to make its volume vary, is considered, and this process 
applied to the flattened spindle, will give the exact volume if the 
perimeter of a section of the half-spindle by a plane passing .through 
jts fixed axis, is an arc of a conic section, as will generally be 
the case, the flattened spindle being then considered as two equal 
segments of a sphere or spheroid, united by their bases or planes per- 
X>endicular to the fixed axis of the solid, of which the composing 
segments of the spindle form part. 

It will be seen (prob. LI) that it is sufficient to divide the half- 
spindle into two parts which will be measured separately and the 
sum of which will be afterwards taken, to arrive at a result which 
shall differ from the truth but by the 9th part to the quarter of one 
per cent. 



CEKTEAL FETTSTXTM OF ELONGATED SPINDLE. 

(Cask). 

(43) This solid which gives its form to the thousand and one 
varieties and dimensions of casks, throughout the whole world, is, res- 
pecting the measurement of its capacity or volume,- of great impor- 
tance, on account of the generally high price of the contents. Well ! 
as will be seen (prob. LII), it is sufficient to measure at once the 
half-cask to arrive at the exact volume, within the quarter to the 
fortieth part of one per cent; maximum error of one quart on 
a hundred gallons or of one litre on 400 litres and which does 
not exceed generally ^ to ^^^ of a gallon or litre for everj^ 100 gallons 
or 100 litres, and can, besides, by that itself, be rectified, that the 
error is known to be always in excess and that consequently the result 
may be diminished by so much, if required. 

C area B 

V.= s + 4 area M 

( + area B' 

Sum of the areas x ^ L or H. 



XLTI SYNOPTICAL OR ABRIDGED KEY 

C0VCA7E COITE. 

(44) The concave cone is analogous, as to its volume, to the 
elongated half-spindle, which may also be called a convex cone j and 
in the same way as we very nearly arrive at the volume of the half- 
spindle, by measuring it in two slices ; so, if the hollow or convex 
cone is decomposed into two parts, by a plane parallel to tliat of its 
base, to measure separately each of these parts and add them together 
afterwards, the volume will be obtained at less than one half per 
cent loss. ^ 



FETJSTUX OF CONCAVE CONE 
betixreen parallel bases. 

(45) A great many vessels of capacity assume the form of this 
solid and as the hollow or concave cone is analogous to the half -spin- 
dle or convex cone, so the frustum of the concave cone may be con- 
sidered as analogous to the central half-frustum of the elongated 
spindle or half-cask. Then by measming it at once, provided its 
curve be uniform throughout its height and especially if this curve is 
not considerable, the volume or desired content will be very nearly 
arrived at, and if this curvature of the lateral face of the solid or 
vessel of capacity in question, is considerable or of unequal radii in 
various parts of the height of the frustum, a nearly perfect accuracy 
can be secured, by decomposing it mentally with a view to its mea- 
surement, into two or at most into three parts or slices by planes of 
section parallel to the bases. 

The volume of each of the component slices will be : 

( area B 

V.= < + 4 area M 

( + area B' 

Sum of the areas x J H or L, 



COHFOUirD BODIES. 



(46) These bodies may assume many varied formsv The tableau 
presents some of them: for instance, a central or eccentric frustum 
of a sphere or spheroid surmounted by a concave cone (kind of 



1 For forms with conoatre sides the yolnnae is less ; as for conrex bodies tbe 
Tolamt is mon » 
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dome ot uainaxet) ; segment of a sphere or spheroid surmounted by 
a segment of an elongated spindle or convex cone, or of a hollow 
or concave cone 5 two frusta of right cones united by their broader 
bases 5 two others, by their smaller bases ; two frusta of concave 
cones and two others in the same conditions. And it is clear that 
other forms may be conceived, in almost infinite variety, but of 
which the rules already given are sufficient to determine the res- 
pective and composing volumes. 



SUNDRY. 

(4T) Besides the solids which have just been enumerated, it is 
proper to say a word of certain forms which the tableau presents 
and of which the origin or the whole solid of which the body under 
consideration forms a part, might not at once suggest themselves to 
the mind. Thus, the eccentric solid ring may be considered 
as the central frustum of a very elongated spindle bent on itself. 
Then will it be measured by adding to the sum of the areas of both 
its less and greater sections, 4 times the area of the half-way section 
between these first, to multiply the whole by the length of the 
half-circumference used as the imaginary axis of the ring. 

(48) ThQ bent cone or lialf-splndle in formofthehom 
of an ox is measured like the inclined cone, considering as its height, 
the perpendicular drawn from its apex to the plane of its base. 

(49) There is the eccentric frustum of an elongated 

spindle, which may represent the shaft of the roman column, swol- 
len as it is, about the third part of its height, and the volume of 
which may be had by taking separately that of each of its composing 
half-frusta. 

(50) The regular polyliedrons, as it is seen, may be de- 
composed into as many regular and equal pyramids as the solid has 
faces and be easily measured in this manner, each pyramid having 
for base one of the faces of the polyhedron and for height the half- 
lieight of the polyhedron, that is the half-diameter or radius of the 
inscribed sphere. 

(51) The decomposed parts of the flattened and elon- 
grated spindles and of certain other solids furnish the idea 
and in consequence the manner of measuring, or gauging any 
sailing vessel, steamer or other, by decomposing it, if necessary, into 
elements of the kind already treated of. 
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(52) RE]XI. The regular poljhedroos oould equally be at onoe mea«uiBd, by 
taking the trouble of Gndlng the area of the central section of each of them. All these 
solids have two parallel bases, one uf the bases being, for the tetrahedon, a point— 
for the tetrahedron is nothing but a pyramid.— The octahedron may be considered as a 
double pyramid or a compound of two pyramids, base to base, and be measured in this 
manner. As to the dodecahedron, it will be seen that while ea/)h of its parallel bases is 
a regular pentagon, its half-way section between these bases, is a regular decagon or 
a ten sided regular polygon, and each s^de of which is equal in length to the half-dia- 
gonal of the pentagon. As to the middle section of the exahedron, if it be taken 
paralled to two opposite and paralled sides of the solid, it will be a twelve sided regular 
polygon, the perimeter of which it would be too long to determine here. If on the contrary 
the half-way section is supposed parallel to or equidistant from two opposite vertices of 
the solid, that is, perpendicular to the axis or diameter uniting two opposite points or ex- 
tremities of the solid, this section will be a regular decagon each side of which will be 
equal to the half-side of the triangle forming the faoe of the polyhedron, f inslly,if any two 
opposite sides or edges be taken for the parallel bases of the icosahedron, the half- 
way section parallel to these edges aud perpendicular to the plane which unites them 
will be a six sided symmetrical polygon, two opposite and paralled sides of which, each 
equal to the side of the triangle forming the faoe of the polyhedron and being one of 
these Bides, and the other sides of the exagon, parallel, two and two, and respootively 
equal to the height or right radius of the said component face. 



REDTJCED TABLEAU, 

(53) REM* It is hardly necessary to say that, in this treatise and in the 
abridged key, every thing which relates to the so called tableau of 200 models, is 
equalled applicable to the reduced tableau of 106 models which the author is preparing 
for elementary schools and with a view to reduce the price of it in order to plaoe it 
within the means of persons less capable of ordering it. 

In the reduced tableau the models will be 105 in number, disposed in 15 ver- 
tical rows and on 7 horizontal rows (15 x 7 = 105). Then beginning for instance by 
the left, the 

Ist vertical row would be the prism, its frustums and ungulas. 

2nd, 3rd, 4th row, the pri^moid and vaiious frusta and ungulse. 

5th row, the pyramid, its frusta and ungulsB. 

6th row, the cylinder, its frusta and ungulsB. 

7th row, the cone, its frusta and ungulas. 

8th row, the conoid, its frusta and ungulse. 

9th row, the flattened spindle, its legments, frusta and unguIsB. 
10th row, the elongated spindle, its segments, frusta and ungulse. 
11th, 12th and 13th row, the sphere, its segments, frusta and ungulse. 
14th row, the flattened spheroid, its segments, frusta and ungulse. 
15th row, the elongated spheroid, segments, frusta and ungulss. 

And if in the tableau any segment, frustum or ungula is wanting to complete 
the number of those included in the nomenclature of the solids to which the formula 
relates, it can easily be mentally supplied in the same way, as, if required, any com- 
pound solid may equally be decomposed by imnginary planes of section, into elemen- 
tary forms, to submit its volume to the required computation. 



KEY TO THE 



BAILLAIRGE 

STEREOMETRICAL TABLEAU. 



INTRODUCTION 

TO THE 

NEW METHOD OF MEASURING 

ALL 

BODIES-SEGMENTS, FRUSTUMS AND UNGULAS OP THESE BODIES, 

BY ONE AND THE SAME RULE. 

The author of the new method has the honor to inform his col- 
league — ^Architects, Engineers, Surveyors, Professors of Geometry 
and Mathematics, the Directors of Universities, Colleges, Seminaries, 
Convents and other Educational Establishments, the Professors and 
Pupils of Schools of Art and design. Mechanics, Measurers, Guagers, 
Custom House and Excise Officers, Ship -Builders, Contractors, Ar- 
tisans and others of Canada and Elsewhere. 

That he has perfected his " Stereometrical Tableau " in order to 
reduce to practice his universal formula for finding the solid content 
of a body of any form or dimensions. 



Abtebtisrment. — With the view of protecting his disoovery and invention and of 
guarding against aoj iofringenient of his rights, either here or elsewhere, the author has 
taken out Letters Patent of his tableau, as well in Canada as in the United States and in 
Europe. 
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On the subject of this formula the Quebec Seminary after having 
submitted it to competent persons, expresses itself thus : ''Of the 
theorems and formulae remarkable for their novelty^ the most strik- 
ing is the general rule for the content of any known solid. An in- 
Yoluntary doubt at first takes possession of the mind ; but a careful 
examination soon dispels this boubt and one remains astounded at 
sight of a formula so clear, so easy to retain, and of which the applica- 
tion is so general, " 

An article in the '' Journal d'Education '' speaks of the sudden 
mptUse which this discovery imparts to science. 

His method of explanation, says another journal, is new, and so 
simple as to be within the grasp of every mind. 

The tableau, the dimensions of which are about 3 feet in 

height by 5 feet in length, is of hard wood, dyed or painted of suitable 
colour. Fixed to the board are some 200 models of hard wood, 
polished, oiled or varnished as required. Each little model is adjusted 
to the tableau by means of a peg or pin of wire attached to the board 
so that the model may be easily removed and replaced at pleasure. 

0^ modeHs comprise almost all the elementary forms that it is 
possible to conceive, or to which any compound body, by division or 
decomposition, could be reduced. Among them will be found all the 
prisms and prismoids, cylinders and cylindroids right and oblique, 
and tiie frustums and ungulas of these bodies ; pyramids, cones and 
conoids, right and oblique, with their frustums and ungulas ; the 
sphere with its subdivisions into hemisphere, quarter sphere, half- 
quarter or tri-rectangular spherical pyramid, segments, zones, pyra- 
mids, frustums and ungulas ; the prolate and oblate spheroid and 
ellipsoid, with their segments, half, quarter, frustums, etc. ; in fine, 
the spindles and their frustums, etc., including casks of all sorts ; 
the regular polyhedrons, concentric and eccentiic rings, and a num- 
ber of other varied practical forms too many to enumerate here. 

The nevar rule or fbrmula dispenses ixrith all consi- 
deration, all preliminary calculation as to the nature, 
ft^rm or dimensions of the entire solid of ^which the body 
to be estimated ibrms a portion. Thus, when it is required 
to find by ordinary rules, the cubical contents of a segment, frus- 
tum or zone of a spheroid, for instance, it is first necessary to find the 
axes of the solid so as to take them into account ', but by the new 
gystem we proceed immediately to estimate the solidity required, by 
applying directly to it the formula (B' + B + 4 M) J H. In like man- 
ner, if one supposes he has to deal with the frustum of a pyramid 
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for example, the fist thing to ascertain is that it is one, in order to 
apply to it the ordinary rules of mensuration ; for this purpose, it is 
required to measure the respective lengths of the edges or sides of 
the upper and lower bases, so as to establish the proportion between 
them, and be assured thereby that they are, or are not proportional, 
without which the solid to be estimated is not the frustum of a pyra- 
mid ; whilst, on the contrary, by the new formula, it is sufficient to 
be certain of the parallelism of the sides or edges (which is seen at a 
glance and without any measurement) to proceed directly to the 
application of the rule ; for, from the authors point of view, the frus- 
tum of a pyramid, reputed such, is regarded as a prismoid, and sub- 
ject, on that account, to the general formula, in the same way as the 
whole pyramid which is also a prismoid. 

But, setting aside all preliminary consideration as 
to the nature of the solid to be measured, and of the long 
and abstruse calculations which must be made for that purpose when 
the ordinary rules are followed — ^it is to be remarked that the calcu- 
lations which remain to be made to find the content of the solid or 
liquid in question are laborious, difficult, long, and sometimes never- 
ending, as for instance, when they relate to the guaging of a cask, or 
the measurement of the frustum of a spindle. There are very 
frequently algebrac formulae, differential and integral calculus, and 
a simple mis-print in the formula of which the mind can not i>en6- 
trate or follow the mysterious intricacies, — an error which may not 
be detected and would consequently remain uncorrected — a simple 
error of this sort is enough to render the whole calculation useless? 
and necessitate its being gone over again } instead of which, by the 
system now proposed, as there is but one rule, one simple formula to 
learn and retain, and that of the simplest nature, the mind can 
follow it step by step, and the eye itself perceive immediatelj it 
there be error. 

At present, there are as many difierent rules as 
there are solids : one for the prism or cylinder ; one for the 
pyramid or cone } another for the frustum of the cone or pyramid ; 
a third for the sphere ; then three others for the segment, zone and 
ungula of this body; another for the spheroid, with additional 
formulae and in equal number for the segment, frustum and ungula, 
according as the intersecting plane is parallel or inclined to the small 
or great axis or to any diameter whatever of the solid. How many 
other formulae differing always from one another, and each of them 
from ail those already enumerated, when it is necessary to arrive at 
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^he content of a parabolic or hyperbolic conoid^ right or oblique, of 
a segment of a circular, elliptical or other spindle, of an ungula of a 
cylinder, cone, conoid or spindle. Well ! we can now lay aside all 
these rules, all these various formulae which it is impossible for the 
memory to retain, and for which we always need a book at our 
disposal ; we can set aside all these multifarious formulae with the 
books containing them, and armed with the new system, take hold 
of any solid whatever to find its content by the aid of a quite simple 
rule that may by remembered like the Lord's prayer, namely : " to 
the sum of the parallel end areas, add four times the middle area, 
and multiply the whole by one sixth part of the height or length of 
the solid. " 

The calculation is thus reduced in every case, by 
the authors system, to that of the areas of the opposite 
bases and of the middle or intermediate section, to attain 
which end is precisely the object of the tableau in question, where 
one may immediately see the form of the solid, the nature of the 
surfaces which form its bases, and, by means of a stroke or line, the 
nature and dimensions of the section, surface or base half-way 
between the bases or opposite extremities of the solid to be estimated. 
In this manner it will be seen that in the pyramid, the cone, the 
conoid, the segment of a sphere or spheroid, the upper surface is 
reduced to zero or is null, whilst in the sphere, the spheroid, and 
certain prismoids, each of the opposite surfaces or areas becomes 
nothing, which reduces the calculation to multiplying 4 times the 
middle section by the sixth part of the height of the solid. 

The formula is mathematically exact for prisms and 
prismoids, cylinders and cylindroids right or oblique, regular or 
irregular pyramids and the frustums of these solids between parallel 
bases } for the right or oblique cone and its frustum between parallel 
bases, the sphere, the spherical segment and zone, the spheroid and 
every segment, zone or frustum of this body cut from the whole solid 
by a plane inclined in any manner whatever to the axes or diameters 
or comprised between any two parallel planes j for right or oblique 
parabolic or hyperbolic conoids and the frustums of these bodies 
comprised between parallel planes ; all of which various solids cons- 
titute nearly the total number of the elementary forms thats one can 
be called on to estimate. 

It is for spindles only, and certain ungulas of these 
bodies, and of other solids, that the formula is not ma- 
thematically correct, and yet even in these latter cases can w© 
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obtain results more correct, more satisfactory by moans of the gene- 
ral formula than can be done by any of the otlier means to which we 
commonly have recourse in practice. It suffices for tliis to divide the 
half spindle or frustum of this solid into two, or at most into three 
parts, by sections or planes parallel to the bases, and apply the for- 
mula separately to each of tliese parts, to arrive at a, result approa- 
ching almost to perfect accuracy, and so of the ungulas of prisms and 
prismoids, of pyramids, cones, conoids and spindles, of spheres and 
spheroids and the frastums of these ungulas between parallel base^, 
to divide the solid into 2, 3, or 5 parts at most, to apply next the 
formula to each of the component segments separately, as it is besides 
evidently necessary to do so for the cubical conteuts of compound 
solids such as ships, schooners, yachts, boats, &c., and other similar 
forms, composed as they are in every case of some of the][elementary 
fonns which will be found among tlie models of tlie tableau. 

And in the majority of cases, even this subdivision 
of the solid into 2, 3, component segments will be useless 
since, for the ungulas of prisms, cylinders, pyramids, and cones, the 
maximum error between the true content and tliat obtained by the 
proposed formula does not exceed .005 or the half of one per cent. 

Let us consider also the immense advantage of 
such a tableau for the mere nomenclature of bodies 

• 

By it, the least advanced pupils in Colleges, Convents, 
and other schools, are enabled to prosecute a study from 
^vhich they have 'hitherto been debarred. In ^I'Ct, for the 
mind to seize and understand, on paper, tlie graphic representation 
of a body, it needed a previous knowledge of drawing and perspective 
which is only acquired generally by advanced pupils and in the last 
years of college ; whilst to-day the youngest, the least advanced may 
detach the model from the tableau, take it, hold it, and handle it j 
the master or professor, the nun or mistress will tell him or her the 
name of it and point out an example in the thousand and one objects 
met with in our every day pursuits and requirements. 

What the several models of the tableau may ^ 

represent. 

The segment of an erect or reversed cone will, 
according to circumstances, represent a tower, lighthouse a 
tumbler, salting tub, butter firkin, bucket, an ordinary tub or vat or 
of such as are seen in breweries and elsewhere j the flat or depressed 
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cone will Rnp:p:e8t the idea of tlie cover or bottom of a cauldron, of a 
roof, etc., the pyramid will be the image of a pinnacle or of the spire 
of a steeple etd j the ripjlit conoid, the segment of a sphere or sphe- 
roid will be a dome more or less elevated or depressed, whilst the 
same solid, by reversing it, will present to the imagination a basin, 
a reservoir, a boiler such as is found in the sugar hut, the distillery 
or other manufactory. 

The inclined and reversed conoid, the segment of a 

spheroid equally inclined and reversed, 'will represent 
the space occupied by any liquor, liquid, or fluid whatever at the 
bottom of a vessel which from one cause or another has become 
inclined to the horizon. The prism, the prismoid will likewise be 
the model of those thousand and one plain or elaborate roofs which 
crown our domestic habitations, our public buildings, our palaces. 
The roof of the common dormer-window, if it be sloped, will be a 
triangular prism oblique or inclined ; if it be not so, it will be the 
frustum of a prism, and the body of the dormer will be, indifferently, 
according to the aspect under which it is viewed, a right triangular 
prism, or the ungula of a quadrangular prism. Amongst the pris- 
moids will also be found the stick of timber or saw log, the trank of 
a tree, the railroad cutting and embankment, the reservoir, quay, 
pillar, camping tent, the splayed or square opening for a window 
door, nich or loop-hole in a wall. The quarter of a sphere or sphe- 
roid, the half segment will be the vault of the apsis of a clinch or of 
a hall terminated in the same manner. The whole sphere, the sphe- 
roid will be the billiard ball, the ball of a steeple, the earth we 
inhabit, the moon, the sun, the planets. In a word the model of 
each of the elementary forms which it is possible to conceive will be 
found on the tableau, and can be handled at pleasure so as to exa- 
mine it under every possible aspect. 

The bases, lateral faces, central or intermediate 
sections of the models of the tableau, also oSbi to the 
pupil, in the previous study of the mensuration of sur- 
faces, the representation of each of the plane figures, 
and of every sort of convex or concave surface of either 
single or double curvature. 

The square, rectangle, lozenge, parallelogram, trapezium — 
the equilateral, isosceles, scalene, right-angled, acute-angled, obtu- 
se-angled triangle; — the regular, irregular polygon — the circle. 
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semi-circle, quadrant, sector, segment, zone, lune, concentric and 
excentiic ring — the ellipse, semi ellipse, segment of ellii)se less or 
greater than the half — the other conic sections, parabola, hyperbola 
— the equilateral, tri -rectangular, tri-obtuse-angular spherical tri- 
angle, — the spherical segment, zodo, lune, — segments and zones, &c., 
of prolate and oblate spheroids or ellipsoids, &c. 

The tableau will have the efiect of interesting the 
pupil and of making attractive a study, heretofore dry 
and almost impossible. By means of the tableau and the 
general formula, stereotomy and stereometry, that is, the nomen- 
clature, properties and measurement of bodies can be taught in even 
elementary schools where sufficient geometry has first been taught 
to enable the pupils to determine the area of any plane figure what- 
ever } since, in reality, the proposed system reduces the mensuration 
of bodies or volumes to this — ^the remainder of the work being merely 
an addition of the areas thus found and the multiplication of their 
sum by the sixth part of the height of the solid. 



THE FORMULA. 

The prismoidal formula proper, is, of course not new, since it 
has been sometimes used in the computation of cartliworks on rail- 
ways and otherwise ; but it does not appear to have suggested itself 
in the case of the frustum of a cone or of a pyramid, an inclined co- 
noid or segment of a spheroid, the frustum of an ellipsoid contained 
between parallel planes inclined in any way to the axes of the solid 
and in general to most of the solids of my Tableau, and even, had 
the idea suggested itself so to do, still would the formula never have 
become of general application either in practice or in the teaching of 
Stereometry without the help of the Tableau, any more than steam 
without the steam engine, or electricity without the telegraph. 

The author must sliare with otliers the merit of the discovery as 
applied to certain solids to which its applicability has been shewn, 
though in a varied and more or less indirect way j but herein lie is 
not singular, and perhaps it is as well that it should be so, as it but 
adduces additional prof in support of his scheme ; nor should he take 
it to heart any more than Leverrier and Adams in relation to Nep- 
tune, Newton or Leibnitz concerning the discovery of /Mortojis. 

" It is plain, says tlie Rvd. Mr. Billion, in his letter to Bishop 
^' Larocque, that the author does not require that one should make 
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^' use of his formiila in many cases where a more simple expres- 
^' sion may replace it. " 

True, there are, not "many cases, " but some three or four cases, 
where the general forniuhi may he rcphaced hy one of a more simple 
nature j but the simplitied expressions flow directly and without 
effort from the general formula. Few persons ; as yet, have in this 
respect understood the autliors object in regard to the necessity, the 
advantage of one and only one and tlie same foimula for all possible 
solids. A perusal of the following letter from professor La&ance will 
however show the wisdom of his views. 

Quebec \1 deer. 1871. 

To M. C. Batllairge. 

"Sir,— 

" As to tlie correctness of the formula, none can doubt it, since 
when promulgating it, as you have done in your treatise 1866, you 
have yourself given all the necessary i)roofs to bear it out. 

" With respect to the prism or cylinder, to begin with, (Article 
1254 of your treatise) if objected to, that for these solids, at least, 
your formula fur from offering any advantage, but complicates the 
calculation ; I should reply that it is not so, since in this case the 
formula is immediately reduced to the ordinary rule. Thus the pupil 
who has already learned that every section of a prism or of a cylinder 
by a plane parallel to its base is a figure similar and equal to the 
base, will say to himself at once " But the sum of the bases, plus 4 
times the intermediate section, is equal to 6 times the base, and 6 
time the base multiplified by the sixth of the height is simply the 
same as multiplying once base by the whole height ; " and in fact 
this is the case, but by applying the formula as well to the prism 
and cylinder, its use becomes general for all solids and obviates the 
necessity of learning or remembering one single additional rule, for 
in fine therein is the immense advantage of the system you propose 
" one and the same formula " for all possible solids, and the moment 
you introduce a second, aye even a third for the pyramid and cone, 
a fourth for the paraboloid, to cube wliich by the ordinary rules 
would appear more simple than by yours, you then introduce confu- 
sion into the mind of the pupil, of the measurer -, from that moment 
there is danger of confounding these rules, of mistaking the one for 
the othe, of forgetting all of them or not remembering them and of 
the necessity, for thai very reason, of a book of reference, a theing 
which your system entirely dispenses with. 
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Again, for the pyramid or the cone, as you give it (1525 of yonr 
Geometry) the surface of the intermediate section is a quarter of that 
of the base ; now i x 4 = 1, and 1+1=2, and it is directly seen 
that the 6th part of 2 is the same thing as the third part of I; whence 
it follows that the general formula brings one back immediately to 
the ordinary rule, and that, without the necessity of knowing this 
rule beforehand. 

'' Again, let the prism, the cylinder, the pyramid, the cone, as 
happens in practice, be ever so little convex or concave ; where should 
we be with the ordinary rules, whilst on the contrary in this case 
your formula is the only one which can correctly cube the body in 
question ^ and for the spindle (1534) the paraboloid (1564) be its 
lateral surface the least in the world too much or too little convex or 
bulged, the ordinary rule which consists in multiplying its base by 
its height and taking half the product, will give either too great or 
too little a volume. How them in this case arrive at the truth, 
if not by your formula which, as in the case of the cask, introduces 
into the calculation the versed sine (or very nearly) of the greater or 
lesser convexity of the body to be cubed, that is to say the very ele- 
ment which tends to vary its cubical contents. 

" I have just pointed out the articles or paragraphs of your trea- 
tise containing the proofs of the correctness of the formula for the 
above mentioned bodies ; paragraph 1561 also proves it in the case of 
the prolate or oblate spheroid or ellipsoid j — 1562, for the segment of 
this solid,— 1566, for the hyperboloid, and 1581 to 1592 for the pris- 
moid in general. 

" The fact is that too few persons yet have taken the trouble to 
examine your books, so great is the tendency with us to remain al- 
ways id the rut of the old routine. In fact, it has taken us 20 years 
to substitute for pounds, shillings and pence the infinitely more 
simple and expeditious decimal calculation of dollars and cents, 
where the mere shifting of a point works wonders : it will take 1 more 
yet to appreciate your work, to introduce your formula, your tableau 
indispensible as it is, into the general education of this country. 

" I firmly believe, however (and it is too often the case, so little 
is a prophet heeded in his own countiy) that you will be inmiediately 
appreciated abroad, and I do not doubt but that your tableau, once 
known in the United States and Europe where, I am told, you have 
had your invention patented : I do not doubt, I say, but that as soon 
as you have published your prospectus in a foreign country, so soon 
will you have orders and in great numbers for ,the introduction of 
the tableau in all the Universities, Schools and other institutions 
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devoted to the teaching, not only of youth, but also of matnrer yeare 
among all nations. 

" C. J. L.-Lafrance. 
Frofessor. 

The following letter from a dlRtingnished mathematician of Al- 
sace, France, sets forth very concisely and generalizes the nomen- 
clature of solids to which the Stereometrical formula applies. 

" Westmoreland Point, N. B., 4th Nov. 1871. 

" My Dear Sir. — ^I see that you are bent on doing all y^u can to 
render your rule for finding the solidity of any body whatever really 
useful and practical. I consider that a Stereometrical Tableau such 
as that of which you send me the prospectus is the indispensible 
complement of the rule for the majority of persons who may require 
to use it, and in colleges, etc., this will also be a great help to the 
pupils who are studying analytical geometry of three dimensions and 
spherical trigonometry. 

" Having had occasion to verify the exactness of your formula 
relatively to diflferent kinds of bodies, I have found in fact, as you 
say in other terms, that it is strictly applicable to all polyhedrons 
without exception, the same of all solids generated by the revolution 
of curves of the second order around one or other of their principal 
axes as well as to segments of these solids, whatever be the direction 
of the plane of section. In this respect, it seems to me you might 
add to your prospectus, that in general the rule is applicable in a 
manner rigorously exact : 

" 1° To all solids generated by the revolution of a straight line 
around two planes parallel to one another limited in extent by con- 
tiuous outlines of any form whatever and irrespective of the varia- 
tions of the relative velocities of the two extremities of the moving 
line. 

" 2° To every solid generated by a plane of definite outline 
moving with uniform velocity in a straight line from one point to 
another, whilst its surface varies in a corresponding manner as the 
square of the generating cord of a zone of any conic section. 

" As to solids generated by regular curves of an order higher 
than the conic sections, it is generally easy .enough to subdivide them, 
with an exactness more than suflficient for all practical purposes, — so 
that the resultant partial solid may be classed in one or other of 
the two categories of solids which I have just described. 

" Moreover, apait from certain kinds of ungulas of elementary 
solids, I see few bodies of regular forms which may be met with in 
practical measurement of guaging or be in use in the arts and trades^ 
for which a subdivision repeated beyond two or three times is neces- 
sary ) and as for irregularly shaped ungulas it will be very easy for 
you to refer to them in your Key to the tableau. 



INTRODUCTION. 11 

" I found it very convenient, lately to apply the rule (proceed- 
ing by subdivision) to a trunk of a hyperbolic conoid generated by 
the revolution of a hyperbola of the 5th order around one of its 
asymptotes, ivith the view of veryfying, the degree of precision 
brought to bear on the construction of a converging copper tube 
having that particular shape which I have employed in a hydraulic 

ex{>eriment. 

" R. Steckel. " 

Mr. Steckel, after having proved the mathematical correctness 
of the formula for all bodies mentioned by the author in his pros- 
pectus, has made long and laborious analyses respecting the applic- 
ation of the formula to the ungulas of the cylinder, cone, conoids, 
and spheroids, &c., &c., and has demonstrated that in fact, as the 
author says, the maximum error for these solids which are moreover 
rarely met with in practice, does not generally exceed .005 or the 
half of one per cent, taking the whole body at one measurement, and 
that this error, little as it is, is easily eliminated and is reduced to 
nothing, so to say, by subdividing the nngula, the half frustum of 
spindle, &c., into two or at most into three parts, and applying the 
formula to each of them and afterwards taking the sum of the com- 
ponent parts. 

The Revd. Mr. Billion (Mathematician of the seminary of St. 
Sulpice, Montreal,) says that " the formula is applicable to a whole 
series of other bodies which the author has not spoken of" and I here 
mean bodies to which it applies exactly. In fact, let us suppose any 
body whatever mentioned by the author, for example the frustum of 
a pyramid. This body may be considered as formed by the juxtapo- 
sition of an infinity of planes parallel to two bases. Now, let as sup- 
pose all these planes strung from one base to the other l^ any straight 
or curved line whatever, and susceptible of being carved or bent in 
any manner whatever. By inclining, bending, curving or twisting 
this kind of dirextrix, every section of the said body is similarly af- 
fected and a new solid results, of the same bases and same height as 
the first, perfectly equivalent in volume, but curved to the arc of a 
circle, parabola or other curve under any law whatever, or bent of 
any angle whatever, the sections remaining always in the same 
plane. If the direction is changed into spiral and that the base is a 
circle, we have a wreathed pillar, &c., &c. Theire then are a multi- 
tude of bodies to which the same formula applies, for the reason that 
they are equivalent to the first ones. 

'* The author demonstrates his formula to be strictly correct for 
a great number of bodies enumerated and as approximate as could 
be desired for those to which it does not apply in a measure absolu- 
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tely exact. The proposition and t&e demonstration^ in every case, 
are exdct and true, 

'' As for other bodies, it is trae that the more numerous the sub- 
divisions; if need be^ the closer the approximation to the true ans- 
wer. " 

'' The works published up to the present time, says Mr. Blaln, 
contain quite a number of different rules for finding the contents of 
solids formed by the revolution of a curve of the second order around 
its axis. These rules which give rise to as many formulas must be 
remembered ; that is, we must overload the memory, without being 
certain of its readiness and fEuthfnlness at the moment we need any 
particular formula. Mr. Baillairg^'s formula is general and dis- 
penses with this somewhat painful effort. 

'^ Moreover, this formula is applicable when a solid is generated 
by a curve revolving around an axis not its own, and that is a case 
which has rarely, if ever been foreseen by the authors who have 
written on the subject and whose habitual fault, without intending 
to lessen their profound knowledge, has been to have always kept 
theory too much in view to the great detriment of practice. 

'^ I have established with Mr. Steckel, that in the greater num- 
ber of works on mensuration no mention is made of a spheroid out by 
a plane in any direction oblique (inclined) to its axes, a case provided 
for by Mr. Baillairg^, No. 1560 of his treatise. No more is anything 
said of a paraboloid in the same conditions, (1,564) and still less of a 
hyperboloid, (1,566). 

''Guagers, particularly, may derive immense assistance from 
Mr. Baillairg^'s formula, since the great majority, it might almost be 
said, the whole of the tuns, puncheons, barrels, boilers, kettles, res- 
ervoirs, &c., and all vessels generally used for holding liquids, are 
nothing but segments or frusta of circular, parabolic, hyperbolic, 
or elliptical spindles, spheroids or frusta thereof, spherical hyperbo- 
lic (calottes) domes, frusta of cones or of conoids with concave or 
convex surfaces, &c. 

*^ Mr. Baillairge's formula also dispenses with the difficulty of 
classifying the solid to be measured, an operation subject to many 
ejrors in practice. 

<' In fine, the same formula supplies the means of finding the 
quantity of liquid in any vessel only partly filled, in any position the 
vessel may be and without being obliged to change this position, 
(1,577, 1,578, &c.). 

" I should far exceed the limits of a newspaper article, if I wish- 
ed to enumerate all the advantages of the discovery made by Mr. 
Baillairg^, for it is really a discovery of great importance. 

I say frankly, I at first doubted the exactness of Mr. Baillairg6's 
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^alcnlations, and before expressing an opinion, I made the calcula- 
tions myself, then consulted clever men and well versed in practice, 
I bat record here their opinion which will be confirmed later by all 
those who shall employ the new system of measui-ement. 

Kow as to the correctness of the results given by the formula in 
the case of frusta of spindles, for instance, and of vessels of capacity 
of this kind compared with those by the ordinary rules, the author 
could not do better than publish at length the pertinent remarks of 
professor Gallagher on this subject. 

^* That this formula is mathematically correct, as applied to al 
the solids enumerated by you in your prospectus, there is of coursel 
no doubt. You have fully demonstrated this in your valuable work 
on Geometry and Mensuration published in 1866, Mr. Steckel has 
not been slow" in showing this in a most concise manner in his letter 
to you on the subject, to say nothing of the letters of the KK. MM. 
M6thot and Maingui on part of the professors of mathematics of the 
Quebec Seminary and Laval University, where the expressions 
'* 6tonn^" and " enchants " sufficiently show the high estimation in 
which your discovery is held by these competent judges ', but, in my 
opinion, you do not sufficiently insist on the great value, the many 
and manifest advantages of your rule as applied to spindles, the 
middle frusta of which are met with every day and in every part of 
the civilized world under the thousand and one forms of casks of 
every conceivable size and variety, and the necessity of measuring 
which with promptness, on account of their number, and with ac- 
curacy, on account of the generally valuable nature of their contents, 
renders some simple, easy and commodious rule, like the one now 
proposed by you, of the first importance to all mankind. 

Now, Sir, that your rule embraces these valuable requisites, let 
me compare it, in its working and in its results, with the rules laid 
down by some of our best mathematicians and authors such as Bonny- 
castle for instance, see £ev. E. C. Tyson's edition of his mensuration, 
page 147. 

Problem XXVII (for example). 

'^ To find the solidity of the middle frustum of an elliptic spindle ; 
-^^ its length, its diameters at the middle and end being given ; also 
" the diameter which is half way between the middle and end dia- 
^' meters being known," 

Eule, "1° From the sum of three times the square of the middle 
'' diameter, and the square of the end diameter, take four times the 
'*^ square of the diameter between the middle and end, and from four 
*^ times the last diameter take the sum of the least diameter and 
^^ three times that of the middle, and i of the quotient arising from 
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" dividing the former difference by the latter will give the central 
*^ distance. 

** 2° Find the axes of the ellipse by Problem II, and the area 
" of the elliptical segment, wtiose cord is the length of the frustum, 
^' by Problem V. 

'^ 3° Divide three times the area thus found by the length of 
*' the frustum, and from the quotient subtract the difference between 
" the middle diameter and that of the end, and multiply the re 
^' mainder by eight times the central distance. 

" 4° Then from the sum of the square of the least diameter, 
^' and twice the square of that in the middle, take the product last 
" found, and this difference multiplied by the length and the pro- 
'^ duct again by .261799, &c., will give the solidity required." 

Here, the mind is absolutely bewildered at the mere recital of 
the multifarious operations to be performed (not less than 27 in 
number) and the mere results of each of these operations, irrespec- 
tive of the details of the multiplications, divisions and other com- 
putations necessary to arrive at them, take up two whole pages of 
the book. 

Applied, say to a cask of 28 inches in length, bung diameter 24 
inches, head diameter 21.6 inches, and diameter half way between 
heud and bung 23.40909 inches, the result, as fully worked out at 
page 148, 149 of said book, gives ll,854f cubic inches, very nearly, 
or 51 gallons and 5 half-pints. 

Now, the same example. Sir, by your formula, brings out 11,- 
855.2 cubic in., which differs from the last result by only .0000045 
or less than half an inch on nearly 12000 inches, or the 240th part 
of one per cent in excess, the 14th part of a gill. 

Not only then, is your formula in this case to be considered in 
every respect as accurate as that of Bonnycastle, but it is really 
ormos in practice j for, even if the error in excess attained the 
maximum of .005 or i of one per cent, where is the practical 
measurer or ganger who, for the sake of a quart on a 50 gallon keg 
or half a gallon on a hoghshead, would, could devote hours of Ms 
time to calculate by the old method what can be done with greater 
accuracy and in less than 2 minutes by the new j for, every merchant 
will tell you that in practical cask gauging there is generally an 
error in excess or in defect of from one to two gallons on a hogshead. 

And even this comparative accuracy of the old rule, can only 
be arrived at by taking in all the decimals, which no one would be 
likely to do, on account of the immense labour of the computations; 
whereas, by the new formula, by reason of its great simplicity and 
conciseness, all the decimals may easily be taken in and no harm 
can result at some of the last decimals being neglected, since tliA 
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result as shown above is, and, for convex foiius, always is, tliougli 
ever so slightly, in excess of the true content. 

I am wrong however in assuming that the maximnm error in 
cask gauging by your rule is .005 or the half of one per cent, neither 
do you say so in your prospectus, and on tlie contrary you show 
most satisfactorily at page 708, 709 of your said treatise, in the 
numerous examples given by you and fully worked out and compared 
in each case with the results given by Bonnycastle's rules, that the 
maximum error in excess does, in yoiir first and 2nd examples, not 
exceed J- of one per cent or one quart on a hogshead ; in ex. 8 it is 
^ of 1 per cent ; Ex. 10 gives the maximum error as ^ of 1 per cent j 
5 gives f of 1 per cent ; Ex. 4 and 12 (2), ^^ of 1 per cent j Ex. 9, tV 
of 1 per cent; Ex. 2 and 12 (1 and 3), ij^^ of 1 per cent; and ex. 7, -^ 
of 1 per cent, and these examples cover all varieties and sizes of 
circular, elliptic, and parabolic casks, that is of the three varieties 
generally met with in practice. 

But in dwelling on the formula, I find I have as yet said nothing 
of the all important " Stereometrical Tableau " without which, as 
you pertinently remark, the rule would be almost as useless in 
teaching mensuration in schools, if not in the practice of it, as 
steam without the steam engine or electricity without the telegi-aph. 

There are many other advantages, apart from the mere men- 
suration of bodies, which your tableau possesses, as enumerated by 
you in your prospectus and which it is useless for me to dwell 
upon, as I fully concur in all that you claim for it ; though I think 
you might have further insisted on the advantage of such a tableau 
in the studio of the apprentice, nay even of the professional 
arcliitect, who will, among the models, find that of almost every 
conceivable shape or proportion of roof, dome, &c., which he may 
be called upon to design ; the Civil Engineer, every description of 
prismo'id to be met with in the cuttings or embankments for rail- 
roads, canals, docks, &c,, or in the piers or abutments of bridges or 
other structures ; the- mechanical engineer, every variety of boiler, 
copi>er or other vessel and the component parts of all sorts of 
machinery. 

Quebec, 9th December 1871. 

Extract from a Discussion of Baillairg4^s Stereomeirical formula hy 
the Bev. N, Maingui, professor of Mathematics at the Laval Uni- 
versity, 

It is easy to conclude that, in practice, unless it be known before- 
hand that it is required to cube a sphere, an ellipsoid or segments 
of those bodies, it would be extremely long and difficult to establish 

1° the kind of carve to which the 2 directrices belong and 

2° the position of their axes. 



.^^at 
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Therefore it is much simpler to snppose the body to be cubed 
divided into a certain number of sections so that the curved edde may 
be sensibly a straight line. These sections, like truncated cones, are 
cubed very readily by the stereometiical formula. 

This is moreover, the only resort for all solids that the stereo- 
metncal formula can not cube at once. The same remark applies a 
fortiori to solids terminated laterally, partly by planes and partly by 
a curved surface. 

Because, in practice, the stereometrical formula cannot give, at 
one attempt, the exact contents of certain bodies, we must not hence 
deduce an iargument against this formula; and for the very simple 
reason that, in these cases, the measurement of the body as a whole 
is impossible. And if in some exceedingly rare cases, certain veiy 
complicated formulas exist, practically they will give a result less 
exact than the stereometrical fonnula. 

Up to the present time, a certain number of bodies were worked 
by easy rules ; others by very complicated ones ; others again had to 
be divided mentally into different parts or were reduced by approxi- 
mation ; now the stereometrical formula applies with advantage to 
all these cases 

1° It is as easy to apply as any one whatever of the old rules. 
2° In application it is much simpler than a number of others. 
3° It can compare very advantageously with all the others on 
account of its great exactness, according to the case in hand : the 
preceding demonstration and discussion being intended to show the 
conditions in which the result is rigourously correct in order the bet- 
ter to point out what course to follow for resolving certain problems 
in a satisfactory manner. 

The object of the accompanying formula is and the result of 
its employment will be to popularize and generalize the study of 
solid geometry. The author is free to admit that in Universities 
and other establishments of higher education, the advantage of this 
one and only one undeviating formula for the solid contents of all 
bodies may not at first sight appear to offer the same advantages as 
in elementary and other institutions of the kind ; for in the first, 
other rules are taught and the study of algebra and the higher cal- 
culus afford facilities not possessed by the second, of arriving at sa- 
tisfactory conclusions ; but, once out of college, all this algebra aud 
calculus, all these ever varying formulas are soon, very soon forgot- 
ten, and the professional, the highly educated man will lose all trace 
of his mensuration of solid forms ; while the mere artizan^ the me- 
chanic, the engineer and architect, the measurer, guager and practi- 
cal man of every grade, who has never learnt aught but to compute 
areas of all kinds by simple rules not easily forgotten, need only 
have recourse to simple addition, multiplication and division to work 
out the contents of the most complicated solid, or of a vessel of ca- 
pacity of any kind whatever. His less fortunate employer, the 
learned professional, will appear to a disadvantage in the eyes of 
the world at large from his incapacity to do the same, unless he also 
shall learn how to use the formula in every case where college and 
university rules and formulas have been long ago forgotten. There 
are now a days too many other sciences to learn and college life is 
too short to allow of devoting years or even months to a study which 
can be mastered in a day, if old fogyism and conservatism will but 
stand aside. 



KEY 



TO 



BAILLAIRGE'S 

STEREOMETRICAL TABLEAU.' 



NEW SYSTEM OF MEASURING 



BODIES-SEGMENTS, PRIJSTAAND UNGULS OF THESE BODIES 



BY ONE AND THE SAME RULE. 



(1) It is useful to gather and present under a concise f&rm the 
Tarious formulaB or rules whicli relate to the calculation of the super- 
ficies and Tolumesof the various bodies and figures previously spoken 
of.i A synopsis of this kind will allow on© to refer more easily 
to those rules, in order to find at a glance the one required, con* 
cerning the problem to be solved j and some practitsal examples of 
the vaiious cases, will better teach the pupil the course tfo he followed 
to arrive at the result required. 

(3i) To determine an area or a volume is, 'as has been seen, 
<333 and 1014 G. ^) to find the number of times that this area 
or volume contains another area or volume, which is taken as the 



1 (New Traatise on rectilineal and spherical geometry anA trigonometry, Ae,, bj 
the same aathor). 

2 KiMiRK— The numbers in black print and in parentheses, as (333 and 
1-014 G.), (24 a.), (1018 G.), ^c, refer to the '*^neir treatise on rectilineal and spheri- 
cal geometry and trigonometry, Ac," by the same author, and the numbers also in 
black print and followed by a T., refer to the present treatise in which the correspond- 
ing numbers of the paragraphs or articles relate to the definition, demonstration or solu- 
tion, as the case may be, of the thing enunciftted in the treatise in queitioo. 
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meaenring unit (2i G.)> Tbas, when it is said that a square toiM 
contains 96 square feet, it mast be understood that the measure 
ing unit is the square foot and that this unit is contained 36 
times in the square toise, the lineal toise being 6 feet, and 6x6 
=96. Likewise, if the cubic toise, conttiins 216 cubic feet, it is 
that the cubic foot is in that case the unit of measure, and that this 
unit is contained 216 times in the toise, which bemg 6 lineal feet, 
its Tolume is (1018 G.) 6x6x6=216; and if the cubic metre 
contains 1000 cubic deci'metres, it is that the measuring unit m the 
deci'metre and that 10 x 10 x 10=1000. 

^ (3) The n^asuring unit which it is proper to employ is usually 
the square or the cube (as the case may be) whos& side is (333 and 
1014 G«) the lineal unit which served to establish the lineal dimen- 
sions of the figure to be measured ; but it is clear that nothing pre- 
Tents one from computing in square metres or yards the surface of 
a figure whose dimensions are expressed in feet or inches, &c. } 
and in the same way it will be indifferent to express in cubic ieet^ 
in metres or toises, &c,, the content of a body or solid^ whose lineal 
dimensions might be given in yards, feet, or inches, &c. ; paying 
attention only to the reductions necessary to change the given ele- 
ments into elements of another name, that is, of a different valae. 

(4) The formula of the author, to find at once, or by decomposi' 
tion, the volume of any body, is as follows : 

'^ To the 9um of the haaea or opposite and pivrallel end areas of 
" the body to he measured, or of any one of its component eliceSy add 
'' four-times the area of a section parallel to these bases and situated 
^' half-toay between them, and multiply the sum of these areas by the sixth 
" part of the height or length of the «oMd." 

(5) The new system then requires but the simple measurement 
of certain surfaces and sections of the body under consideration,, 
since what remains to be done to arrive at the proposed volume is bat 
a simple addition of these areas and the multiplication of their sam 
by the height or length of the solid, to take afterwards the sixth 
part of the result. 

(O) But ther^is often a superficies or area to be measured inde- 
pendant of every consideration relating to the volume of tlie body of 
which such area forms the total or partial surface. 

For these various reiuaons, it is then proper to treat fii'st of the 
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MENSURATION OF SURFACES. 



PROBLEM L 



To deterznine the area of any square, rectaQglOt 
losengOi xhomb or parallelogram. (^) 






(7) BCri^i:. I Multiply the hose (183 G.) hy the height (180 GO 
nnd the product will be the required area (333 and 341 G«)* 

£x« 1. What is the area of a aquare whose side measureft 204.3 
feet T Ana. 41738.49 square feet* 

3. What is the number of $quare8 (the 9qu4Mre is 10 x 10 « 100 
square feet) in a rectangular floor, oeiling, partition, wainscot,roQf, 
&c., whose length=:60 feet and breadth 35 feet f Alls* 21. 

3. What is the area of a paraUelogram whose base is 12.25 
and height 8.5 f Ans. 104.125. 

4. How numy square yards of painting, in it rectangle whose 
base is 66.3 feet and height 33.3 feet f Anui« 245.31. 

5. To determine the area of a rectangular floor whose length is 
12i feet, and breadth 9 inches f Ana. 9} sq. inches. 



(1) See the eomponent faoes and seotioDt of the prison and other modeb of the 
Tablkau. Theae figures are met with every where in the praetioe of the meaitirePi 
geometer, sarreyor, An, ; thus, the floor or oeiling, or one of the walls of a room or apart 
ment will be generally a square or a reetangle. The same for ^ do<nr orwlndow, part of 
whieh at least will be reotangnlar, and this figure will be mtt again in the developed 
anrfaee of a door, or any other opening which would be arohed without being splayed, 
as well as in the development of the ciroumferenoe of any apartment the plan of which 
were a circle or any other ourvilineal figure and of which it will always be easy to 
obtain with sufficient aceuracy the ourvilineal dimensions with the aid of a ribbon, if the 
surface to be measured ba convex, or by means of a rod, thin enough to be fitted to 
the concave surface to be measured. As for the oblique-angled parallelogram, sneh 
eur&ces will often be met with where two superposed courses of stairs of the same in- 
eHnation occur. The subdivisions of territories into cantons, lots and parts generally 
affeot for the most part figures of this kind. 
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6. Required tlie number of square yards of tapestry necessary 
to cover a parallelogiam^ whose base is 37 feet, and height 5 feet ^ 
inches f An» 2I/3. 

Y. How many square feet of glazing in a rectangular wlndoiv^ 
being 75 inches high by 37^ inches broad f Ans. 75 x 37^-^- 

144=19 square feet 76i square inches =19^if = 19.53125 feet, or 6\ 
3" X 3M4" « J9.6i = 19t-f p= 19^^ = 19.53 or about 19i sq. feet. 

8. How many square inches of gilding are required to cover a 
surface whose length is 3 feet 3 inches and developed breadth or 
I^rimeter 13 inchest ^ Ans. 507. 

9. What is the number of superficial feet in all the mouldings 
of a stone, wooden or plaster cornice, &c., whose length is 60 feet 7 
inches high and developed breadth or contour 3 feet 3i inches ? 

Abs. 1991*^ (very nearly) sq. feet. 

REMARK. These developed breadths, contours or periftieters 
are obtained by means of a thread or ribbon which is bent round the 
various mouldings, in a direction perpendicular (990,998^0.) to 
their length. 

10. Required the number of square yards of varnish on a door 
whose height is 7i feet and developed breadth (measured around all 
the mouldings, &c.) 3 feet 11 inches ? Ans. 3 sq, y. 2J^ s. f. = 3sq- 
y. 2.375 sq. f =3^1^^ sq. y.= 3.2639 sq. y. say nearly 31 sq. y. 

11. How many square metres in a piece of ground being 113.75 
metres long by 10.5 metres broad I Ans. 1194.375. 

13. Determine in square arpents and perches, the area of a 
farm 40 arpents 5 perches deep or long, by 3 arpents 7i perches 
front or broad (10 lineal perches forming a lineal arpent and conse- 
quently 10 X JO or 100 square perches, a square arpent.). 

Ans. 151 arpents 87 J perches. 

(8) RULE II. Find the product of the two adjacent sides of the 
jparallelogram, and multiply this product hy the natural sine of tlie 
included angle. 

It has been seen (1231, 1*^ O.) that G D F C 

when R=l the jftrpendicular D E of 
the right angled triangle AED is equal to 
the product of the liypothenuse AD by the 
sine of the angle A ; but DE is the height 
of the parallelogram AC, and since area 

AC=AB X DE and that DE=AD x sin. A, it is clear then that area 
AC=ABxADxsin. A. 
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:. 1. What is the area of a rhomb or lozenge whose side is 25 
chains and included angle 57° 33'. Anit. 25 x 25=625, and 

625 X .84386 (nat. sin. of 57°33)= 527.4125 sq. ch. 

(9) To solve this same problem by logarithms ^ 
where R=10, we have (1229 1° G ) R. : sin. A :: AD:DE ; whence, 

DE =ADx8in.A . ^^^^ ^^^^ AG=AB x DE and by substituting to 

R 

AT) X sin A. 
DE, its value _ — !- , we obtain for area AG, the expession 

R 

AB X '^ ^ ^^y* — , or which is the same thing, area AG = 

Id 

AB X AD X sin. A 

^ '— } that is, we must add together the logarithms of the two 

adjacent sides and the logarithmic sine of the included angle ; this sum, 

diminished by the logarithm of the radium, will he the logarithm of the 

required area, 

+log. AB 25 1.397940 

+ log. AD 25 1.397940 

Log. area AG=^ + log. sin. A 57°33' 9.926270 

-log. R :.... 10. 



Log. area. AG= 2.722150 

The next less log. 2.722140=527.41 chs. 5 the difference between 
this log. and the log. found is 10, to which adding (1286 G.) two 
ciphers and dividing by 82, we have (very nearly) 22 which is added 
to the right of the figures 527.41 abeady found, making as before, 
527.4122. 

Ex. 2. Required the area of a farm the sides of which are res- 
pectively 40J arp. and 3 arp. 7i per. and the enclosed angle 57°33'. 

-A.ns / +log. 40i arp. or 405 per 2.G07455 

+ log. 3 arp. 7i per. or 37.5 per 1.574031 

+ log. sin. enclosed angle 57^ 33'. .. 9.92Q270 
-log. R 10. 



Log. required area. = . 



Log. required 8urface= 4.107756 

The next less log. .107549 corresponds to the number 1281 ; the 
difference between this log. and the log. found is 207 j adding the 
and dividing by the dif. (D) 338, we obtain 612426 which are written 
(1286 G.) to the right of the number already found 1281 to get 
1281G12426 ; but the characteristic of the found log. is 4, which cor- 
responds (1373 G.) to 5 integer figures; then the required area 
is 12816.12426 perches, or 128 arp. 16.124 (or 16 J) perches, nearly. 

(1) For the tables of logarithms, see the "New treatise of Geometry and Trigo- 
nometry, Ac," by the same author. 



22 



KET TO THK TABLlAd. 



PROBLEM n. 



To find the area of a triangle. ^ 




I H 



D 




1st case. 
When the base and altitude are given. 

(10) RlJIiE. MulHj^ly the hose by the altitude and take half the 
product Or, multiply one of these dimensions by half the others (844 or 
348 G.) 

Ex 1. What is the area of a triangle whose base is 625 and al- 
titnde 260 t Ans. 162500. 

2. How many square yards of plastering are there in a trian- 
gular surface whose base is 40 feet and altitude 90 feet f Ana. 661, 

8. How many square metres in a triangular piece of ground 
whose base measures 30 metres 7 deci-metres, and altitude 17 metres 
39 centi-metres t Ans. The required surfaee=30,7 metres 

X 17.39 metres=: 266.9365 sq. m. 

4. How many squares of olap-boarding are required to cover a 
gable whose base is 39 feet 9 inches and height 23 feet 4 inches t • 

Ant. 463} sq. fk.=4 squares 63| sq. ft. 

5. To determine the number of squares of roofing with thatch, 
tile, slate, shingles, zinc, lead, copper or other metal, ^c.^ in a liip^ 
roof whose base is 65.4 feet and height 37.3 feet t 

Ana. 12 squares 19.71 aq. fb. 



(1) See the oomponent or limiting fftoes of the pyramids and other models of the 
tableau, and the seofcions or parallel planes as indicated by the lino half.way between 
the parallel bases or faoee. The triangle, like the parallelogram, is often met with in 
the praotioe of the measarer, Ao. The gables of a building, the hips of rooCs, the sides of a 
garret-window, &e., assume that kind of figure ; and it is not unoommon either (o hare 
to determiDo the area uf a triangular pleoe of ground* 
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' 2nd case. 
Whentli^E^ are t^wo sides given and the included angle. 

(11) RiriiE. Find the contmued product (41 G.) of the two gwen 
^ides and of the nat,^ sine of the included angle ; the half of this pro* 
duct will he the required area. 

t 

We have (1331 1"" O.) as in C C 

the case (8 T.) of the parallelo- . 

gram, CD= AC x sm. A or BC x y/^ i 

sm. B : or area ACB=^^^iL5£ X / 

2 / / 

and sinoe CD=AC x gin. A or x / 

BCxBin. B, we obtain for the A B ' V A V B 

area of the triangle the expres- 
sion i ( AB x AC X sin. A, or i (AB x BC x sin. B). 

Ex. 1* What is the area of a triangle two sides of which are 
30 and 40 and the enclosed angle 30° f Ant. 300 sq. m. 

3. Determine the area of a triangle one side of which is 
45 yards, another side 37 yards and the enclosed angle 60° f 

Am. 720.966li 

3. The other data ' remaining the same, to determine the area 
for an enclosed angle=45° t AttS' 588.6664. 

(IS) By Etogarittains. Add together the logarithms of the 
two sides a/nd the logarithmic sine of their enclosed angle ; from this 
sum taJce 10, log. of the radius, and the remainder will be the log, of 
double the area of the triangle. 

For, («- 1830 X°) R : sin. A : : AC : AD or R : sin B : : BC : 

CD 5 whence, CD- ACxrin. A^BCxsin.B, ^^ ^^ ^^ j^^ 

=BA X CD,vwe have area abC=^ ^ ^^ ^ ^''^' ^^^ ^ ^^ ^ ^^^'^' 

BR 

Ex. 1. Reqnired the area of a triangle whose sides are AB=s 

125.81, AC=57.65, and the enclosed angle A=57°25' f 



(1) For the tables of natural sines, Jce„ see the " New treatise of rectilineal^ 
and spherical goometry and trigonometry, &o, ** by the same aathoiw 
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I+log. AB 125.81 2.099715 

+ log. AC 57.C5 1.76079a 

+ log..ic.A 57-25' 9.925626 

+ log. R 10. 

Log. 2 ABC- 3.786140 

Aad 2 ABC=6ni.4, or ABC =3055.7= area required. 

2. How many square j'arda in a triaogle whose sides are 25 feet 
and 21.25 feet and the enclosed angle 45° t Ana. 20.8694. 

3rd case. 

When the three sides are known. 

(13) RITI,E I. Add the three sides together and lake half their 
arm. From the half-gum take the three aides severally. Find the 
continued produet of the half -sum and the three rmuiitiders. This pro- 
duct ifitl be the square of the area of the triangle, and the square 
root 1 of thie product the area required. 

Let ACB be the triangle. Take CD C 

equal to the side CB and draw DB ; draw 
AE parallel to DB, to meet at £ tlie pro- 
longed side CB : CE will then be equal to ^..■■" y.., • \ 
to OA. Take CFG perpendicular to DB /* 1)/—:^-^ 
and conspquentlj-alsotoAE which is par- / — 
allel to DB ; CFG will bisect DE, AE at i ■ "^ 

FandG. Draw FI parallel to AB, PHI \ ,, ^ .. ^ 

^liicli will meet CA at H and EA prolong- ^'sf'A "-*'^ *"'^ 
ed at I. Finally, from the centre H, with y^:.—^ 

radius FH, describe the circumference of a circle ; this circum- 
/erence will meet at K the prolongation of CA, pass through the 
point I, oa account of AI=FB=DF (whence, HI=HF), and pass 
also <444 O) througli the point G, because FGI is a right angle. 

Now, since HA=HD=i AD and CD=CB=i CD + i CB, it U 
clear that CH is equal to the half sum of the sides AC, BC of the 
triangle; tliatisCH=i CA + iCB; and since HK=i IF=iAB,it 
follows that CK=iAC + iBC + iAB=iS, if the sum of the eideais 
represented by S. 

MoreoYCr, HK=HI=iIF=iAB, or KL = AB; wheDCe, CL=CK 
— KL=iS— AB, AK=CK— AC=iS— AC, and AL=DK=CK— CD 

<0 Sea the tablaa at Ihe cad of tli'u traatJM. 
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=riS— BC. But, AGxOG = area ACE, and AGxFa^area ABE, 
whence AG X CF ■« area ACBj and by similar triangles, AG:CG:: 
DP : CF, or as AI : CF ; therefore AG x CF (area of ACB)=:CG x DF= 

CG X AI ; then AG x CF x CG x AI or, which is the same thing, AG x 
CF X CG X AI is equal to the square of the area ACB. 

But CG X CF=(5T6 «.) CK x CL=1S x (iS— AB), 
and AG X AI = (572 G ) AK x AL=(iS— AC) x (iS— BC) ; 

whence AG x CF x CG x AI=iS x (iS— AB) x (iS -AC) x (iS— 
BC)=area ACB x area ACB=(area ABC)2. 

Kx. 1. Say to fii^d the area of a triangle whose sides are 20, 
30 and 40. 

20 45 45 45 

30 20 30 40 

40 — — — 

— 25:=lBt remainder. 15=2nd rem. 5 « 3rd rem. 

2)90 

45 » half-sum. 

Now 45 X 25 X 15 X 5 = 84375. 

The square root of this product is 290.4737^ the required area. 

fl. The three sides of a triangle being 24, 36 and 48 ; what is its 
area t Ana. 418.282. 

3. Eequired the area of an equilateral triangle whose side 
is 25 t Ans. 270.632. 

(14) By liOi^ritliins. After having determined the three re- 
mainders, make the addition of the logarithms of the half -sum a/nd three 
remainders ; the half -sum of the four logarithms will answer to the 
required area, 

CiL- 1. How many square yards of plastering in a triangular sur- 
face whose sides are 30, 40 and 50 feet ? Ans. 66^. 

8. The three sides of a piece of lan^ measure 505.3, 330.7, and 
402.5 metres. What is its area ? 

505.3 619.25^505.3=n3.95=lst remainder. 

330.7 619.25— 330.7=288.55=2nd remainder. 

402.5 619.25--402.5=2i6.75=3rd remainder. 

1238.5 
619.25 » half-sum. 

+ log. half-sum 619.25 2.7918660 • 

+log. 1st. remainder 113.95 2.0567143 

+log. 2nd remainder 288.55 2.4602211 

-f log. a:d remainder 216.75 2.4359591 

2)9.6447605 
4.82238025 

This log. corresponds to 66432.447 which is the required area< 
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(15) The same example by natural numbezti will 

show the advantage resulting, in the present case, from the lue of 
logarithms to diminish the work ; bat, on their side, natural 
numbers have this advantage over logarithms, that by taking 
in all the .decimals, with even the-additioa of ciphers to continue if 
need be the division or the extraction of the fractional part of the 
required root, precision may pe carried to any degree of approx- 
imation required, whilst we cannot with exactness give to the answer 
obtained by logarithms, a greater number of figures than contained 
in the fractional part of the log. itself, as shown by the inejuctness 
of the last figure (7) of the answer thus obtained. 



619.25 
113.95 

3096 25 
55732 5 
185775 
61925 
61925 



70563.53 75 
2 88.55 

352817 68 75 
3528176 87 5 
56450830 00 
564508300 
1411270750 



70563.53 75 20361108.74 56 25 



20361108.7456 26 
216 75 

101805543 7281 25 
1425277612 1937 5 
12216665247 3750 
20361108745 625 
407222174912 50 

6)4413270320.61 4218 75 
36 



Proof. 

66432.4493 + 
66432.4493 + 

199297 3479 
5978920 437 
26672979 72 
266729797 2 
1328648986 
1892973479 
2657297972 
3985946968 
3985946968 

4413270319.9970 7040 + 



12,6) 813 
756 

132,4) 5727 
5296 



1328,3 43103 
39849 



13286,2 326420 
266724 



132864,4 6969661 
5314676 



V== 66432.449304 + 



1328648,4) 65608642 
53146936 



13286488,9)1236260618 
1196784001 



132864898,3) 4047661775 
3986946949 



1328648986,0,4)617148260000 
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(16) RUIiE II. Take for base of any given trianffle ADE, its 
greater 9ide DE -, find (578 O.) DE : AD + AE :: AD— AE ; CD, dif- 
ference of the segments BD, BE of the base by the perpendicular AB j 
then (nW G.)DB^iDE-\-iDC or BE - iDE— iDC j now you will 
have i^OS O.) the perpendieular or altitude AB of the triangle^ 
VAD'^— BD2 or, maJce (ISaO 0. 1° alt. or 1235 G.) AD : sin. B ( = R) 
:: BD ; sin. BAD, to obtain (1331 «., 2°) AB = AD x cos 
BAD, when R = l, tluit is, if you work by natural numbers or, AB=s 
AD X COS. BAD 



R 



if you work by logarithms, where log, R=10. Finally 



you wiU obtain area ADE = i(DE x AB), 

A 




D C B E 

Ex. The data being still the same as in the last example -, we 
shall have according to the rule 

AD -402.5 AD = 402.5 DE=505.3 = base 

+ AE = 330.7 — AE = aj30.7 ~ 2 = 252.65 = half-base 



= sum 733.2 «dif. 71.8 

DC ^ 104.183178=dif. of the seg. 
-f- 2= 52.091589==half-dif. 



iDE==252.65 
iDC= 52.091589 



==8eg. BD=304j741589 
Nat. sin. fouiid=.7571220 corresponds to 49° 12' 10.0737"=BAD. 
DE : AD+ AE :: AD— AE : BD— BE (or DC) 
505.3 : 733.2 :: 71.8 : 104.183178 +=DC 
71.8 



58656 
7332 
51324 



5a5.3;52643.76 (104.183178 f » 
5053 



1 It ia beosase this quotient must enter into thu calculutiuu to be maio to tiod the 
Bine of the aoglo BAD that it in necessary to carry the deoiuials far enough to seouru 
ii^eieat eapaottkesa in the last figures of this sinc» 
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21137 
20212 



AD :E:: BD lein.BAD 

402.6:1 :: 304.741689: .7571220-- 
28175 



9256 
5053 

42030 
40424 

16060 
16169 



22991 
20125 

28665 
28176 



4908 
4025 



9010 
5053 

39670 
35371 

41990 
Nat. sine found=.7571220 

Next less sine.=.7569951=49°12' 



8839 
8060 

7890 



Dif. of COS. for 60"==2202 

60" : 2202 : 40.0737" : 14707 

2202 



Difference= 

Dif. for 60"== 

1900 : 60" : 



1269 
1900 
: 1269 : 40.0737" 
6 



801474 
801474 
801474 



190)7614 
760 



-T- 6)882422 
=^:^147070 



// 



1400 
AB=AD X iiat, cos. BAD 

BAD=49° 12' 40.0737 

Nat. COS. 49° 12' = 

Dif. for 40.07"== — 



Nat. COS. of 49° 12' 40.0737" 

X AD 



AD X nat. cos. BAD=AB= 

xDE 



.65342060 
14707 

.65327353 
402.5 

326636765 
130654706 
261309412 

» , -■ ■■ 

262.942595825 
505.3 



AB X DE=2 area ADE= 

i AB.DE= 



788827787475 
131471 2379J 26 
1314712979125 

1328648936703 
66432.44683 » area ADE, 
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(IT) The area found according to tins rule is 66432.4468 square 
metres. The exactness of this result is yet, as it is seen, carried but 
to the 7th figure, and it cannot he otherwise since the natural sines 
used and which enter, as elements, into the solution of the problem, 
extend but to 7 figures, the last of which even is always too great or 
too small according as it has been, or not, increased by unity when 
the following figure is greater or less than 5. 

(18) Let ns remark here that this example, the calculation of which 
we have just made, in three different manners, allows one to compare 
the amount of work required by each mode of solution, and enables 
one to choose when required, whether the most expeditious means 
(the first) or the one admitting of the greatest precision (the second) 
or the one requiring no extraction of a root (the third). 

(19) It is hardly necessary to remark that this problem, like the 
preceding one, and the one following, may also be solved by means 
of a graphic construction allowing one to establish with the help of a 
sufficiently subdivided scale, the length or value of the perpendi- 
cular AB in terms of the base or sides -, and that is often einough 
the shortest, though not the most precise mode of arriving at the 
required result. 

FEOBLEM m. 
To find the area of a trapezium. ^ 




(SO) RUIii: Find (340 C) the sum of the two parallel sides y 
multiply this sum by the height o-r breadth of the trapezium, and half the 
product mil be the required area. 



1 See the eomponent faces (bases and lateral faces) and the seotions and paral- 
lel planes of the prismoids and other models of the Tableau. The trapezium (173 O.) 
presents itself often enoagh, in praotioe, to the calculation of the measurer. Thus, 
the interior table of a window whose sides are generally splayed, presents the form of 
a trapezium ; so for the ceiling of a wimlow door or other splayed opening ; and it is 
plftin also that the developed surface ABCl>, (part of a concentric ring, see the parallel 
bases of the hollowed cylinder of the Tablkau and the lateral faces of the sections of 

the hollowed sphere),ofthe jamb of a curved as well as splayed ^^ "^B 

opening may also be considered as a kind of trapezium with \ / 

parallel carrilineal bases, but whose area is equally determln- V- / 

ed by the rale here given, since that figure is nothing else but • Jl G 



.4tfi 



30 KEY TO THE TABLEAU. 



:. 1. In a trapezium, the parallel Bides are lOJ aud 12i feet, 
and the perpendicular distance between these sides 3 feet 2 inches. 
What is the area ? Ann. i (lOi 4- 12}) x 3J=i(10.5+ 12^5) x 3.166 
=11.375 X 3.166=36.01325 sq. feet. 

^. Required the area of a piece of ground whose parallel sides 
measure respectively 75 and 122 links, and the perpendicular 154 
liii*ks 1 Ans. 15169 sq. links. 

3. How many square feet area in a board whose length is 12i 
feet, breath at one end 15 inches and at the other end 11 inches? 

Ana. 13=^J13.541666f 

4. How many square yards in a trapezium whose parallel sides 
are 240 and 320 feet, and height 66 feet ? Ans. 20531. 

6' 

5. The parallel sides of a faim are 12.51 and g.22 chains, and the 
perpendicular 5.15 chains } w^hat is the area in* square chains f 

A|i§. 53.37975. 
FEOBLEM 17. 

To find the area of a quadrilateral.^ 

(SI) RIJI4B. Multiply (351 G.) either of the diagonals (173 G.) 
of the quadrilateral, by the half -sum of the perpendiculars drawn from 
the opposite angles to the common base. ' 

Ex. 1. Wliat is the area of a 
quadrilateral BD whose diagonal 
AC is 42 feet, and perpendiculars 
BP=18 and DF=16 feet f 

An§. 714 sq. ft. 

2. How many square toises of 
paving are there in a quadrilateral 
whoso diagonal is 65 feet and the 
two perpendiculars 28 and 33i feet t 

Alts. 55.52083. 




frustumoppsrtofaoiroular ring, and that the mod© (1145 O.) of arriving at the 
area of that figure is like the one that shows how to determine the area of the trapesium 
80 called; The trapezium is also often met with in the floor or ceiling of a room, two 
sides of which only are parallel, in the roof of a dormer-window, flight of stairs, roof op 
ceiling of a garret, and the sides or jambs of a rectangular window assume ^o this 
form when the ceiling or table is inclined or splayed. Finally, we are very often caUed 
on to determine the area of a lot of ground having the form of a trapezium. 

1 See the bases, lateral faoes, seotioDS or parallel planes of certain mmtolfrof 
the Tabliau. 
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3. How many square metres area in a qnadrangnlar piece of 
ground one of wliose Diagonals is 64 metres and tlie perpendicular 
distances from thia Diagonal to the two opposite angles, 28 and 32 
metres t Ana. 1920 sq. m. 

4. Determine tlie number of squares of flooring to cover a 
quadrilateral space, whose diagonal is 108 feet 6 inches, and the per- 
pendiculars 56 feet 3 inches, and 60 feet 9 inch^ f 

Ana* 63 squares j 47^^ sq. ft. 
5. Bequired the number of arpents in a piece of land one of wht>se 
diagonals measures 70.5 perches, and the perpendiculars 26.5 and 30.2 
perches t Ans* 19 arp. 98.675 per. 

FEOBLEH T. 
To find the area of an irregular polygon. ^ 

(!St2f) RVIiE.— Jj^eo^tire the diagonals which will divide the given 
polygon into quadrilaterals and triangles. Determine separately the 
a/reas of these component figures ; their sum will he the area required. 

Ex. 1. Determine the area of 
the polygon BE, in which BD = 
I8i, CK=12|, AD=27i, BL=9.5, 
EH=14, AE=40, and FG=8. 

Am. i (BD X CK)=4 (18.5 x 
12.8) =118.40= area BCD,4(BL+ 
EH) = 4 (19.5 + 14) = 11.75 and 
quadrilateral area ABDE= AD x i 
(BL + EH)=27.5 x 11.75=323.125, area AEF = AE x iFG=40 x 4= 
160. Area ABCDEF=118.40 + 323.125 + 160=601.525. 

S- Required the number of acres (the acre is 100,000 square links) 
in a polygonal piece of ground BE whose diagonals BD, AD and AE 
measure respectively 1 3 chains (the lineal chain is 100 links) — 33 links, 
13 chains 99 links, and 14 chains 13 links, and whose perpendiculars 
CK=173 links, BL=2 chains, EH=2i chains and FG 31 chains. 
^ Ans. BD X CK=1333 x 173=230609-4-2= 115304i= area BCD. 

AD x BL= 1399 x 200=279800-^-2= 139200 =area ABD. 

AD X EH=]399 x 220= 307780-r-2= 153990 =area ADE. 

AE X FG= 1413 X 375= 529875^2= 264937*= area AEF. 




2)13.48064 6.74032 =areaABCDEF. 
6.74032 that is 6 acres and 74032 sq. L 



1 S«e the bases, lateral faces, sections or parallel planes of certain models of the 
Tablbau. 
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or 6 acres 2 roods and 24032 links (the rood being the fourth part of 

the acre, that is 100000^ 4=25000 links) 
or 6 acres, 2 roods, 38 perclies, and 282 links (tlje lineal perch b^Dg 
the fourth part of a chjiin, that is 25 links, and the square perch con- 
sequently =25 X 25=625 sq. links.) ^ 

PROBLEM 71. 

To determine the area of a long and irregular figure 
bounded on one side by a straight line.^ 

(!^3) RULE. 1° Measure, at each end of the straight line, the 
^perpendicular breadth of the figure ; measure also this breadth at several 
intermediate places equidistant from each other. 

a° To the half-sum of the extreme breadths add the sum of the in- 
iermediate breadths ; multiply then the sum thus obtained by one of tlie 
equal parts of the line of base ; the product icill be very nearly the 
area required. 

1 Gniiter'B cliuiii ia 66 enjfllfth feet, divided into 100 links, each of which Is con- 
sequently = 66 -4- 100=7.92 english inclien. Tlje acre is equivalent to 1 chain X 10 
chainR=: 10 square chains = 4 perches X 40 perclies = 160 square perchessss 100 links 
X iOOO h'uks= lOOOOO square links. The advantage of this division of Gunter's chain 
into 100 parts consiAts in this, that all the dimensions which it helps to establish, are 
immediately applicable and without reduction to decimal calculation. The opera, 
tiou being done, 5 decimals are cut oft', the remaining figures to the left being acred 
since there are 100000 links in the acre and that to cut off 5 figures is equivalent to di.' 
viding by 100000. It is phiiu also that for the roods we have but to multiply first 
the remainder by 4 and again cut off 5 figures, whicli is equivalent to dividing at once 
by 25000 (number of links in a rood) and is by far more expeditious. For perches, the 
second remainder is then multiplied by 40, cutting olf 5 figures as before, siuce the 
p«rch is the 40th part of the rood ; or if desirable to neglect the roods, the first remain- 
der may be at once multiplied by 160 (4 X 40) and 5 figures equally cut 
off. The last remainder .45120 is evidently a fraction of a perch, that is, j^sigo ©f a 

perch ; and the square perch being 625 links, i .^ of 625= .00625, this number 
multiplied by the numerator .45120 gives the 282 links of the answer ; that is : 
for the links the last remainder is simply multiplied by 625 and 5 decimals cut off 
as before. 

2 The tracts of land which are near, and are bound- 
ed on one side by the windings of a road or river, &c., 
often present to calculation figures of this kind ; or, after 
haying determined by the method of the last problem the 
area of the rectilineal polygon ABCDE which forms part of ^i 
the irregular polygon A2»BCD£e<2A, the method of the pre- 
sent problem will be made use of to obtain the secondary 
and irregular parts Aa6cBj Ae2<£. 




MRN8URATI0N.0F SURFACES. 33 

Let AE^a an irregular figure having for ^ 

its base the straight line AE. At tlie points ^"""^'^V^L--^^-^ * 

A, B, C, D and E, equidistant from each i • : j : 

other, draw the perpendiculars A a, Bb, Cc, -T « — "n". — ^ — d. 
Dd, Ee and designafce these perpendiculars 
by the letters a, 6, c, d, e. 

Then (»25 O) the area of the trapezium AB/>a= ^^^ x AB, 

the area of \\\^ trapezium BCc&=- — ^ x BC, 

the area of the trapezium CDffc—-^^ x CD, 

and the area of tlie trapezium DEe<^=^^ - x DE ; 
then, their snm, or the area of tlie wliole figur<^ is eqnal to 



( 



o-+:^-o-^ -— + -^r-^ X AB. 




since AB, BC, &c., are equal to each other. But, this sum 
. ^ I . ^ (~ hb A- e + d ^ -^ ^ AB. 

18 equal to \^2 2/ 

expression which agrees with tlie ennnriation of the rule. 

(24j If Aa becomes very smnll, we ^Yill nono 
the less have area. ABba= ^— x AB and \? n aX \ 
andA are c-onfounded in one ^ the same point, -*i- •» C i) J9 
or that the trapezium AB/>a ])econies the triangle AB/), we will have 

~ =- : in thiscase it is phiiii that tlio oKMvr'ssi<m for the area of tlie 

2 2' 

fh /> ' r c '- d d ' r\ 
figure AEedbA becomes ( - f — — f - + - ^^— J < AB, or, which is 

the same thing, (/» • r \- d ^ .V c) < AB. And if Kf becomes also=o, the 
expression for the area AEdhA Af ill t\]s(t the form (ft f- c f f?) x AB. 

Ex. 1 The breadths of an irregular figure at 5 equidistant points, 

being 8. 2, 7. 4, 9. 2, 10. 2, and 8.0 and the length of the ba8e=40 j 

what is its area ? 

3 



u 
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One of the extreme breadfclis= 8 . 2 
The other extreme breadth^ 8.6 

Samof theextreme breadthB=:16.8 

Half Bom = 8.4 

let intermediate breadth =7.4 

2d intermediate breadth «= 9.2 

3d intermediate breadth = 10.2 



Snm of the breadths 



=35.2 



the whole htbse = 40 
One of the equal part8= 40-5-4= 10 
Snm of the breadthR =35^ 
Multiplied by 10 



=area wauted 



=352 



8. The length of an irregular figure being 84 metres and the 
breadths, at six equidistant points 17.4, 20.6, 14.2, 16.5, 20.1, and 24. 
4 metres ; required the area. Ans. 1550.64 sg. m. 

3. The length of a strip of land is 125 perches and its breadth in 
15 different and equidistant points, is 5.2, 4.6, 7.2, 8.3, 9.4, 8.1, 7.3, 
7.9, e.6f 7 SI, 7.3, 8.4, 7.4, 6.5, and 5.8 perches. What is its content ? 

Ant. The sum of the extreme half-breadths and of the interme- 
diate breadths=101.7, the length 125 4-14=8.92857 and 8.92857 x 
101.7=908.0356 square perches, (i) 

(35) REM. Some authors teach how to determine the area 
of the figure of this problem by finding the product of the whole 
base A£ by the mean of the breadths which is obtained by adding 
together all these breadths and then dividing their sum by their num- 
ber* This rule is erroneous, and the more so the less the number oi 
breadths or divisions in the figure to be computed. The error of 
this method, in case there were but three component parts and con- 



1. If iheliaualj^erckmqxiMtionhereii IB fi'ench feet^ that is, the teuth of auarpeiit, 
the area jnst found will be eqaivalent to 9 square arpeuts, 8.0356 sqtiHre perches, 
for, aa it has already been remarked, the eqnare arpent is 10 X 10 perchegealOO square 
perches, and as the square perch is 18X1^^=^^ square feet (or the square arpeut 
324 X100»32400 square feet) the decimal .0356 of a square perch may be reduced if 
need be into square feet by multiplying by ^4, which gives iu this example 11.53 
square feet. If^ on the contrary (/te lineal perch wet'e 16| englisk feet which is that of 
Gnnter's chain, we would liave after dividing by 160,5 acres, 108.0356 perchs, and if 
we desired afterwards to reduce into square feet, the decimal of a perch, it is plain that 
the square perch being 16^ X l6i=»272.25 square feet (or the acrers272.25 X 160 or 
66X660=43560 square feet) it would be sufficient to multiply .0356 by 272.25 to have 
9.69 englisl) square feet. 
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sequently four heights or breadths, might reach to 25 per cent short 
of the exact area. It gives for the mean breadth, in this example, 
107.2-^15=7.1466 et 7.1466 x 125=893.325 square perches instead of 
908.035 ; or an error of nearly 15 perches of ground. 

PROBLEM VII. 
To find the area of a regular polygon. ^ 

(26)* RUIiE 1. Multiply (663 Q) tfte perhneter of the polygon 
hy its right half-radiuSj and the product mil he the required area, 

Rf:i!E. K the polygon be known but by its^side, determine first 
its right radius in the following manner : Divide 360*^ by the num- 
ber of sides of the proposed polygon, and the quotient will be (6!iOO.) 
the angle at the centre ; that is, the angle subtended by one of the 
equal sides. Now the right and oblique radii of the polygon form 
with the half-side a rectangular triangle in which the base is known, 
that is the half-side, and the opposite acute augle, t]iat is, the half- 
angle at the centre, to find the perpendicular or right radius of the 
polygon. 



;• 1. Say to find the area of a regular 
hexagon whole side is 20 feet % 

Ans. 360° -7-6=60 and 60-4-2=30° angle « 
AOG, half of AOB. We have also OAG= ' 
90°— AOG=60o and AG= 10 j then (18a5 ©.) 
Bine AOG : AG :: sine OAG : OG : whence, 



Sin. AOG 30° ar.comp.log. 0.301030 

is to8in.OAG60° , 9.937531 

as AGIO 1.000000 




isto OG 17.32052 1.238561 

Now as there are 6 sides, eacli equal to 20, we will have the 
perimeter 20 x 6=120 and the area=120 x i (17.32052) or which is 
the 8ame= 17.32052 x i(120)= 17.32052 x 60=1039.23120 s. f. 

Ex. 3. Wliat is tlie superficial content of an octogon whose side 
is 20^ Ans. 1931.368. 



1. Seethe parallel l>n.«ieH of t.lu* rixlit priHiu^ hiuI priainoids of the Tahleau niid 
their psirnllel sectioiiH, or pIuiieH. 
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Name, 



iiiile 



For the angle at the cim 1 1 ro =.*}<>( )"-i-8- 45= the half of which 
22° 30' is tlie itngle AOd luljiictait to the ri^ht radius, and its comple- 
ment OAG consequently --jn)'—2:r^i(r— 67°ao ; hut we liave (1*131, 
a°G) OG=AG xn:it.. tang. ()A(i -ID .< "J.IU^I -21.41421 and area 
=24.41421 X 80 (liiat-iier.)=:19;il.a<;8. 

H* Required the ari^ii oi'a non:i;;()n whose side measures 8 feet 
and the perpendicular drawn Hioin the centre = 10.ihj feet ? 

Ana. 3i)5.G4 sg. f. 

4. Find the area of a reguhu heptagon whose side = 10.<)8 and the 
rightraaia8=28 1f ^ Ann. 1899.24. 

5. The side of a pentagon=25 metres and the distance from the 
side to the ceutre=17.2 metres ; what is its content ? 

A US. 1075 sq. m. 

(517) With the help of tliis rule, it is easy to ohtain the area of 

any polygon * tliat is of a polygon of any number of sides. Having 

calculated and disposed under the form of the following table, the 

relative areas of tJie various polygons having for side unity or 1 j 

namely : * "^ 

Iindlus of the 
iiit!cr. circle 

0.:>H8(;751 . . 

0.50000(K) . . 

0.G881910 . . 

().8t>t)0254 .. 

\M.i&Z()i)7 .. 

1.20710G8 .. 

1.3737;)87 .. 

1.5388148 .. 

1.702843G .. 

1.8(i()0254 .. 

And because (565 G.) the areas of similar polygons are to e^iicli 
other as the squares of their hojuologous sides, the area of any 
given polygon will have to tlie square of its side the same reiatiou 
tliat the area of the polygon of tlie same name ;j.ud whose side is 1, 
has to the square of unity j whence, we have : 

(2^) HUliK II. Square the side of the mveu poli/gon ; multiply 
then this square by the area of the poly (j on of the same name whose side 
is 1 : the prodnct will be the required area, 

I See llie basus aud pHiHilul Meclioua of tiie priautH Hud pritjiuoidti, tSz;c., uf llie 
Tabteaii. 

2. Ill the usiHe of the n^giiliir or hvhii HyiHuiBtrioil ocl.ogoii the ui'eaia iutmediately 
obtained by taking froui the s<[iiHi-e of the double i-i^ht tadiud oi- itpoineiit «>ii oim oi 
»ides, lite H(|iuu-e of thu utiier ttide, im will be aeeu iu the mend unit ion of mdtd.s. 



Ihidina of the 
oircH in. circle. 

Triangle 0.5773503 

Square 0.7071 tH)8 

Pentagon O.850G.>08 

Hexagon J. 0000000 

Heptagon 1.152;^24 

Octagon ^ ...l.;^)5028 

Enneagon. .. .1.4019022 

Decagon 1.6180340 

Undecagon. . . 1 .7747324 

Dodecagon... 1.9318517 



s. 

3 
4 
5 
() 
/ 
8 
9 

10 

II 

12 



Area. 


The angle 
GAB. 


0.4330127 




30« 


1. 0000000 




45 


.1.7204774 




54 


2.5980761 




GO 


3.6:};39124 




64^ 


4.8284271 




67\ 


6.1818242 




70 


7.6942088 




72 


9.3656399 




73A 


11.1961521 




75 



[ 
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f Ex. 1. Wliat is tlie area of a legulw licxngon, wLost aide ia 

f ABi. 20^=400, tlte jueii of tlie liexagou of the Ul)le=2.M60?62, 

and 2.5980?(i2 v 400- 1039. i;3()4ri(K), aa before, 
t 3. Deteriiiiue tlio superficiul cuuteiit of a pentAgoii whose side 
i825yaids1 " Ans- 1075.298^75 sq. y. 

3. Tlic aide of u detmgou mmteurea 20 metres ; wbtit in its area 1 

Ans. 3077.68:352 aq. m. 
4> Find tlie area uf u duo decugou whose side is 6 ? 

Am. 40a.0614l:tG4. 
S. The side or it piucu of giuuud having thu fonu of an eqiuhtte- 
raltriaDgtenicasui'CB Surpeuts 7pcri;hea]iiid 6 Feet, what ib its coutent T 
Ani. 37j pei. x :i7i p,;i = l^'^rj or 13(».J. 77777, x 0.43yoi'J7=603. 
5234787 or 6 aqmue arpeuta, 31 siiuiire pmelies uearlf . 

PROBLBMB VIU. 

To find the oircumferenoe of a circle * vrhose diameter ' 

is known, or the diameter of a circle of vrhich 

the circumference is known. 

(30j RUE.!;. MulUpIji {(If^.) €1.) the diameter by 3.1-l\ti, and the 
proditetieill be the eirewiiferenee ,- or dii'kk (0ft7 V-) the cirfum/erenee 
bg 3,1416, and the i/iuitkiit iciU be the diaitieter. 

Ex. 1. Wliat 'm the i:irciitufei*eDue uf a circle whuMi diaiuetur is 
351 Add. 76.54. 

2. if the diameter uf ihe eaitli be 7LI12 uiilea, what iu its ciruum- 
fercDce T Am«. 24ti84.6I3t>. 

ll(i32.iD44 » 

AuB. 370^. 



S. The cii'cuuifeviiiLC'i! of a di'ele is given— 354 feet, dcumiiii 
tadiumeter ? Aua. 1I2.6S1. 
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R£JII. The relation 7.'22 would give for this diameter 112.63.i>' 
This last result, is too small by ^^j^ of a unit or jj^^ of the whole, 
and enables one to judge of the relative exactness of the two ratios. 

PROBLEM IX. 

To find the area of a circle. 

i30) RCJIjIS I. Multtj)ly (4S1 G.) the circumference by halfik 
radius. 

HiJIiE II. Multiply (1034 G.) the square of the radm bt 
3.1416. 

RUIiE III. Multiply (dem. of 084 G). the square of the diamr- 
ier by .7854. 

£x. 1. What is the area of a ciicleof which the diameter is 10 \ 

Ans. 78.54. 

If the diameter were 100, the aiea would be 7844 

If the diameter were 1000, the area would be 785400 

2. The diameter is 7, and the circumference 21.9912, what is the 
ai*ea of the circle ? Ans. 38.4846. 

3. How many square yards are there in a circle whose diameter 
is 3^ feet? Ans. 1.069016. 

4. The diameter being 7, what is the area of the circle t 

Ans. 38.4846. 

5. Find the area of a circle whose radius is 30| perchs ¥ 

An§. 2922.4734 squai*e perches. 

(RUIiE IF.) Multiply the square of the circumference by .07958 : 
the product will he the area of the circle. For, let c the given cu'cum- 
ference^ d the diameter and 7r=3.14159 ; then (686 G) c=^d, and 

(687 G.) d=-: thence the area of the circle=-fl since (1024G.} 

n 4 

a 2 2 

the area of a circle whose radius is r=7rr and that d=4r j but since d 

•a 

^ 2^ / \ 2 g J^^2 2 /72 

= _, we have d = ( S. i = — ; and as-r- =} ^d , w^e have ^ - =^* 
n^ \7rJ TT^ ' 4 * ' 4 

2 2 2 2 

^'=-1= - = 2 =cx - =cx 07958. 

^2 47r 4x3.14159 12.56636 12.56636 

I. Find the area of a circle whose circumference is 10.75. 

An§. 9.196463750. 
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a. Determine, in acres^ the area of a piece of ground whose 
iircnniference measures one mile (say 80 chains of Gunter=66 x 80= 
>280 englisli feet) ? Anti. 50.9312, 

PROBLEME X. 

To find the area of a circular ring or the space com- 
prised between two concentric circles. ^ 

(3!t) RI7LE 1. Find (1144 G.) by tJie last problem the areas 
of the two circles : their difference mill be the area of the ring, 

RI7LE II. Multiply (3V1 O.) the sum of the diameters by their 
difference : this product multiplied by .7854 icill be the required area, 

RVIiE III. Multiply the half-sum of the circumferences of tJie 
two circles by the half -diffe^-ence oftJiei)\diamet^rs, that is by the breadth 
of the ring, and the product ivill be the required area. 

For each unit of the diameter corresponds 
to 3.1416 units of the circumference ', then if a 
C = a A = a unit or any part of the diameter 
A B or C D, the excess of the circumference a b 
over the circ. C D will be equal to the excess of 
A B on a & ; whence a & is an arithmetic mean 
(1365 €r.) between circ. A and circ. C. Now, 
(4a8 O.) A E : ac: C F : : circ. A. circ. :ab: circ. C D ; therefore 
a c is an arithmetic mean between AE, C F } and since the arc A E, in- 
definitely small, may be considered (430 ©•) as being sensibly a 
straight line, the part A E F C of the circular ring may be considered 
as a trapezium ; but, area trapezium A E F C = (34T G.) a c x 
A C ; then also, area ring A C = circ. ah x AC. 

Ex. 1. How many square inches in the area of a circular ring 
whose exterior diameter is 30 inches and the breadth 2i inches f 

An§. 215.985. 

2. The diameters of two concentric circles are 15 and 10 : what is 
the area of the ring formed by these circles 1 Aii§. 98.175. 

1. Bticli would be hii tiitey araiiiid u circular garden, the liorisontal section 
of a hollowed column, the ground plan of t\\& wall of a tower, a section perpen- 
dicular to the axis of a pipe or tube, &c„ &c. See the parallel baaefl of the hollow 
eyliiider of the Tableau. 




/ 
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S. Reqnired the area of the ring whose containing circles 
have for diameters 9 and 5 ? Ann. 43.9824. 

4. The two diameters of a circular ring are 21.25, and 9.75 ; 

what is its superficial content ? Ans. 279.9951. 

« 

5. Determine thd area of tlie space comprised between two 

concentric cii'cles whose diameters are 15 and 16 ? Ana. 24.3474. 

(83) If the circles AB, a h, had not tlie same 
centre, as is the case for an eccentric wlieel, it 
is clear that the area of the annular space compri- 
sed between the circles would in the same waybe ob- 
tained by finding (Rule 1) the difference of ai-ea of 
each of them. ^ 

PROBLEME XI. 
To find the length 'of an arc of a circle. ' 

(340 RUIiE 1. Multiply the number of degrees in tJie proposed 
arc hy .0087266 and this product bt/ the diameter of the circle. 

REM. I. Since the circumference is 3.1 41 G when the diameter 
is 1, it follows that 3.1 416-*- 360 =0,0087266 = lengtli « of the arc of one 
de^ee, to a diameter equal to unity. This quotient multiplied 
by the number of degrees in an arc, will be the length of this arc in 
the circle whose dinmeter= 1 ; and this product multiplied by any 
diameter will give the length of the arc in a circle of that diameter. 



1. Bnae or ceiitnil Beotion of the eccentric ring of the Tableau ; projection 
on H plane of the oppossite bnflea of a frustum of an o4)liqiie cone. 

2. See amoniif the models of the Tablmn tlie limiting arcn of the Regmeuta and 
sectorR of a circle, buses of the nngnla of a cylinder, cones and frusta of right cones, Ih- 
f«ral sides* of spherical pyramids and of sections of hollowed spheres, &c. 

3. It has already heen/)lmftrved and besides it is clear that the exactneas of a re- 
unit U limited by tliat of the elements coticerned ; it is then hardly uecesaary to 
remark that according to tho degree of precision wanted, it may become necessary to 
nae a larger or amalhjr uumbMr of tlie decimals of the unit of such element ; thns it ia 
clear that the solution of ihe pr<)bl<»ni in question here may require to replace the 
rutio 7r= 3.1416 genemlly used, by the more exact rutin n = 3.14159 or by the ratio 
still more approximative tt = 3.141592, ;r=3.l415 9^26, TT = 3.14159265, &c., with an 
additional decimal of tlie tenu or factor ;r for each additional decimal of the noitof 
tbt} reeuU.. 
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REM. 8. Since a minute is the 60th part of v ^""i^o^and a 
second the 60th of a minute or the (60x60) 3600th o ^^vif 

the are proposed contains minutes, they will be reduced, u^ . .ng 
them by 60, to the decimal of a degree, and if the arc also col . se- 
conds, the minutes will first be reduced to seconds and the \fhole 
afterwards divided by 3600 whicli will change i\& before into decimals 
of a degree the fractional part of the arc. 

Gx. I. The diameter being 18 feet, what is the length of the 
arc of 30° f Ail§. 4.7123641 

8. Find the length of an arc of 12°. 10' or 12^, with a diameter 
of 20 T Ans. 2.123472. 

8. In a circle wltose diameter is 68, what is the length of the arc 
of 10°.15 or 10.25° ? Ans. 6.082396. 

4L. Reqaired the lengtli of an arc of 57° 17' 44" ; the radius of the 
circle being 25 feet ? Ans. 25 feet. 

For 57° 17' 44" is the 3.1415926th part of 180°, that is the length 
of the radius in tenns of the circumference. 

5. Determine in a circle whose radius is 20, the length of an 
arc of 50° 30' 3" 1 Ans. 15.885. 

KEJfl. 3. If the number of degrees in tlie required arc were not 
known, it would be easily found by the method of par. (785 G.) 
where the chord and height of the arc are given to find the remain- 
der. 

(35) RI7LE II. Determine (T85 O.) the length of the whole 
circumference of which the given arc forms apart and establish then the 
following proportion, mz : 360° ; the length of the eirewmferenee :: the 
number of degrees in the arc : the length of the arc. 

Ex. 1. Under a radius 14, what is the length of ihe arc of 60° ? 

Am. 14 6607720 
2. The chord AB of an arc ACB is 30 

feet, and the height or versed-sine EC is 8 
feet ; find the length of the arc ? 

Ann. 35^ feet, nearly. 
S. What is the length of the arc whose 
'ihord is 48i and height iBl ? 

Ans. 64.767 nearly. 

4. If the chord of an arc measures 

20.386 perches, and its versed-sine 4 perches ; what is the length of 
the arc f Ans. 22.402 perches nearly. 

5. Required the length of an arc of circle whose chord is 40 and 
the height 15 T An§. 53.33 nearly. 

4 
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(M) RULE Ifl. It iM aUo $hown that : the length of an arc is 
very nearly obUUnedf by iubtraetingfrom eight Hmes the chord of half the 
0ref the ehardofihe whole are^ and then taldng one Mrdofthe dif- 
/erenee, 

Ex. tm The chord of an arc Ib 96.75 and the chord of half the 
«ro 23.2 ; what is the length of the arc T Ans. 49.616 nearly. 

Ex. 9. What is the length of an are whose chord is 50.8 and 
the chord of half the arc 30.6 f Ans. 64.66 nearly. 



When the chord and the height only of the whole arc are 
known, the chord of half the arc, if need be, is obtained equsi 
(SM GO to the square root of the sum of the squares of the ver- 
sedosine and half^chord. 



FROBLBME ZII. 
To find the aro of a fleotor of a olrole. ^ 

(ST). RVIiE I. MnUiply (4802'' O.) the arc of the sector (that 
ie the length of the arc) by half the radius. 

RVIjE II. Find the area of the whole circle, a/nd then make 
I9ie ^^o^rtiUm : 360 degrees : degrees in the arc of the sector :: the 
area of the whole circle : the area of the sector. 

Ex. 1. Required the area of a sector, whose arc is 18 degrees 
and diameter of the circle 3 feet f Ant. 0.35343. 

!t. What is the area of a sector of which the arc is 20 and the ra- 
dins 10 f Ana. 100. 

S. The arc of a sector is 147<^' and its radius 25, what is the 
superficial content f Ana. 804.3986. 

i. Determine the area of a sector, when llie chord of the arc 
3S28 and the chord of half the arc=:16 T Ans. 275.39. 

5. The radios of the circle being 10, what is the area of the 
sector of which the cord of the arc is 20 f Ans. 157.08. ^ 

64 The chord 6f the arc is 16 and its height 6 ; what is the aren 
of the sector f Ans. 88.873. 

y. To find the content of a sector of which the height of the are 
3»'4andtheradins=8? Ans. 66.858 nearly. 

1. 8m Among the nodelt of the TabUaUt iho Utorat fueot of ih« tri-aentaiiffHlAr, 
Mf-jotlaiiJlnUr Aii4 iri-obtniAiigiiUr, iphorieal pyrmmidt. 




PROBUBM Zm. 

To find the area of a sector of a oiroular ring or the apaoe 

comprised bet^xreen two arcs of conoentrio circles. ^ 

(38). RULE 1. MulHyly (dexn. of 39, R.III. T.) Tfa half- 
sum of the interior and exterior arcs of t?ie sector by its breadth ; that 
is by the breadth of the ring of which the sector forms apart, or, which 
is the same thing, by the difference of the radii of the eoneeihtrie ares 
kchich contain if, 

E 

RVIiC: II. Find by the l^ut problem the areas 

of the two concentric sectors : their difference will i 
be the required area. «^ 

6 

Ex. I. Tlie aitj AEB or CPD of a sector AB of a circular rijig k 
30^ the breadth A C of the ring 2i and the radius AO of the exterior 
arc 15 inches 1 Ant. The area= 17.99875, say 18 sq. in. 

2. The two radii of a sector of a circular ring are 10.625 and 
4.875 and the angle at the centre or A B that is the ai>c A E B is 

270° ; required the area of the sector t Ans. 209.996, say 210. 

« 

8. The arcs which comprise a section of a circular ring are 11 
feet 9 inches and 10 feet 3 inches, and the breadth of the ring 13 
inches ; whatjs its area f Ans. IIH sq. feet. 

4. Determine the area of the space comprised between two 
half circles having a common centre, and whose diameters measure 
20 and 30 f Ans. 39.270 x 5 « 196.35. 

(39.) REM. If the component sectors 
ABO, CD° had not the same centre ; the 
area of the space CFDO would first be 
found by adding to the sector CFDo, or 
taking from it, as the case may be, the 
sum of the triangles COo, DOo, and then 
taking the difference between A£BO 
and CFDO ; whicli is plain. 




1. See oil the TubUau the couceutric ting, Wvn of t.li« ho1low«.«| rrliiuler, Kf# 
hIbo the latorul fitfif.R of the •eot.ioiiti of liin hoUo\vj»tl «|ihpif. 
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PROBLEM XIV. 
To find the area of a segment of circle. ^ 

(40) RVLi: I. 1° Fmd (433 ©.) by problem XII the area 
of the sector of the same arc. 2° Find afterwards the area of the 
triangle formed by the chord of the segment and the radii of 
the sector. 3® Hie sum of these areas ivill be (434 G.) t?tat 
of the segment, iftJte segment be greater titan a semi-eirckj and if the 
segment ie less than half a circle, its area will be equal to the difference 
of these areas, 

Ex. I. Find tlie ai'ea of the segment AEB 
whose chord A B is 12 and the radius AC =10. 
AD 10 ar. conip. log. 9.000000 

: AD=iAB 6 0.778151 

:: Sin. D 90° 10.000000 




: Sin. ACD 36° 52'=36.87° 9.778151 

X • 2 ' » 

=73.74° ^ the degrees in the arc AEB. 
Then 73.74 x (34 RB1!I. 1 T.) 0.0087266 x 20 = 12.87 = length 
(nearly; of tlie arc AEB and AEB x ' AC=12.87 x 5=64.35=area of 
the sector AEBC. 



Now CD=:VAC2— AD.,=V100-36=V64=:8 et 6 x 8=48 area 
of the triangle ACB. Thence, sect. AEBC— ABC =64.35—48 =16.35 
=seg. AEB. 

S. Required the area of tlie segment whose height is 18 and 
diameter of the circle 50 f Ans. 636. 3138. 

3. The chord of a segment =16, the diameter =20 ; what is its 
surface? Ansi. 44.764. 

4. The arc of a segment contains 90° with a radius =9 ; what is 
its area ? Ans. 23.1174. 

5. Determine the area of a segment of which the chord of the ai'c 
is 24 and the chord of half the arc = 13 ? See (536 or 539 O.) 

Aii§. 82.53332. 
(41) RULE II. 1° Divide the height or versed-sine by the 
diameter and find the quotient in the table of versed-sines at 
the end of this volume. 2° Multiply then the number at the right of 
vei'sed-sine by the square of the diameter, and the result mil be the re- 
quired area. 



See among the models of the TahUaitj the bases au^l parallel sectioiiR of cer- 
tain nngube of cyliuders, cones, spindles, &c. 
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(42.) The table in question contains the areas of the segments 
of a circle whose diameter is 1 and which is supposed to be divided 
into 1000 equal parts. There will be found the area of a segment 
whose height is the one thousandth of the diameter, that of a 
segment whose height is 2 thousandths of the diameter, that of 
a segment whose height or versed-sine is jj^ of the diameter and 
so on up to the segment whose height is ^^^(f^ of the diameter, that is 
up to the entire half-circle. 

(43.) It is plain that this rule is similar to rule II of problem 
VII and that it doe§ not require a special demonstration, for it 
ia sufficient to remember, to show its exactness, that in two differ- 
ent circles similar segments are (211. 0.) those that correspond to 
equal angles at the centre and whose chords (double sines (1216 O.) 
of the halves of those angles) and the versed-sines have consequently 
to each other the ratio of the diameters of those circles and that 
(557 G.) such similar figures are to each other as the squares of 
these diameters. 

(44.) It is hardly uecessaiy to add that if we had to do with a 
segment greater than a semi-circle it would suffice to operate on 
the other segment, and then subtract it from the whole circle, aud 
if the quotient of the given versed-sine by the diameter is not found 
in the table, it will be easy to determine by a simple proportion the 
difference of area corresponding to the fractional^part of such sine. 

CiX. 1. The versed-sine of a segment of a circle being 10 and the 
diameter 50 : find the area of the segment f 

Ant. 10 4- 50= ^=^'==.2= versed-sine of the table: the area 
which corresponds to this versed-sine is .111823 which multiplied by 
2500 the square of the diameter gives for the area of the proposed 
segment 279.5575. 

S. Bequired the area of the segment whose height is 6 and dia- 
meter of the circle 21 ? 

Ana. 6-7-21 = /f = .285f = versed-sine of the table to 

which corresponds area 184521 

The area which corresponds to the next greater versed-sine is .185425 

The difference between these areas is 000904 

This difference x f that is x 5 et4-7 gives for area cor. to f .000646 
To which I add the area which cor. to 285 184521 

To obtaiii the whole area of the segment 285f of the table 185167 

Now, multiplying by the square of the diam. 21 x 21 = 441 

We obtain for area of the proposed segment 81.658647 
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8. Find tL« ar«A of a Aegiueut wLofte height is 2 aod diame- 
ter 52? AM. 26.88. 

4. The venied-Bine is 5 aud the diameter 25 : what la the are« 
ol the segmeut f Ans. 69.889375. 

0. The height of a segment is 9 iuches and the diameter 3} feet ; 
find the area ? Aiis. 205.4118 square inches. 



PROBLEM XV. 



To find the area of a zone of a circle, or the space com- 
prised bet'ween any t^wo parallel chords and 
their intercepted arcs. ^ 

(49X RUIi£ I. Mrst find by tfte tnetfiod of par. (574 O ) 
d'c, the diameter or radvis of the circle and the other elements of tkt 
calculation to he made. Determine then (435 O.) separately by the 
problems already given the areas of the component sectors and triangles, 
and take their sum, if the zone be central ; or if the zone be either central 
or lateral, determine by tlie last problem the areas of the two segments 
ha/vingfor chords the chords of the zone ; tlie difference between these 
segments, or between the whole circle and the sum of these segmetits, will 
be the required area. 




1. The two parallellchords of a 
zone are 12 aud 20 and their perpendi- 
cular distance is 13 ; what is] the area ? 

Ans. .252.87859. 

3. Find the axes, of a zone of a 
circle whose parallel chords measure 12 
and 16 and the distance between them 2 1 

Ans. 28.379. 

3. Determine the superficial con- 
tent of a zone whose sides are 96 and 60 
and the breadth 26 ? Ans. 2136.82. 



I. See utuong the models of tlie Tableau the haaea Hiid paralle! sectioua of cerUiii 
ungiilaB of a cylinder, cone, sphere, 5cc. 
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4. If two parallel chords of a circular zone are 20 and 15 and 
their perpendicolar distance 17.5 ; What is the area f 

Ans 395.4969. 

9. Required the area of a zone each of whose parallel chords 
iR 40 and the breadth 36 ? 

H, One of the parallel cliords of a zone of a circle is 30 Hnd 
passes through the centre of the circle, the other is 16 ; required the 
area ? ^ 

REM. The given segment may also be considered as com- 
posed of the trapezium ABFD and of the two equal segments AD; 
BF and its area determined in this manner. 



PROBLEM XVI. 



3ot1^ 



To find the area of a lune, or the space ooH^rlsed 

between the arcs of two eocentrio oiroles 

^whioh intersect each other. ^ 

(46) RIJl^E. Find (436 G.) by the problem before the last, the 
areas of the two segments which form the lune : their difference will be 
the required area, 

L L L 





X » .'" 



C A B C 

Ex. 1. The chord AB of a lune AEBLA is 20 and heights of the 
composing segments AEB, ALB, are 5 and 8 j what is the area of the 
I'lne ? V Am. 49.392704. 

*Z. The chord =20 and the heights of the segments 10 and 2 ; 
what is the area of the lune 1 Aii§. 130.204. 

3. Determine the area of a lune whose length of the chord is 48, 
and the heights of the segments 18 and 7 f Ans. 408.608. 

4. The base AB of a lune is 10 and the radii AC, AD of the two 
containing arcs AEB, ALB, are 7 and 6 ; find the area. .^ 

5. The chord of a lune being 10 and the heights of the segmeitt 
15 and 13 ; what is the area f 



1. See among the moHAla of the Tabiean the opposite baeee and the pAtelUl ••«. 
liei ef tke eiignla of the hollewed cjIiBder. 
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PROBLEM XVn. 
To find ' the oiroumfbrenoe of an ellipsis. 

(4T) This figure shown by any section FI,AD (997 O.) or FE, 
BN (1999 G.) of a cylinder, or he (1955 G.), ac (1956 G.) of a cone 
by a plane which being inclined to the axis of those solids meets 
their two sides, is often met with by the measurer ^ It is found in 
the circus, amphitheatre, garden plot, &c., and on a smaller scale in 
the oval of a window &c., but it is especially the semi-ellipsis which 
ismetwi^in the sectionsof vaults of all kinds, in the arched head of 
a door ^^Hudow, or of an arched opening between two apart- 
ments, 1^^ 

(48) One might perhaps think at first that the circumference of 
the ellipsis should be an arithmetical mean betweenthe circumferences 
of two circles having for their respective diameters the greater 
and less diameters of the ellipsis, or which is the same thing that this 
circumference should be equal to that of a circle whose radius were 
equal to the half-sum of the great and small radii of the ellipsis, 
that is whose radius would be of an arithmetical mean between the 
half-diameters of the ellipsis ; and it is very nearly so for ellipses 
whose diameters differ from each other but from 25 to 20 per cent, 
but to be convinced that it is not always so, it is sufficient to resort 
to an extreme case, (as we have already done at par. (9:^8 G). For 
instance, let us suppose that* whilst the small axis of the ellipsis is 1, 
the great axis be 1,000,000 ; it is evident that the circumference of 
such an ellipsis will be sensibly equal to the double of its great 
diameter, that is 2,000,000 while the half-sum 500000 + .5 or 500000 
(for the i .5 may be neglected) of the axes x 3. 1416= 1,570809 \ and if 
thesmall diameter were infinitely small with regard to the greater axis 
supposed to be equal to 2, the exact circumference would be 4 (double 
the great axis) while the arithmetical mean circumference would be 



1. Although it is not poHAible with the priiicipIeH hitherto mentioned to gi^ea 
detnouatnitioii of ihlg rule and the fonr following;, we have however thought proper 
to insert them }iere iu order to complete rh*) ruled ueceAwiry to the niea.tureinent of 
plane Biirfaces, or of those (U49 G.) which having simple curvature may be 
developed into plane surfaces. 

2. 8ee among the models of the TahUau., the bases and sections of the obliqae 
eyliudera, cones and conoKda. &c., and frusta of such bodies. These ellipses are of 
▼arioas degrees of eccentn^ty or have their diameters in varied ratios. 
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3.14159^ &c.^the error belngin that case 4-^.1416=8584 or nearly oxib 
fourth. Bat if the circmnference of an ellipsis cannot be oorr6otl>^ 
obtained in this manner, it is demonstrable that it can be arrived at 
by the following method : 

(49) RUIiJE 1. Multiply the square root of the half-mm of ike 
squares of the two diameters of the ellipsis by 3.1416, amd the prod/met 
wiU be the required dreumference, 

iJx. 1. The greater diameter AB of an 
ellipsis is 15 and the smaller diameter 12 ; 
what is the circumference : 



U ^ AB +CD ^ ^ ^^^ ^^^ =Vi84:5=13. 




583 et 3.416 x 13.583=42.6723528. 

13. The greater and smaller axes being respectiyely 25 and 20 j 
determine the periphery of the elliosis ? Ans. 69.3979. 

ft. The semi-diameters of an ellipsis are 12i and 7} ; what id the 
perimeter ? Alls. 64.7667. 

50. It is plain that the semi-ellipsis CBD is equal in perimeter 
and area to the semi-ellipsis ACB, and that each of them has for mea 
sure the semi-circumference and the half-area of the whole ellipsis. 
This rule and the following which show how to find the circumfer- 
ence and area of the whole ellipsis give then also the means of ar- 
riving at the peremeter ACB or CBD or area of the semi-ellipsis of the 
same name. 

It is moreover evident that any other diameter £ H divides tlie 
, ellipsis into two parts of the same area and perimeter. 

(Si). There is an important property of the ellipsis which permits 
one to trace it with facility or to discover whether a curvilineal figure re-;- 
sembling an ellipsis is really one or not ; it is that the sum FC -f- F'C; 
FG + F'G, of the radii drawn from two points, F'F' on the greater dia- 
meter and which are called foci or centres of the ellipsis, to any 
third point C or G, &c., ou its circumference, is constant and equal 
to the greater diameter AB j then it is clear that this very property 
permits us to establish the foci. Indeed, the two diameters of any 
ellipsis being given, from the point C or D end of the smaller axis, as 
centre and with radius CF=CF'=OA or OB=iAB, AB will be 
intersected in the required foci F and F', from the points F and 
F' as centres, with radii FG, F'G of which the sum= AB, that is, with 
any radius FG less than FB and another radius F'G equal to the 
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difference between the fir^t radius FG- and the diameter AB, ares may 
be traced the intersection of whicli in G will give a point, and by 
repeating the operation a series of points through which vasLy be 
drawn a curve which will be the required ellipse. 

(M) Or, there may be fixed at F and F' needles to which will be 
fastened the ends of a thread of a length such as to give FO+ F'C or 
FG + F'G= AB ', it wiU then be sufficient to hold the thread tight by 
means of a pencil or point which can be moved round the two foci to 
complete the outline of the ellipsis. 

(53) To perform the same operation on a large- scale ; after haying 
taken FG or F'G at pleasure, less than AF'or BF' but greater than AF 
or BF', knowing the other radius =AB — FG or AB— F'G, as the case 

may be, and FF' being also known = 20F=2V GF^ — C0» = 2 

VOA^— 0C2 one will have but to compute either FF'G or F'FG of the 
two angles at the base of the triangle GFF' and draw either of the two 
radii of the required length and with the required angle to give a 
point G of the proposed circumference ', this operation repeated will 
give a series of points through which may be traced a line which will be 
the required circumference. Let us also observe that the measuiing 
of the radius G F or GF' may be avoided, by computing each of the 
angles at F and F' and afterwards making an intersection G of the 
directricea FG, F'G. 

(54) Let us add that a geometrical or graphic construction on a 
small scale would have the advantage of giving in a more expedi- 
tious manner and often accurate enough all the angles GFF', GF'F, 
&c. necessary to determine the intersections or points G of the requir- 
ed perimeter. 

(55) The ellipsis is also traced a^ follows : Let ac= AO or BO the 
semi-greater axi8,a6= GO or DO half-smaller axis. In moving the right 
line a^ so as to keep the point e on the diameter DC and the point b on 
the diameter AB, the point c will describe the required ellipsis. In 
practice the right line ac is any rod with projecting points at afi and 
c, and along the diameters A B, C D are disposed rods, grooves 
or slides to guide the points 6 and c. 

(56) RMJttE II. When the diameters are not very unequal, the 
circumference of the ellipsis is prettly correctly obtained by multiplymg 
the half -sum of these diameters by 3.1416. 

Thus the three last examples computed in this manner will res- 
pectively give for answers 42.41 instead of 42.67, 69.11 instead of 
69.40. and 62.83 instead of 64.76 } so that when the difference be- 
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tween the diameters does not exceed J^ or J or when tlie ratios between 
the diameters are 5 : 6 or 4 : 5, the error in the. result does not ex- 
ceed Y^ or xiry, and when the difference between the diametersjs for 
T^hen these diameters are to each other as 15 : 25 the error be- 
comea nearly ^^ of the whole result. When the diameters are to 
each other as 1:2, the circumferences obtained by the two 
rules are to each other as 47.12 : 49.66, the error being in that case 
^ nearly. The diameters being as 1 : 3 the circumferences are 
nearly :: 63 : 70, the error being in that case -^ nearly. When the 
diameters are :: 1 : 5, the circumferences are :: 94 : 113 and the error 
J nearly. Finally if the diameters to each other:: 1 : 10 the pe- . 
rinneters would be :: 173 : 223, and the error ^^^ ^^ i pearly. Which 
will enable one to choose either of the rules according to the degree 
of accuracy required in the result. 

REM. Besides it is plain that we might also, after having found 
the circumference, according to this second rule, correct it by the ad- 
dition of the error or deficiency proportioned to the ratio between 
the diameters, and as established above. 

PEOBLEM XVin. 

To determine the area of an ellipsis. ' 

(57) RULE. Multiply the product of the two diameters hy .7854 ; 
the result will be the required area. 



:, 1. What is the area of an ellipsis whose diameters are 24 
and 28 f Ans. 24 x 28=432= AB x CD, and 432 x .7854= 

339.2928 « area ABCD. 
2. If the axes of an ellipsis are 35 and 25, what is its area ? 

Ans. 687.225. 
S. Required the area of an oval whose length is 70 and breadth 
50 ? '' Ans. 2748,9. 

4. The greater axis of an ellipsis measures 840 links, the smaller 
axis 612 links ; required the number of acres within this enclosure T 

Ans. 4 acres 6 perches. 
(58) RCSJn. Since the rule gives for area of the ellipsis the ex- 
pression AB.CD x .7854 or which is (g-yO )the same thing f aB.Cd" ) ^ 

1. The component facea of several of the models of the Tableau present ellipses 
of Tariona degrees of eccentricity, or whose diameters to each other in various 
nitioe. 
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^ •7&54, it evidently follows that the ellipsis is equal in area ta a circle 
^^se diameter would be a mean proportUmal between the two dAame- 
iffra of the elUpeie* Let d this mean diameter, we have AB : d::di 

2 a a a 

CD and since (1<MI G) AB :d::d: CD it is plain also that the area 

of the elUpeie ie a mea/n proportional between those of the mseribed and 

eircumsoribed droles, that is, between those of two circles hamngforres- 

peeliive diameters the two diameters of the ellipsis. 

(90) IftEllt. The two rules which show how to determine the cir- 
cumference and area of an ellipsis may be with advantage substituted 
to the less precise and longer method of par. (437 O.) in the com- 
putation o( the perimeters and areas of the curvilinea!, that is 
(47 TO elliptical bases of the oblique cylinder and of the frastum 
of a cylinder (997 and 1099G.)a'S well those of the oblique cone 
and frustum of a cone (1055, 1065, 1067, 1140,&c. G.) 



PROBLEM XLK. 
To find the area of an elliptic ring. 

(60) RUIjI: I. Determine separately the area^s of the two concen- 
Mo ellipses f and take their difference which will be the required arpa. 



r( 




RITIjI: U. Multiply the half -sum of the parallel circumferences of 
i^te tp>p limiting ellipses by the breadth of the ring. 

Bl|. 1. What is the area of an elliptic C 

ring whose interior diameters are 10 and 20 
and the exterior diameters 12 and 22 ? 

Anfi. 10 X JW X .7854 = 157.08,12 x 22 x 
.7854=207.3456: the difference 50.2a'56 of these 
two results is the required area of the ring. 

3. The exterior circumference of an ellipsis is 100^ the interior 
eircumferen^^e 90; the breadth of the intermediate space being 3.5 ; 
reqtured the area of the ring 1 Ans. 332.5. 

8» Determine the area of an elliptic half-rii^g, whose parallel 
pe^meters noteasure 93 and 77 inches and breadth 10 inches ? 

Ans. 850 square inches or 5.9028. sq. feet. 

.4: Compute the area of any part Aa cC of an elliptic ring, whose 
exterior arc AC is 15, parallelarc a e 12; and breadth 3 ? Ans. 40.5. 



REM. It is hardly j^^ea^axy tp remark that if the breadth of 
the annnlar space were not everywhere equal, or even if the interior 
ellipsis had any other position relatively to its exterior envelope, or 
any ratio whatever between its diameters, the required area would 
none the less be obtained by the first of the two rules of this problem. 



PROBLEIklE SPC. 

To find the area of a segment of an ellipsis "whose base 
is parallel to either of t]be axes of the ellipsis. ^ 

(61) Divide the height of the segment by that of the two diameters 
of which this height forms apart, and find in the table annexed to this 
treatise the segment of a circle whose versed-sine is equal to the quotient. 
Next find the continued product of the segment thus found and of tlie two 
axes of the ellipsisi ; this product idll be the required area. 

Ex. 1. Compute the area of the el- 
liptic segment AGH whose height AK= ^.-— -^--^ 
10, and the two axes AB, CD, 34 and 25 ? '/^"P"^ 

Ans. 162.02. il o ^ 

• 

9j What is the area of the segment of an ellipsis, whose base GH 
is at 36 from the centre 0, the axes being 120 and 40 ? Ana. 536.75. 

3. Determine the area of an elliptic segment whose height CL 
is 8 inches 5 the two axes being 4 and 3 feet ? Ans. 

(6&) RGfll. If thp segments of ellipses ACD, (usd, ace, of the 
figure of par. (1140 O.) answer to the definition of the enun- 
elation of this prob. we may if need be apply the rule here given 
to express .their areas. The area of the elliptic segment which 
formB the upper surface of the ungula fig. 2 of par. (114S O.) 
could be computed in the same way if required. And if the segment 
to be computed were the zone or part AEPB, CGHD, the required 
area would be equal to the difference between the semi-ellipses ACB, 
CAD and their respective segments ECF, GAH. 




1. Several of the nngnlas of a cylinder, cone and spheroid of the TahUau present in 
th^^r 9e{Bt|Qii,i||,e^gmeQta of ellipses, some greater, others smaller than the semi-ellip- 
fli^ otb^iiB, 8qt9J|:e|l9fMi au^ pthers zones of ellipses. 
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PROBLEM XXI. 



To find the area of a parabola. ^ 

(63). This fi^re is that of the section of a cone by a 
plane parallel to its inclined side. (ADC^ fig. of par (1140 G.) 
gives an idea of it). It has tliis pecaliarity that any point E, H, &c.y of 
the curve is equidistant from a point F called the focos and from a 
straight line^IN perpendicular to the axis CD) called the directrix 
and whose distance SC from the apex C of the parabola is equal to 
the distance FC from the focus to the apex ; so that one has always 
EF=EM, HF=HN, dtc. Now it is proved that the position F of the 
focus is found by bisecting B D in T, joining CT and drawing TB 
perpendicular to CT to obtain DR=CF=CS. The focus F found and 
the position of the directrix MN determined, the curve is traced 
by drawing a series of indefinite straight lines GH (called ordinates) 
parallel to A B or perpendicular to the axis CD ; then, from the focas 
F as a centre and with a radius US equal to the distance between 
the parallels GH, MN intersect GH in G and H, which determines 
two points in the perimeter of the parabola. This operation sufficient' 
ly repeated will give a series of points, through which may be traced 
a curve which will be the figure required. 

(64) The parabola is also traced with a square ahCy whose branch 
be is equal to the distance between the directrix MN & the base KL of 
the proposed parabola. At the extremity c of the square and to the focos 
F, tied a thread c GF equal in length to ch. The branch (ib of the square 
is then made to slide along the directrix MN holding at the same time 
the thread tight along the branch he, by means of a point or pencil 
whose motion describes the required parabola. 

(65). RUIiE. Multiply the base by the height and taJc4 two thirds 
of the product for the required area, 

Ex. 1. Find the area of the parabola 
ACB whose base AB is 20 and height 
CD 18 ? Am. 240. 

!2. The base of a parabola is 13.5, and 
the height 11.25 ; what is the area ? 

Ans. 101.25. 
3. CD=10,AD=8 ; what is its area ? 

Ans. 106|. 



SJ 






This flgnre, like all the other fignres, treated of in the " mensuration of areas,*' ii 
to be found amongst the component faces or sides of the models of the fJMkau, Qae the 
couicAl ftud conoidal ungulas of the Tableau, 
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(d6). REin. It follows from the dednition of the parabola that 
any part GCH, ECV of the parabola ACB termiDated by a base GH, 
£y, parallel to A B, is still a parabola, and not a mere segment, 
as in the case of the ellipsis ; for the cone may be considered cat 
by a plane parallel to its base and this as well on the one as on the 
other side of that base at KL without ceasing to be a cone and conse- 
qaently, without the definition of the section KCL or ECV, &c, 
being in any way thereby altered. 

Whence it results that to anive at the area of a zone, or segment 
AEVB of a parabola by any line EV parallel to its base, one will 
have but to take the difference between the entire and partial para 
boWACB,£Cy. 

(67). There is still the liyperbola ^ (section of a cone by a 




1. The hyperbola ACB is nhowii by aectioiiB of certaiu iiiigulas of ooiiea uud couoida 
which will be found among the models of the Tableau. 

This enrve is, bnt in a contrary sense, ana- 
logons to the ellipsis. Thus, whilst in the 
eHipsis (51 T.)i it is the sum of tlie fHdii drawn 
from the two foci which is constaiifc or inva- 
riable : in the hyperbola, on the contrary, it is 
the difference of these same radii whicli reuiuins 
constant ; which causes the two halves, parts 
or bmuches of. the curve (conjugated hyperbo- 
las as they are called) to present to one another, 
not their concave sides as in the eliipsiH, but 
their convex ends, apices or sides. To trace thiH curve without any condition of 
dimensious, that is, without any condition as to the dimensions of tiie cone or the 
position of the plane of section : having taken at will any two points, F, F, at 
any distance from each other, from one of these points or foci with any radius, 
described an arc on each side of the axis (tliat is of the line which connects 
the foci), and describe, from the other focus as a centre and with a radius 
greater than the first by a given difference, two other arcs which at the point of 
their intersection with tlie two first arcs will determine 2 points of the required 
corve.- This operation repeated with two new radii, taking care however that 
the second radius be always greater than the first by the given difierence (which 
as has been seen, must remain constant) will give two otiier points in tlie 
curve to be described ; and otlier points in the curve may also be determined 
till their sequel lAid direction render plain the course of the hyperbola. If 
now, tlie radii be transposed, it is plain that we will have a new series of points, 
that of the conjugated hyperbola. The point O which is half-way between the two 
loci is called the centre of the hyperbola as of the ellipsis. 

The hyperbola may also as the parabola and ellipais, be traced by a mechHuicul 
operation. Taking a ruler fastened at one end to one of tlie foci of tlje curve to be des- 
cribed, and BO that the ruler may be movable round the stiid focus, the other 
end ot the ruler will be fastened to the se<u>nd focuH by a string or Ibie which 
muet be shorter thau the ruler, by the required difierence between the j-adii ; then a 
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plane which meets its base at an angle greater than that made by 
the side of the cone with that base) the cycloid (which ia des- 
cribed by a point placed on the circumference of a circle maintained 
in the same plane, during an entire reyolntion of the said circle along a 
straight line called the base of the curve, which is very much like 
a semi-ellipsis, fig. of paragraph (68) and several btlier cur- 
Tilineal fll9iire8, whose areas and perimeters one may have to 
Qompute, and for which there are special rules which allow of estab- 
lishing with all the required precision their relative or absolute areas 
and circumferences;but it is to be remarked here as has already been 
done (1134 Cr.) that generally it will be necessary to enquire first as 
to the nature of the proposed figure ; and the mere labour entailed 
by this preliminary operation will often be sufficient to cause one to 
decide on resorting immediately to the method of the following pro- 
blem. 

(fiS). A practized eye will often find it .difficult to understand 
the nature of the figure to be computed, and may sometimes 
make pretty grave mistakes thereby. 
There is for instance the curve AECFB, 
called '' flat arch " (anse-de-panier) and 
others of the same kind often met 
with in the arched heads of openings, 
and which one may be sometimes dispos- 
ed to consider as an ellipsis, so as to compute its superficial content 
by the rule applicable to that figure ; now, it is seen thatin this 
case the diflference AECe + BFC/(or2 AECe) between the two figures, 
may be too great to allow it to be neglected. 

PROBLEM XXn. 



To determine the area of any curvUineal figure. 

(09). RITIiE Divide the whole figure, if it he irregular , {that iSy 
if the corresponding parte are not symmetrical) the half or fourth partf 
if regular f into trapeziums of the same breadth or height, and proceed 
then in the manner of problem VL, doubling or quadrupling if need 
be the area thus found to obtain the whole area of the figure. 




pencil or point wliich will hold the string tight aud at the same time in contact with 
the ruler, will describe, the ruler going round the first focus, the required hyperbola 
iiud the transposition of the ruler and string will allow of defiforibing at will thd othOf 
branch of the curve. 



> 
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(•) 

(TO) The method of computation by trapeziums, will be the more 
aoc^urato. as there will be in the figure to be commuted concaviijes 
auA^ cpavexitiea adby bee, compensatory of each other such as ar^ 

*. Among fchfise figures, a is the oviim or. ovhI; (fliich is the vertical aeetiou 
of the e^, &c..) 6 is the ellipsis, (rtiich is the section of the melon, &as.,) or nny 
otb«riiii»«logi»ii8 Hgitre, the bnllfl-eye window, the sectiou of the spheroid, the am- 
phHheafter« dee. ; € is the half-ell ipsrs. or flat-arch, cycloid, the flat arched head of an 
opening, the section of a vanlt, d&c. ; d, aiij irregular cnrviliiieal figure ; « a parabola 
or any other similar figure, hyperbola, the raised arched head of an opening ; the sec- 
tion of a vault) the vertical seotiou of a conoid, dome, &;c. ; / is the rnking aroh or 
the tee^ion of an inclined vault, g is the developed concave or convex surface of an 
nngi|la of a right cylinder; ii, the developed lateral surface of an nngiila of 
a right cone ; in the development of the snrface of the nngnia of an oblique 
cylinder or cone. The lanetteti or intometaions of vaults, already mentioned at article 
(11413 G.) present also Rurfacen the development of which offers to the considera- 
tion of the measurer the three last flgnres which have jnst been defined. The develop- 
ed lateral snrface of 4.he frnstum of a right cylinder presents the form £, and it follows 
from par. (09Y G>). ^°^ ^<'0'" ^^^ ^^^^' ^^ P^**- (1099 0«) tl>Ht it suffices 
to mnltiply the half-snm of its less and greater height tv, rs, by the length op 
perpendicular to rt or vt, this breadth being evidently equal to the developed cir- 
eamfereiice of the section of a cylinder by a plane perpendicular to its axis or sifle. 
The development of the lateral surface of an obliqne cylinder (997) presents the 
figure a, the height of which rs which is that of tlie inclined side of the cylinder, is 
ever3rwKere oiiUerin, the area of the envelope being consequently equal to the product 
ofr^^by.ihe breadth op, the perimeter of a section perpendicular to the axis or 
side of the solid. 

It is i\aeful to state also that if the ungulaofthe right cylinder of which the llgure^ is 
the envelope, instead of being partial asKLNB! orKLUK p^ge 409, 0- is entireor com- 
plete as ADd, page 388 Q, the area oig wilt be obtained by Knding the proiLncI; of op 
by th»lialf.of r«, fur in thiacase g will be but the envelope k of the frnstum of a cylinder 
whose less height vt wt)iild be equal to zero. By ndjiiHtiiig to the lateral Dice of an 
migulaorfrnatnniofa cylinder or cone, etc. of the Tableau, »i ahuet of paper, to truce or 
cut it out afterwards at. will, the pupil will get an excellent idea of the nature of the 
developed snrfaces here mitationed. 

6 
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seen in the figures g, h, m, k, gince the segment bee which la 
neglected by considering as a trapezium the 
part BCoeb of the area to be computed, Mrill 
be compensated by the segment adb which 
is in excessln the trapezium ABha, 



(71) But when the figure is entirely convex 
one will add to the precision by taking in the 
sum of the segments abd bee, &c., determin- 
ing by mere inspection or otherwise the mean 
breadth which will be multiplied by the cor- 
responding perimeter adbec to obtain its area. 



(Vlt) Let us observe also that instead of considering as nail the 
initial height of the figure, at the point A of the springing of the 
curve, which would give for the area of the part ABbdaA of the figure 
the triangle AB&, one will obtain more accuracy by considering as a 
straight line the almost vertical part Aa of the curv^, which will 
then give for a more approximate area of this component part of 
the figure, the trapezium AabB instead of the triangle AbB. 

It is also plain that a continued subdivision Dt2, Ee, sufficient to 
allow of considering the parts ad, bd, &e, &c., of the convex or con- 
cave circumference of the fig. as being sensibly straight lines will 
also have for result to add considerably to the accuracy of the opera- 
tion. 

CT3) There is also a pretty correct and 
expeditious mode of arriving at the area of 
an irregular figure ABCD : that of reducing 
it to any equivalent rectilineal or regular 
figure by compensatory lines ab, be, that is, 
such that the sum of the parts cut off by 
these lines be equal in area to the sum of 

' the parts comprised in their inclosure^ a graphic or mechanical ope- 
ration for the accuracy of which one must often trust to an ocular 
estimation. 

(Y4) Finally, as to the evaluation of the developed lengths of 
the i)erimeters of the figures in question here, let us remark again as 
was done at page 596 Gr, that often the most expeditious manner 
and not the least exact, of arriving at them, will consist in the use of a 
thread or ribbon, or wooden or metallic rods thin enough to allow of 
adijusting them to the perimeter to be computed, in order to imme- 
diately deduce firom them the required dimensions. 




MENSURATION 



OP 



BODIES OR SOLIDS. 



(See the models of the Stereometrical Tableau) 



(W) The mensuration of solids, comprises that of their surfEices ^ 
as well as that of their volumes or solidities. 

It has already been seen (5, T.) that the unit of measure for 
plane surfaces is a square the side of which is the unit of length. 

Any curve line is also referred to a unit of length, and its nu- 
merical value is the number of times the line contains this unit. It 
is also to be observed here that the rule already given (page 177, 
2° O.) to find the numerical relation between two straight lines or 
to determine their common measure or the greatest common divi- 
sor, applies equally to any two curved lines of the ssime radius, since 
that equality of curvature will allow of the superposition and entire 
and perfect coincidence of tliese lines in the same manner as if they 
were straight. Now if it is supposed that the lineal unit be reduced 
to a straight line and that a square be constructed on this line, this 
square will also be the unit of measure for curved surfaces. 

(TO) The unit of volume is (1014 O.) a cube the component face 
of which is equal to the superficial unit which serves to compute the 
area of the solid, and the side equal to the lineal unit used to express 
its lineal dimensions. 



1. The opposite bases, the latei'al faces and the sections of the various models of 
the ttereomeirieal tableau present, among othera, all the plane figures already treated 
of in the ''Mensuration of surfaces," comprising the square, rectan^Uf jMrallellogram, 
triangle, polygon^ cireUj sector , seginetU, zone, luiie, ellipsis^ jparaJbola, hyperbo(aj &q.^ dfc 
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PROBLEM L 

To find the area of a right prism ^ (946 O.) 

(See tbe stere&meirical tdbiUan.) 

(7*7) RlTLi:. MulUply (092 G.) the penmeter > ABFOA w 
ABCDUA (fig. of the following page) of the haae hy the height AJB of 
AF as the ease may be, and the product will he the lateral area. To 
this area add those of the two bases when the whole area is required* 

dx. 1. Wliat is the area of a cube whose side is20 ? 

2. Determine the whole area of a triangu- 
lar prisni; the base of which is an equilateral 
triangle having 18 inches side and the height 
20 feet ? Ans. 91.949 sq. feet. 

3. Required the weight of copper ne- 
cessary to cover the inside of a cistern the length 

of wliich measures 10 feet, breadth 5 feet and 

height or depth 4 feet, the copper to be used b«lng5|M>tttid6^to the 

square foot 1 AAi. 850 pomiSs. 




1. The prism, which compriseR hIro the cube nnd parallelopipedoii, presents ItaeU 
every (iay to the meHRiirer^a consideration. It is seen in the body and wings of hnild. 
higs of all kindn as well asin the ft>(iire of tlie varioris apartments forming part of them- 
It is found again in the walls, pillars and piers of hII kinds of b^ild^kif^-ftitd va 
a smaller scale in each of the composing stones or bricks of these bodies. Gakted 
roofs mo^t often present tira iignre of the right trianglar prism and thegAbleft of the 
walls forming their parallel bases are also prisms of the same mime. The body or 
sqnare of a garret-window is genei*ally not.hing but a triangular prism or right half- 
parallelopipedon and the roof of a garret window, if it be hip'd, is au oblique triangu- 
lar prism, provided the inclination of the hip be equal to that of the roof, Hnd if 
the plane of the hip be not parallel to that of the roof, it is then r frn^tnm of a 
prism the solid and superlicial couteiir. of which is to be valued. There are a1«D iu the 
arts and trades a thoui^aud and one objects affecting tlie form of a cube, rights oblique or 
truncated parallellopipedon, right, oblique dr truncated pdlygoiial pridm or which may 
be decomposed into solids of this kind. The cuttings and embankments of ^'Iroa^B 
and other roads, often enough present to the consideration of the meaaureriiiiailiuafgflkr 
prims having for parallel b^ises trapeziums. 

2. Each of the edges or sides (^1^,0^, lat flg. or AIT, BG, CH, &c., 2ud^.>of 
the prism being of the same length, it is evidently the same thing to mnltiply slioces- 
sively each side or edge (base of tbe parallelogram which goes to make jtip thv^bileTal 
surface o|the prism) by the length of the corresponding paralleiognni OF;to sldd 
according to the rule all these breadths so as to multi(>l^ thein 'at once UV tbd^iMigth 
of the side of th« prisnir 
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^l.^Bb^'4itei]r nqaxare metreg are tiiere in 
the lateral area of a boilding the length of 
^#111^ IslOD iitetliBS> breadth 23.3 metres and 
<11^}jfh«l^ idtttres t Aki«. 4192.3 

HI. A room measures 40 feet by 25; and its 
h^i^t is 15 feet 5 how many square yards of 
plasl^tiog will be reqairedto cover the four 
ifTififlrand ceiling t Ans. 3279}. 

iL What would be the cost to line with 
l^lldof 7.pounds to the foot and at 4 pence a pound, the inside of a rec- 
tangular vessel tiie length of which is 3 feet 2 inches, breadth 2 feet 8 

inches, and height 2i feet. 

7.333X . . _^5 




Aflii. Area to becoyebed-s=37.- 



12 



square feet,=263>^pounds 

18 



=£4.7.9|8$17.55.185. 

V. "Wh^t )s the lateral area 6f a deal of 10 feet, by 12 inches, and 
3 inches t Ans. 25 sq. feet. 

a. JSqw many superficial feet of cut stone in tlie lateral area of 
an octagonal pillar whose idde is 15 inches and height 10 fet^.t ? 

Anrt. 100. 

4K cHow many squares of wainscot to cover the lateral area of a 
heiCflgcfial building wh^se oblique radius is 20 feet and height 33 1'eet ? 

Ans. 39.60. 

lO. Wbat-is the lateral area of a polygonal post 3 feet perimeter 
andvlOlMt high t Ans. 30 square feet. 

M. The perimeter ef an iron bar is 3 J inches, its length 7 feet ; 

twilafc is ilBflateral'iMa t 

Ans. 3.75 X 74=315 square inches. 

PROBLEM 11. 

Find the volume of a right prism. 

(See the tableau,) 

oisneraIj formula. 

'^S. To 'the 8wn of the a/reas of the parallel ends or bases (AF, ED 
i»w<iAiDfFI} of ih^ solid (see the figures of the last problem and thefol- 
U Ml9 gyM df^9mr4me8 the area of the seetion lialfway between tliem ; mid. 
Upl^ ike iohole by the sixth part of the height (AF or AF) or length of the 
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body (or, which is the 8ame, multiply this awm by the whole height and 
then take the sixth part of the product) the result wiU be the required 
volume. 

(79.) REM. The prism (940 O.) being a body whose size 
(breadth, thickness or diameter) is everywhere the same, it is plain 
that any section of this solid by a plane 
abed parallel to the base BD or FH, is 
eqaal to the base, which therefore in the 
case of the prism reduces the rule or general 
formula at the top of the stereometrical 
tableau to the more simple following ex- 
pression : (sec : Introduction, page 8, last 
paragrai)h.) 

RUIjCi. Determine first th^ area of the 
base ; multiply this area by the height, the 
product will be (1020) the volume of the 
prism, 

Ex. 1. What is the solid content of a cube whose side is 24 
inches ? Ans. 13.824. 

8. How many cubic feet in a block of marble whose length is 3 
feet 2 inches, breadth 2 feet eight inches and height or thichness 2} 
feet 9 Ans. 21^. 

3. How many gallons of water contained in a cistern having the 
dimensions of the preceding example, the gallon being 282 cabic 
inches ? ^ Ans. 129^- 

4. What is the volume of a triangular prism whose height is 
10 feet, and three sides of its triangular basis 3, 4 and 5 feet f 

Ans. 60. 

5. Required the number of cubic feet of stone in a pillar 15 feet 
high and whose base is a regular hexagon the side of which is 1 foot 
4 inches 9 Ans. 69.282. 

6. Determine the number of toises of masonry (the toise being 
6 X 6 X 2=72 french cubic feet) in an octagonal prism of 12 feet high 
and 3 feet side ? Ans. 7 toises 17.47 cubic feet. 

7. The pier separating two splayed windows, and whose base is 
consequently a trapezium, measures 13 feet high, 2 feet thick, 9 feet 
broad outside and 7 broad inside ; required the number of bricks that 
have been required to build it, at 20 bricks to each cubic foot f 

Ans. 4.160. 

1. N.B. The eiiglish imperial gallon is 277.274 engliBh cubic inches^ the old bser 
gallou=s282 cubic iuohes aud the wiue jjj^allou actually used iu Canada is 231 euglish 
cubic iuches. 
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8. A stone gable 3 feet thick^ measures 40 feet at its base and 
20 feet high ; how many cubic yards of masonry does it contain ? 

Ans. 44^. 

9. The &cade of a building is 33 metres^ its height 17 metres 
and the thickness of the wall 73 centimetres } what is the volume in 
cubic metres ? Ami. 33 v 17 x .73=409.53. 

10. Bequired the number of cubic metres in an embankment 
iTvhose length is 100 metres and each of the parallel .planes consti- 
tating its ends is a trapezium having for parallel bases 3 metres and 
13 metres for its height 3.3 metres. Ans. 2640. 

11. A well must be 27 feet deep^ and its plane must be a regular 
hexagon whose radius of the circumscribed circle be 5 feet ; how many 
cubic yards of rock are to be mined to give it its required dimen- 

2 

sions ?' Ani. The side of the hexagon is (643 G.) 5 feet ; 5=5 x 5= 

25, and 25 x 2.5980762 (area 017 T.), of the hexagon whose side 

is 1 J ^64,9519 square feet = area of the given hexagon , aud, 

64.9519 x 27 ^. ^^-^ , . , 

jr=— ' — =64.9519 cubic yards. 

27 -^ . 

Ex. 13. What is the solidity of a rectangular iron bar 4i x 1 
inches and 14 feet long f Ans. 756 cubic inches. 

IS. Required the volume of an eight sided post whose height is 
10 feet and breadth of each side 7 inches f 



Aug. 7x7x4.8284271=(87T.)area of the base =236. 5929279, 
and X 120=28391.15 cubic inches, and-J-1728(or 12 x 12 x 12)= 16.43 
cubic feet. 

PROBLEM m. 

To find the area of an oblique prism. 

(See the tableau) 

(80) RIJL.I:. Multiply (996 G.) the 
length AFf BO, OH cfec, of the side hy the pe- 
rimeter of a section LMNBSL perpendicular 
to the side, 

Kx. I. What is the area of the face and 
two sides of an inclined beam or rafter with 
parallel bases the length of which is 12 
feet, the breadth of the face 9 inches^ and 

that of the sides 13} inches ? 

Ana. 36 square feet. 
t^. The length of a cornice under a 
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* 

flight of Btain between parallel walls is 20 feet audi tibA oivemlbiwce 
or perimeter of a section of the comiee perpentlifftdaar' ty>tit9c^4Haie^ 
tion is 27 inches ; what is its developed area f 

raOBLEM ZV. 



To find the volume of an oblique ptUufi. 

See the tahUcm. 

RBm. The oblique prism, being, as the right prim^ of: ip.***" 
riable diameter throughout its whole lengthf every B|»ctjoat>f^til|}s 
solid by a plane parallel to the base would form a sq^iKoe ^ip^.to 
that of the base ; whence It is plain that for the obUque^priamf M for 
the right prism, the geueral formula is reduced to the folloiPFing^nini^ 
plified expression. 

(81) RUIiE. Multiply (W090G) th^at^af m^fHimABCS)E 
or FOHIK by the height IPperpendicular to thif bme^f thi*pt^ad9tt' 
wiU be the required volume. Otj which is the some tki^fff 

Multiply (1035 G.) the side AFy BO, 
CHf cfec, of the solid by the area of a section 
dbcdea perpendicular to this side. 

Ex. 1. How many cubic feet of oak 
will be required for the carriage of a flight of 
stairs 17 feet long and 15 x 4 inches square. 

Am. 6^ 

9. The horizontal base of the breast 
of a chimney built obliquely, measures 
7 feet by 18 inches, the perpendicular 
height being 7 feet 3 inches ; how many 
bricks does the parallelopipedon contain at 
18 bricks to the cubic foot ? 

Ani. 76^ cubic feetx IQ^iS^bri^Qih 
S. The triangular side of a garret or dormer Wifl4ow Imni^Ibip its 
horizontal length 7 feet, for vertical height 5 feel, thabveaidtb o^tfae 
dormer being 4 feet; the roof of the dormer windofw is hip^d^pa^ 
rallel to the roof of the building ; the height of t^h^ ti^Wgl^ w)|i^ 
constitutes its vertical section is 2 feet ; what is the total volume f 
Ans. The body or squajje pf tb^ doqnfi: (tcpijgitit t;K||fig^|Iar 
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|iri«u) (^)(=:i (7 X 5 X 4)=70 cubic feet, the roof (oblique triang^alftT 
prism) =i (7 X 4 X 2) » 23 cubic feet ; the required Yolume it conse- 
t-uept]^ 08 inaloG feet 

PROBLEM V. 

To determine the area of the frustum of a prism. 

(Seethe tableau,) 

(Ad) RULE. Find separately (f 050 O.) the area of each of its 
component faces ; their eum will he the area required, 

1 H 





What is the number of saperficial feet of cut stone in the 
circumference of the top of a chimney situated obliquely on an inclin- 
ed roofy that is the c<Huponent faces of which are not parallel to those 
of the building j the plane of the chimney being a rectangle 3 feet 
by 4 feet fund the respective heights of its four sides or edges 7, 8, 9i 
and^feetf 

Am. * (7 + 8) X 3=22+i(8 -»- ^) X 4=35 + i(9*+8i) X 3=27+ i 
(84 + 7)x4=3l=115i. 

PROBLEM VI. 

To Hjdfd the solidity of the f^rustum of a triangular prism. 

(See the tableau,) 

GENERAL FORMULA. 

(SS) 2b the sum of the areas of either of its three pairs of parallel 
bases or faces AOFD^BB, ABEB-^OF, BOPE-^AB) add fom 
thnes the JO/rea of a parallel section or plane half-way between them, 

1. Here the prism in qiieaiion doefl not rdflt on one of its purallel buftes ; but 
thia clreumatanoe oannot prevent one fruiu deciding imruediHtelj on the nntnre of the 
■olid to be measared ; for, it is evidently indifferent, respecting the volnme reqnired, 
whether the position of the polyhedron be vertical, horizontal or inclined. 

7 
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Thi8 8wn mulHplied by the sixth part of the corresponding height of the 
solid, voill he the required volume. 

(80) In fa>ct, thongli the frustum of a triangular prism^ when con- 
sidered with respect to its non paralle] bases or ends ABC, GHK, or 
ABC| DEFj cannot be measured at once by the general formula and 
must be decomposed by a plane of section parallel to one of these 
bases and passing through the nearest point of the other base, that 
is, through the end of its edge or of its shortest side, into a pridm 
and a pyramid, which may be measured separately by the general 
formula, to take afterwards the sum of the results ; however, if 
attention be paid to the nature of the solid, to wit, that the faces 
and edges or opposite sides are parallel, and that the sides or edges 
being but simple Hues, the area of each of them is equal to zero (0) 
it will immediately be seen how to apply the rule to measure at 
once the proposed prism. 

(85) Example. Let ABC— DEF (fig. of the following page) a 
frustum of a prism where AD =8, FC=7, BE =9, CK=4,height,=5, 
(the base GHK being considered perpendicular to the sides or edgeg 
AD, FC, BE). We will have by the formula : volume=area AGrFD 
+ 4 times the area aefd + the area BE, which is null, the whole mul- 
tiplied by i of the height. 

The upper base BE is but a Une and is equal to 

The lower bafie= ^^ ^ ^^ x aK=^ x 4=7i x 4= 30 

The section acfd (Imagine such a section cufd parallel to the base 

ACFD and half-way between this base and the apex B£) 

, AD-fBE 8 + 9q, - FC+BE 7 + 9 ^ „^, 
gives ad=: =-^i,c/=: =—^=8, and 

the breadth of the trapezium acfd is ^A;=KG-^2=2, whence 
area a/cd=i8i + 8, that is 16i-r-2 or 8ix2=16i and four 
times this area =16^x4= -- 66 



The sum of the areas is 96 

which multiplied by the 6th part of the height or by f , gives 80 
units for the volume of the proposed frustum, which agrees with the 
result given here below of the calculation of the same frustum by 
another method and proves evidently the accuracy of the formula. 

Here again, as for the prism, the general formula is reduced to 
the following more simple expression : 

(86) RIJI^i: 1. Multiply (1093 G.) the base of the frustum by 
om third of the sum of the heights of its three parallel sides or edges. 
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RUIjIi If. Multiply the third of the sum of its three parallel 
sides by the area of a section perpendioular to these sides. 

Rum. This second rule, it has been said (1096 O.) derives 
evidently from that of paragi-aph (1025 6.) but shoald this con- 
clusion; perhaps too immediate for the pupil to perceive its 
truth, not be found rigorous and satisfactory enough, it is however 
easy to show its exactness, in different |v ji 

ways, the following of which tliough the G/^» /\ 

most expeditious is not the least conclusive. /\'**% ]/*. \ 

Let then ABC— DEF the frustum of an / \ ''/., '''••\f 

oblique triangular prism, divided into two / nS^'-^'^^^Tti 

frusta of right prisms GHK— ABC, GHK— \*''/^3^ 
DEF by a plane GHK perpendicular to the n^'^''^'^ 

parallel sides AD, BE, CF of the solid. The B 

volume of each composing frustum is equal (1693 G.) to the product 
of the common base GHK by one third of the sum of the perpendiculars 
GD, HE, KF GA, HB, KC j but GHK x i(GD -v HE + KF) + 

GHK X J(GA + HB + KC)=GHK x i(GD + GA + HE + HBTKETKC) 
=GHK X i(AD + BE V CF) ) therefore, &c. 

Ex. I. The base of the frustum of a right triangular prism is 
10 square feet, the sides are 7, 8 and 9 feet ; what is its solidity f 

An9. 80 cubic feet. 

3. The three sides of the frustum of an oblique prism are 7i, 8} 
and 9^ feet ) the base and height of a section perpendicular to the 
side are respectively 5 and 3 feet ; what is the solidity of the solid f 

Alls. 8i X 7i=63} cubic feet. 

8. The three sides of tlie base of an inclined prism measure res- 
I>ectively 3, 4 and 5 metres and the heights of its three apices are 6, 
7 and 8 metres ; what is its solid content ? Ans. 42 cubic metres. 

PROBLEM VII. 

To find the solidity of the frustum of a prism -whose 
base AD or section perpendicular to the side 
is a regular polygon or having symmetri- 
cal halves (1097 G ) 

(ST) REH. Here a|j;airi the pft^ncral formula is reduced to and 
maybe replaced by either of the following siioplilied expreRsions, 
or one may at will compute separately the volume of ejicli of th« 



V 

• 1 



1 




Ans. 2.5980762 x 2 x ( ^1^^" \ = 165.884572. 
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oomponent firnata of triangalar prisms^ as m the Ibllowiti^pv^blein, 
and then take their sam. 

(8§) RITIiB 1. Multiply (I09Y G.) the base ks half^m mm of 
the heights of two opposite sides ; the produet wili he ike veiume v^ 
quired. 

RUEiE II. Multiply i^ half sum of two of the opposite sides or 
edges of the frustum by the area of a section perpendieular to ihose 
parallel sides, 

REM. This second rule derives again from 
par. (1093 O.) since one may suppose the fras- 
tarn of the polygonal prism divided into frasta of 
triangular prisms, and for each of these compo- 
nent frusta make tlie same proof as for the frus- 
tum of the triangular prism of the last problem. 

Ex. I. How many cubic feet of stone in the 
top of a chimney having for horizontal section a regular hexagon 
whose side is 2 feet, the heights or lengths of two opposite edges of 
the frustum being 13 and 17 feet f 

2. Find the number of cubic inches of birch in a staircase baluster 
having for horizontal section a regular octagon 3 inches diameter and 
whose least and greatest length or height measure respectively 27 
and 29 inches. 

Ans. The required side of the octagon is pretty accurately ob- 
tained in this case by describing a circle 3 inches diameter thence 
to find the chord of one eighth of its circumference. This opera- 
tion gives for the breadth of one of the sides of the baluster 1^ indves 

nearly, say 115 ; or (1.15)^1.3225, and 1.3225+ (28 T.) 4.8284.271, or 
to abridge 4.83 x 1.32=6.375 square inche8=area of the section of 
the baluster ; finally, 6.375 x i(27 + 29) = 6.375 x 28=178i cubic ipchecf. 

PROBLEM VIII. 
To determine the solidity of any frustum of a prism. 

(See the tableau,) 

(89) RUliE. Frstfind separately (1098 G.) by the preceding 
rules the volume of ea^h of the frusta of the component triangular 
prismSf and then take their sum. 
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J^t A,D en^blMi^iutent of earth pi^Bents the form of the fms- 
tmnM^k r^t prism having {or its base the polygon ABCDEA ; the 
ar^,9f t]pLp.eoi»j^oaei)t base ABC is 50 square yards, that of the base 
ADC==73 yards and tliat of the base AD£=65 yards ^ the heights 
or lengths of the parallel sides A, B, C; &c.^ are respectively 7, Sy 9, 
13 and 11 feet ; what is the number of cubic yards in the proposed 

8oH4 f AJUfl.. (1108 Ja}° ©.) 450 xi (7 + 8 4-9) + 657 x i (7 + 9 + 13 

+S85xia + 13+ 11=3600 + 635 1 + 6045=16.996 cubic feet ; divid- 
ing by 27 we have 592^f cubic yards. 

REM. Here we have, reduced into square feet the areas of the 
bases given in square yards, and divided by 27, but it is plain that 
since 3 times 9=27, it would be the same thing to multiply imme- 
diately by the yards and then divide them by 3. 

PROBLJBM IX. 



To fiiid tihe floUdity of a wedge. 

(See the tableau,) 

(^f|>.||il|UiS. 7o th& mm of the areas of either of its three pairs of 

parallel bases , add 4 times the central or half-way section and multiply 

tk€.$m»hy ^S1^ part of the height corresponding to such bases. The 

resfMwiU he the required: volums, 

e f 
Rfiin. The wedge^ 

aa alr^y stated 
(IIMIO 4ao is but a 
tidaiigalar prism or 
tbefirnstamof a prism, ^ 
as the edge efh equal 
or unequal to the two 




b m 



m 



b m c 

other sides| thus the general formula will be replaced as the case may 
he, lny tbo siu^pli^ed expression which in derived from it in the case 
ofthe pdsm^ as of the frustum of a piism. Yet in the case of the wedge 
Ofwbieh the base is generally a rectangle and consequently very 
simple to be measured, the student will perhaps find it more advan- 
tageous to keep to the method of the general formula. 

JBx* The reetaogular base of a wedge is 20 x 40 feet, the edge 
d&feetttnd the height 10 feet ; what is its solidity f 

^^ ( 40 + 40 f35)x20xl0) or (1094 G. REM.) i 



40 + 40 + 35) X f 20) X 10)=3833.33. 
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2. Wliatifitlie solid content of a wedge the base of which mea- 
Bures 5 feet 4 inches by 9 inches, the length of the edge 3i feet and the 
pei-peiidicalar height 2J feet f Alls. 4.1319 cubic feet 

3. An inclined plane meets a horizontal plane and forms with 
this last a wedge tlie edge of which measures 100 feet; the rectan- 
gular base 80 feet by20 feet and the perpendicular distance between 
the edge and the base 300 feet } what is the volume of the solid f 

Ana. 260,000 cubic feet. 

PROBLEM X. 
To find the solidity of a prismoid. (^) 

REm. A simple examination of the models of the tableau showB 
at once the nature of the intermediate section or plane parallel to the 
bases and half-way between them. This question however is treated 
of in detail under the heading of problem LIX to which one may refer 
for any thing concerning the prismoid. 

(91) RlJLiG. To ihesum of the areas of the two parallel ha^eSyAC 
aCf add four times the area of a parallel section JSG equidistant from 



1. This Rolid, like the prinm, is very often met with by the meHSurer. Bectau- 
giiUir vuts with iimliued sides are of this form ; a flat hip-roof preseuts the same 
iigiire ; large reservoirfl are nothing but reversed prismoids; it is found again, in the 
basins, wharves, pillars, abutments and constructions of such kind ; excavations and 
earth works, mounds and embankments, &.C., generally assume this form ; the couti* 
uued embankment of a railway is subdivided by vertical sections into prismoids each 
resting on one of its lateral faces and whose parallel bases are consequently per- 
pendicular to the horizon ; the prismoid is met again in every piece of squared timber 
the ends of which are unequal rectangles, it is again seen in the pilings of balls, and 
sIikUs, audit is also often repeated on various scales in the arts and trades, &c. It has 
been remarked (note page 412) that one must take care not to confonud the prismoid 
with the frustum ufa pyramid, or rather, should it have been said, the frustum of a py- 
ramid with the prismoid, for it evidently follows from the definition of the prismoid 
that any frustum of a pyramid with panillel bases is at the same time a prismoid and 
can be measured by the rule applicable to thia latter ; but the so called prismoid is 
not the frustum of a pyramid, and one caiuiot consequently determine its solidity 
by the rule applicable to the frustum of a pyramid, though however in certain cases 
this last rule may give an approximation very near the truth. Let us add also that 
since when it is required first to determine the nature of the solid to bemeasured, one 
must in the case of the frnstnra of a pyramid ascertain the proportionateness 
of the sides as well as their parallelism, and that their parallelism alone is suffi- 
cient to constitute the prismoid ; one will also often save a useless work by consi- 
dering as a prismoid any solid the lateral faces of which were inclined to one another 
and the sides of the opposite bases pai'allel to each other. 
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these bases : then nmltiply the $vm thus obtained by one sixth of the 
height or perpendicular distance between the parallel planes (llOl G.) 
and the result toill be the required volume. 



it fit d 



One of the bases of a rectangular 
prismoid is 20 x 25 feet, the other is 10 x 15 
the height is 12 feet ] what is its solidity ? 



Aus. (25 X 20) + (15=10) + 4(20 x 15) x 



12 



= 1850x2=3700. 



8. A wharf or pillar has for its parallel 
basesy rectangles measuring respectively 
100 x 50 feet and 80 x 40 feet; the height is 
30 feet \ what is its content in cubic yards ? 

AUi. 451 8if 




B' \ M 







8. A pile of broken stone measures 1(X) x 20 feet at the bottom , 
97 X 16 feet on the top, and 3 feet high or thick, what is its content 
in cable toises f 



Ans. (100 + 20) + (96 x 16)4-4x98x18) x |(or by i) -r- 216 = 
24^^ cubic toises. 

4. A cutting or excavation presents the form of a reversed pris- 
moid 'y the inferior area of the excavation is 10,000 metres, the up- 
per area 14,4(X) metres, the half-way area between the parallel bases 
is 12,100 metres and the height or depth of the excavation is 9 metres ; 
how many cubic metres have been dug out ? Ans. 109200. 

6. How many cubic feet of water can be contained in a reser- 
voir the base of which is a rectangle 100 x 50 feet, its upper 
base a rectangle 180 x 130 feet and depth 20 feet f Ans. 262,666}. 

O. What is the cubic space contained within a roof the base of 
which is a rectangle 40 x 60 feet, the upper part a rectangular flat 
20 X 40 and height 12 feet ? Ans. 18,400 cubic feet. 

7. What is the solidity of a piece of square timber whose length 
is 24 feet and the ends parallel and rectangular planes 30 x 27 

inches and 24 x 18 inches ? 

AuB. 102 cubic inches, 

8. A trough the depth of which is 20 inches, has for its parallel 
bases rectangles of 36 x 30 inches and 30 x 24 inches f 

9. Ans. 10.3475 cubic feet. 



/ 
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9. An embankment for 
a railway measures 300 yards 
in length, its ends are trape- 
ziums, the parallel sides of 
one are 4 and 34 yards and 
the height 10 yards, the sides 
of the other are 4 and 19 
yards and the heiglit 5 yards ; 
how many cubic yards does 
it contain ? 

Ans. Area of one end=i (4 f 34) x 10=190 fettdSf aifea t^f the 
other end = i(4 i 19) x 5 » 57i yards, intermediate *w» 
gi(4 + 4) ^ i (34 + 19) X i(10 4^ 5) =15.25 x 7.5 = 114.375 squarfe yaft^fe 

2 
114.375x4=457.500, 190 + 57.5 + 457.5=705, and 705 x J(30O)=705 

X 50 = 35,250 cubic yards. 

19. A causeway on a sloping or inclined ^rovnd m^asnftt M) 
metres in length } the areas of the quadrilaterals with paxfttteladtiB 
forming the vertical ends or bases of the prismoid perpendicular to 
its length, are 120 and 80 square metres, and the area df a half- 
way section between these latter is 100 metres ; h6w mahy <ntbic 
metres have been required to form it f AMI. 10^000. 



11. What is the cubic space occupied by a pile' of eahiiofi'biUh 
whose rectangular base is 30 feet by 10, the Upper plane 25 feet 
by 5 and the height 4 feet ? Ans. B33} neaily. 

12. The pedestal of an equestrian statue the height of which is 10 
feet, has for its parallel bases rectaugles of 15 x '7 feet isttd^2=4 
feet ', what is the solidity of the mass of stone ^^hich it isfbrittted ^^ 

Ans. 75D ciib£efe«t 

PROBIiBM XI. 
To find the area of a regular pfrcsnid. 

(See the pyramids of the stereoinetriimi ttikledm!,) 

(9!2) RVLE. Multiply (1099 O ) the perimeter (AB01>:EA) 
of the base by the incline^ half -height (SF) ; the product mil l>e the la- 
teral or cowvex area. To the lateral area add that of the liMe, w7i9h 
the whole area is required. 



w 
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:. 1. What is tlie lateral area of a regu- 
lar triangular pyramid, the incllDed height of 
ifvliicli is 20and each side of the base 3. Ans. 90. 

2. Eequired the whole area of a regular py- 
ramid the inclined height of which is 15 metres, 
and the base a pentagon the side of which is 25 

metres ? 

Ans. 2012.778 square metres. 

3. How many squares of shingle, zinc or 
other metal, &c. would be required to cover a 
roof having the form of a regular pyramid 
the base of which is 200 feet perimeter, and 
the inclined height 33 feet ? Ans. 33. 




PROBLEM Xn. 

To find the lateral area of the £!rustuin of a regular py- 
ramid -with parallel bases. (Fig. to Prob. XI.) 

(See on the tableau the models of this solid.) 



(93) RULE. Find (1040 G.) the prodtict of the half sum of the 
perimeters {ABCDEAj abcdea) oftJie two bases by the ineliiied height 
(fF) of the frustum ; you will have the required area. 



1. What is the lateral area of the frustum of a heptagonal 
pyramid, the inclined height of which is 55, each side of the inferior 
base 8, and each side of the superior base 4 f Ans. 2.310. 

3. An eight sided roof, terminated by a platform has for mea- 
sure of its inclined height 1 7 feet ; the length of the side of the regular 
octagon constituting its base is 20 feet, and the side of the superior 
polygon is 10 feet ; required the weight of the lead that covers it, 
lead beiug 6 pounds per square foot ? AbS. 12240 pounds. 

3. How many superficial feet of cut stone are there in the late- 
ral area of of a polygonal tower the inferior and superior perime- 
ters of which measure respectively 100 feet and 80 feet and the 



inclined height of which is 40 feet ? 



8 



Ans. 3600. 
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pROfiLSH xm. 

To detennine the area of a pyramid, or of any &ustum 
of an oblique or Irregular pyramid. 
(See tlie modek of the tableau.) 
RVLE, Oet (10S9 G.) separately the area of eeu^h of the cmpe- 
nent/aeta aiid taJce tA«ir avm/or the required area. 




ft B 

PROBLEM XIV. ' 

To find the solidity of any pyramid. | 

(See the models of the tableau) 
GENERAL FORMULA. 
To the sum offke areas of the tico hates or etidtofthe pgramklaii 
JbuT times the area of a section half-Kay betweMt t1i«m ; the sixth p<irt 
of the product of this swn by the height of the solid, icill be the required 
volume. 

Sft. BBJU. Here, the Baperior base S, 
(Kpex of the pyramid) is but a point and 
its aiea ia therefore null, or=0. The 
area of thebalf-vaj section bus exactly 
and in alt caaee,tbeTalae of the fourth 
ofthatoftbe base, slnoe its linear di- 
menfiiona are ^ the halves of those of 
the base, and the figures AC, ac,— XYZ, 
xyt ore (1V33 O.) similar polygons 
of which theareaa are us the Bquares 
of the homologoas sides ; which gives, 
asalready stated, 4xl=J. Now tli6 

1. In theaimilnr triniigl«8 Alts, oA 3, the liomala^m 
portioiial. Therefore, miiob a6 ishalf-wiiy between AB 
AS nod auiiseqneutlj AU : AS :: a b : a S, thHt nab = i 
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superior area being, as just seen, equal to 0, the formalin vkf 
for tlie pyramid x the area of the base plus 4 timea the area of ihe 
half-xoay section multiplied by the sixth part of the height. But the half 
height area being the fourth part of that of the base, and as 4 times 
i are 1, the formula is further simplified and becomes : twice the area 
of the base by the 6th part of the height j expression which reduces 
at last to the following. (Introduction page 9.) 

(96) RriiE. Multiply {1049 G.) the area of the base by om 
third of the height (957 O.) and the product will be the required 8Q^ 
lidity. 

EX. 1. What is the solidity of a pyramid, of whidii th9 base la a 
square 30 feet each side, and the height 25 feet f Anth 7500. 

2. The side of the equilateral triangle which foims ihe base 
of a pyramid is 3 feet, its height is 30 feet } what lA its solidity f 

AM. 38.9711. 

3. What is the solid content ofa hexagonal pyramid of which 
the height is 6.4 feet and each side of its base 6 inches f 

Am. 1.38564. 

41. The helglit of a pyramid is 12, and each side of its pentagonal, 
base is 2 j its cubic content is required f Ant, 27.5276. 

5. What is the volume of the space occupied by the roof of m)^ 
octagonal tower of which the side is 5 metres, the height of the roof 
being 10 metres ? 

Aas. 52x4.8284271 (a§T.) =120.7106775 metres is the area of 
the octagonal base of the roof and 180.71 ^ 10 -^ 3 = 402.366 cubio 
metres. 

PROBLEM XV. 

To find the solidity of the frustum of a P3rramld i^irith 

parallel bases. 

(See the frusta of a pyramid of the to^Zeoi*) 



(9T) RlJIiC! 1. To the sum of the areas of the two bases adct 
(1I03 O.) four times the area of a section half -way betwem^ them, 
that is, of a section of which the lineal factors are arithmetical means 
(1305 G.) between those oftJie two bases ; multiply then the svm thus 
obtained by one sixth of the height of the frustum ; the product will be 
the required solidity. 

(98) KUIiE II. Find (1061) first a mean proportioruil be- 
tween tlie two bases j then add together this meaupr(ipQrU0nal.and ike 
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twohoBes of the frustum ; and multiply this ««w by one third of the 
height of the frustum / ike product will he the required solidity, 

REBI. In the case of the fi-ustum of a pyramid the stereometri- 
oal formula cannot be simplified ; it cannot be reduced as in tlie 
case of the prism or of the wliole pyramid, to a more simple expres- 
sion. On the contrary, every other rule to obtain the volume of 
the fmstum of a pyramid is more complicated and requires niore 
work than the formula of the tableau, whether we would cube 
the frustum by taking the difference of the whole and the partial 
pyramids (AS, as, fig. to page 73, 74) or arrive at the result 
by Legendre's formula which will be found here below (KUEiE 11). 
In &ct, we must in the first case compute by rules of pro])ortion, the 
lineal dimensions. of the partial pyramid which is wanting in the 
fjnistnm under consideration to form the whole pyramid of which 
the frustum is a part, afterwards calculate each of these pyramids ] 
and in the second case there is to be found a mean proportional be- 
tween the two bases, that is, between the areas of these bases, ope- 
ration which requires the extraction of the square root of the pro- 
duct of these two areas the one by the other ', whilst by the formula 
of the author, we arrive immediately and without any difficulty at 
the area of the intermediate section the factors of wliich are each au 
arithmetical mean between those of the opposite bases of the solid. 

Ex. I. What is the number of cubic feet in a piece of timber 
the length of which is 24 feet and the ends are squares of 15 and 6 
inches the side f 



Ans. ^15% 6'=90.225 + 36 + 90=351c=(-r-144) 2 feet5isquare 
inches, which multiplied by one third of 24 gives 19.5 cubic feet. 

d. Required the volume of a i>entagonal pedestal the height of 
which is 5 feet, each sid(' of the inferior base 18 inches and each side 
of the superior base 6 inches f Ans. 9.31925. 

8. A fort, the height of which is 15 metres, has for base a regu- 
lar octagon the side of which is 10 metres, the side of the superior 
polygon is 9 metres ; what is the solidity of the tower ? 

Am. Area inf. oct.=(28 T.) 4.8284271 x 10=482.84271 square 

2 

metres, area sup. oct. = 4.8284271. x 9 = 391.1025951, proport. mean 

area= V 482.84 x 391 .10=434.56, the sum of the 3 areas = 482.84 -h 391. 
1+434.56=1308.50, and 1308.5 x ^ (15)=6542.5 cubic metres. 

Ans. By the rule (llOl G.) of the prismoid, we have for area 

half-way of the parallel bases (10 + 9)-5-2=9.5, and (9.5) x 4.8284271 - 
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1435.76, X 4—743.04, 1743.04-^482.84 + 391.1 =2616.98, and 2616.98 x J 
(15) =6542.45 as before, for the difference .05 between the two re- 
sults comes only from our not having taken into the two calculations 
a ^eater number of decimals. 

REJU. In this last example, the area of the smaller ba8e= 

4.8284271 x 9 ^and that of the ffi^eater = 48284271 x 10^^ the product of 

tliese two areas, the one by the other 184.8284271 x 9x 4.8284271 x 10^-= 

4.828427l'^x 9x lo\he square root of which is 4.8284271 x 9 x 10=the 
proportional mean area required. It is then plain that in the calcu- 
lation of the solidity of the frustum of a pyramid by the first of the 
two rules here given, one will save a long and useless work by using 
the method just indicated to determine the proportional mean area re- 
quired, instead of multiplying the one by the other the areas 482.84271, 
391.1025951, afterwards to extract its square root. This remark ap- 
plies also to the frustum of a cone, prob. XXVIII. 

PROBLEM XVI. 

To find the solidity of the frustum of any pyramid, that 

is vrith non parallel bases. ^ 

(See among the models of the tableau, the frustum of a triangular 

pyramid with non parallel bases.) 

(99) RULE I. Divide the frustum to he cubed by a plane of 
section e F gh parallel to one of the bases a B c d, arid passing through 
the nearest point F of the other base, into the frustum of a pyramid mth 
parallel bases and a solid which will be decomposed into as many pyra- 
mids as the given frustum has sides less two. Find separately the so- 
lidity of each of these elements by the preceding rules : their sum will be 
the required solidity. 

(lOO) RULE II. Determine (106Y O.) H 

separately the respective solidities of the whole jj ^ — lA 

and partial pyramids ; the difference of these fT /l \ 

volumes will he the required solidity, . / \ A,Jk \ i 

Ex. The inferior and superior or oppo- / ^^\/iC^^-rw 

site areas of the frustum of a pyramid with / ^^/ \v 

non parallel bases, are 30 and 20 metres, the III 

respective heights of the whole and partial / l^^^^r^ / 

pyramids are 33 and 17 metres j what is A/T/^ /'\ / 

the solidity of the frustum ? l\ I / 'a\I 

Ans. 30 K \ (33)— 20 X \ (17)=320 cubic ^^-hf/y'^-r^ 

metres — 113J cubic metres = 216| cubic ^q^' — ^ 
metres. 



J. The iigure is not that of the frustum of a pyramid, but imagiue it to be one. 
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PROBLEM XVII. 

To find the area of a right cylinder. 

(S^v tlio oyliiidL-rs of th« t{thlean.) 

(101): jftilfij}!}/ (OO^S G.) the iircinnfcreitre <>/' ihr h(if<c hij the 
hcif/hf to ohidin thr lateral area. To this area add those of thetico bases 
if the whole area is retjuired. 

Ex. I. What is the lateral nroa of a cylinder of wiiirh the dia- 
meter of the base is '^0, and hei.i^ht 50 ? Awi. 3141.6. 

2. What is the nuinl»er of sniifrlleial fiM*t of out stone in the 
convex s:irfa<'e of a <'iiriilar pillar the height of whieh is 7 feet and 
circumference H feet 1 inches ? Alls. 58J. 

li. IIn\v many yards of coaling are there in the circumference 
and ceiliir^ol'a rircular room which is2i') feet in diameter and 10 feet 
hi-^h ? 

AiiN. Cir. -3.1 tli; >' '20 - ()2.S3-2, convex area=()2.S.3: x 10 = 628. 

32 area of the c.eilin.'j: :■ 20 x"20 < ./rfdl .= 314.1(), iHMiuired area » 
628.32 I 31 l.M) :- 101.72 t^iiuare yards. 

i) 

4. What is the cost ei' polisliing the convex area of a marble 
C(dumn of which ihe dianicier is 12 inciies and length 10 feet, at 
one dollar a stiiierlicial foot? Amn. >'31.42. 

5. A cylindrical tower the height of which is 10 metres and dia- 
meter also 10 metres, has for latc^ral arc^a ? 

Aufs. 314.16 squan* metres. 

6. llcMiuired how many feet in area there are in a running foot 
of the interior surface of a cylindrical drain the diamet n* of which 
is 3 feet ? Aiis. 3. 141 59 x 3 - 0.42477. 

7. A cut stom' vault is send -cylindrical, its diameter is 10 feet 
and length 50 feet ; what is its concave area ? 

Ans. 785.4 si(uare feet. 

8. AVliat is the number of square inches of gilding in the sai-face 
of an iron bar the length of which is 14 feet and the dinmeter li 
inches ? Ans. circ. 3.027 x 163^i>59.37. 

9. llow nnmy superftcial inches of silvering would be required 
te cover tin* interi<n', that is tbe concave surface and thfi bottom of 
a cylindrical vessel 7 inches in diameter and inches hii^Ii ? 
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Ans. The bottom « 7 x 7 ^ .7854 ^ 38.4846 square inches, tlie 

conc(ive area ~ 3.1416 x 7x9 = 197.9208 scxuare inches, iu all 236.4 
square inches ? 

PROBLEM XVIII. 
To find the solidity of a right cylinder. 

(See the tableau.) 

RE IV. The general formula is reduced here, as in the case of 
the right prism, since the cylinder is nothing else but a prism liaving 
an infinite number of sides, to the following expression. 

(102) aULE. Multiply (1033 G.) the area of the base by the 
heiglit / the prodiict will be the solidity, 

Ex. I. Kequiredthesolidity of a cylinder 
of wliich the height is 20 and circumference 
of the base 5i? 

Ans. (5.5)'' X (31, T.) .07958 = 2.4073 
=area of tlie base, and 2.4073 x 20 = 48.146. 

2. A bucket or other cylindrical ves- 
sel is 15 inches diameter and 12 inches high 5 
how many gallons of wine will it contain, the 
gallon being 231 cubic inches ? 

Ans. 15 X 15 X .7854 x 12 = 2120.58 cubic 
inches, -f- 231 = 9.18 gallons or 9 gallons, 1 
pint and half a pint, nearly. 

3. A bar of wrought iron is 14 feet long and IJ inches diameter, 
what is its solidity in cubic inches ? 

Ans. 1.25 X 1.25 x .7854 x 168 (or 14 x 12)=206.1675. 

4. A stone column is one foot diameter and lOfeet high j what 
is its solidity ? Ans. 7.854 cubic feet. 

5. What is, per lineal foot, the capacity of a pipe or drain of 3 
feet diameter ? Ans. 7.0686 cubic feet. 

6. The foundation of a chimney is a cylindrical mass of which 
the diameter is 10 feet and height 10 feet^ how many cubic yards 
of mason ly does it contain ? 

Ans. 785.4 cubic feet-j-27=29 cubic yards, 2 cubic feet. 

7. Tlie axle-tree or iron spindle of a mill-wheel is 10 foot long 
and 9 inches diameter 5 what is its solidity in cubic feet 1 

Ans. 9 X 9 X .7854-T- 1728=4.418 cubic feet. 
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PROBLEM XIX. 

To find the area of an oblique cylinder. 

(See the tableau.) 

(103) HMJLi^. Multiphj (99T G.) tlie length AF or TDoftU 
side by the circumference of a section LR perpendicular to the side or 
€ixis PO of the cylinder ; the product will he the lateral area. 

£x. I. The seini-cylindrical vault 
of the opening or arch of a bridge cros- 
sing a river obliquely, is 30 feet diame- 
ter and 20 feet long } what is its con- 
cave area ? ' 

Ans. 942i square feet, nearly. 

3. A stair railing terminated at 
each end by the vertical faces of the 
newels, measures lOi inches circumfe- 
rence and 15 feet long ; what is the 
number of superficial yards of varnish 
laid over ? 

Ans. JOi inche8=.875 feet, and 15 x .875=13.125 square feet= 
1 yard 4J^ feet. 

3. What is the area of the zinc in a pipe the diameter of wldch is 
9 inches, and of which the length, 5 feet, is terminated by the parallel 
planes of two alternate elbows (i53 G.) or facing in opposite direc- 
tions. 

Ans. cir.=3.1416x 9=28.2744, cir. x 60 aud-T-144=llfj square 
feet nearly. 

PROBLEM XX. 

To find the solidity of an oblique cylinder. 

(See the tableau.) 

REM. The general formula is reduced here, as for the oblique 
prism to the following simplified expression. 

JftUlif: I. Multiply the area of the base by the height of the solid; 
the product will be the required solidity. 

(101) RVeE II. Multiply (1026) the length of the side by the 
area of a section perpendicular to the side or axis ; the product will he 
the required solidity. 
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T!x. Wliat is the solid content of the stair railing of the last pro- 
blent I 

An«.Area sect. perp. = (81, T.) 10.5 x 10.5x .07958=8.7737 
square inches, and 8.7737 x 180 {the length in inches) =1579.26 cubic 
inches, or .914 cnbic foot, or -fi, nearly. 

Ex. The area oF the base of a cylinder is 3.33 square metres and 
the pvrpendicalar distance which separates its two bases, is 10 
metres ; what is its solidity t Ans. 33.3 cabio metres- 

» 
PROBLEM XXL 

To find the area of the fttiatum of a right oflliider or of 

the frustum of an oblique oyllnder whose large 

and smaU aices CD, F£ or OH, IiK of the 

opposite bases, are (1099 G-.) In the 

same plane CDEF or GHKIj. 

(lOS) RULE I. If the fnistum lie right, muliiply {dem. of 1099 

and 1097 C) the half-mm of (he greateat and Uatt heighU EP, 

FP o/ the frwtum (jj the perimeter of tlte haseofiehMtPP it theaxii ; 

the product will be the lateral area. 

nULE II. If the fnittum it obUgue, mulftply the half-ium of 
the length* of the leait and greatest tidea DE, OP of the fruttwn 
by the perimeter of a eeetion A£ perpmdieular to the axit of the eylin- 

tix. 1- The diameter of a cylinder is 
10, its least height Ib 9.4 and its greatest p /r:^'7\~>^^^ 

height 10.6 ; what is its convex area T "r^rr^^^ 

a. A half-elbow of a stove pipe Pfcirfir^^j \ 

EP, PP or of any Mindnit (the rectilineal ^Vv?^7Nt / ■ 

elbow is nothing but a double frustum of / • A^?~7^\/ I 

arightcylinder, that is two frusta of right /S^--XjT/B ■ 

cylinders meeting at any angle what- Ct~^Mih-)'-Jc ■ 

ever) of which the diameter is 7 inches, ^--EJjZ3n) ji 
has for its least and greatest lengths, 4 H. 

and 11 inches respectively ; what is its lateral area t 

Am. 3.1416 X 7 X i (4 + 11)^164.9 or say 165 sqnare inches, or 
<^~144)=1 square foot and 31 square inches, or 1^ sqoare feet nearly, 

3, Between the two component frusta of the rectilineal elbow of 
a cylitidiical hand railing, is a third frustum of which the greatest 
length is 3 inches and least length null. What is its area, the dia- 
meter of the rul being 9 inches 1 
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4nf • It is plain that the proposed fmstum is nothing bnt a 
double ungula of a right cylinder, that is two ungnla united by their 
perpendicular bases ; the required area of which=3.1416 x 9 x i(3)= 
28.2744 )( J. 5= 42.4 square inches. 

4. In a cylindrical vessel inclined to the horizon is a liquor of 
"which the least distance from the surface to tlie bottom is 67 deci- 
metres and the greatest is 1.33 metres, the diameter of the vessel 
being 1 metre ^ required the area of the surface exposed to the action 
o(tlie liquor f 

Ant. 1x3.1416 X K67 + 1.33)=3J416 square metres, = lateral 

3 

area, the bottom = 1 x .7854 = .7854 square metres, the whole 
area=3.1416 + .7854=3.9270 sq. m. 

5. A semi-cylindrical vault is terminated by two walls, un- 
equally oblique to tlie axis or direction of the vault ) the diameter is 
20 feet and the least and greatest lengths 36 and 90 feet, what is the 
area f APS. J096.73 square feet. 

6. The drum of a circular stair of which the diameter is 10 feet, is 
terminated by the inclined roof of Uie building -, its least height fix)m 
the level ofthe^^oor of the last story is 7 feet, its greatest height 
13 feet ) what is its lateral area in ^uare yards f 

Ans. 314.16^9=34} nearly. 

PRQBLEM JSXXL. 

To JOnd the solidity of a firustum of a right oylinder, or 

of a firustum of an oblique oylinder of whioh the 

great or small a^es OD, FE o^ GH, IiK of 

the opposite bases, are (1099 G.) in the 

same plan .CDSF or GHBXi. 

RC«]!1. To apply here the general formula, it would be neces- 
sary to decompose the solid by a plane parallel to one of its bases, 
and passing through tlie point F (^ ) the nearest of the other base, into a 
right or oblique cylinder as the case may be and the ungula of a cy- 
linder with a cii^ular or ellij^tical base and of which the general rule 
gives the exact volume. 

(106) RI7LI: I. Multiply (1099 G.) the base CHDG, that u 
the area of the base, by the half -sum of the least and greatest heights 
IIf, FP of the frustum ; the product will be the required solidity, 

(I) See the figure of the laAt problem and imagine a plane of section paraUel to 
€1) or KN and paaeing through the point V ; then the section KNL of the ungula 
{Mirallel to \he plane panning through ¥ wiU be the section of the ungula half>wuj be- 
tween its biise and its apex K. 
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RI7LE II. Multiply {WW9 6.) tlie are^ of a section AB per- 
pendicular to the axis 00 of th^ cylinder, by the hdlf'-sum of the lengtJie 
o/^ ttu least and greatest sides BB OF of the frustum, 

Ex. I. In a cylindrical vessel the bottom of which sank and dis- 
t^nrbed its vertical position, the least inclined height of th6 liquid con- 
trained is 13 feet and the greatest height 15 feet, the dianoieter of the vat 
^eiug 20 feet } required the number of gallons of liquor (say 7i gal- 
lons to the cubic foot) in the vat ? 

Ans. 4J98.^ cubic fSdet=d298$.80 gallons. 

8. The semi-cylindrical coping of a wall meeting two others at 
unequal oblique angles, measures 3 feet diameter and its mean length 
is 100 feet ; what is its solidity f 

Anfl. area perp. sec.==3 x 3 x .7854 x 100=353.43 cubtc feet 



PROBLEM XXm. 
To find the area and solidity of any frustum of a cylinder. 

(See the tabUa/u,) 

(M7) RULE I. Imagine the fruetum cut {atAB^fig. to pro-' 
blem XXI) by a plane perpendicular to the aais qf the cylinder, Befer 
to that common base, ^le two component frusta j get by the two lastprO' 
hlems the area or solidity cfeoAih of them, and take their sum; or, which ie 
the same thing, multiply the common base or the circumference, <is the 
case may be, by half the sum of the two greatest and two least sides AO, 
JBM'AF BD of the two frusta : the result wiU be the solidity or area, - 
<i8 the case may be, of the proposed frustum, 

WLVMilR II. TJis area of the base CD m^MpUed by the half-sum 
of the least a/nd greatest heights FF, EF of thefruitum, vnll give it$' 
solidity. 

PROBLEM ZXIV. 

To find the area of a right or regular oohe. 

(Siee the toMEeotf.) ' 

(108) RIJ1.G. MulUply (X041 iit.) the drevmferenee of the hose 
BE by half the side, or inclined height A8, or B8, or dc. ; the 
product will be the convex area ; to this area add that of the base, if 
the whole ao'ea is required. 
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Ex. 1. What is the lateral area of a 
cone the aide of which is 50 and diameter of 
the base 8i f Atts. 667.59. 




9. What is the convex area of a cone > 
the side of which is 36 and diameter of the 
base 18 f Ans. 1272.348. 

8. The bottom of a boiler is a rever- 
sed cone the diameter of which is 10 feet 
and side 6 feet ; what is its lateral area t 

Ant. 94.248 square feet. 

4. A vessel the diameter of which is ^^~" ^ 
10 inches has a conical lid the side of which is 5| inches^ what is the 
area of the latter f Ans. 10 x 3.1416 x 2.875=90.^1 square inches. 

5. A reservoir the plan of which is circular and the vertical sec- 
tion of which drawn through the centre is an isosceles triangle, is 60 
metres wide and the length of its inclined side is 33 metres ; how 
many bricks would be required to line its area, at 75 bricks per square 

metre t 

Ann. Diam. 60 x 3.1416 x 16^ x 75=2a3,264. 

6. A tower is 150 feet circumferenee and the inclined side of its 
conical roof measures 30 feet ; how many squares of shingle roofing 
would be required to cover it ? Avg. 22^. 

' ' 1. What will be the weight of tlie conical cover of a gazometer 
the circumference of which is 180 feet and the inclined side 30 feet; 
the iron being 5 pounds to the square foot f Ant. 13,500 pounds. 

PROBLEM XXV. 

To find the area of the frustum of a right or regular cone 
vnth parallel bases.— (Seethe tableau.) 

(1O0) Multiply (1043 G.) the half-su/m of the drcumferenees of 

the two ha>8e8 by the ineUned height of thefruetum ; you will have the 

eoTwex area ; to which add the areas of the two haaesj to obtain the whoU 

Cflrea. 

fix. I. The side of a frustum of a cone is 12^, and the circum- 

erences of its bases 8.4 and 6 ; what is its lateral area t Ans. 90. 

3. What is the whole area of the frustum of a cone the side of 
which is 16 feet and radii of the bases 3 and 2 feet Y 

Ans. lat. area=251.328, area inf. base =28.2744; area sup. base 
=12.5664, whole area— 292.1688. 

8. The conical part of a funnel has for greater diameter 10 inches, 

the smaller diameter 1 inch, and the inclined side 15 inches ] what is 

its lateral area f 

Ans. 259. square inches=1.8 square feet. 
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4. The inclinedroof of a circular tower tlie diameter of which i» 
30 feet and the side 20 feet is terminated at the top by a platform 
the circumference of which is 33 feet ; required the number of squares 
of zinc to coyer it, including the platform. 

Ant. lat. area= 1272.48, area sup. base=(33) x .07958=86.66^ 
required area= 1359.14 square feet=13i squares 9 square feet. 

5. How many sqiiare inches of gilding will be required to cover 
the interior of a goblet the inferior circumference of which is 6 
inches, the sup. circ. 7 inches and the side 3i inches ? 

Ans. The lateral surface = 3i x i (6 + 7) =22.75 square inches, 
the bottom=6 x 6 x .07958=2.865, the whole =25.615 square inches. 

PROBLEM XXVI. 

To determine the area of a oone or of any frustum of an 
oblique or irregular cone. — (See the tableau.) 

(110) RUliE. I>ivide the lateral area of 
the cone, hy lines drawn from the apex to the 
hasCf into triangles or sectors, and the lateral 
area of the frustum of the cone hy lines drawn 
between the two basesj into trapeziums, &e. y 
calculate separately the area of each of the 
component parts and take their sum for the 
required area. 

PROBIiEM XXVII. 

To determine the solidity of a right or oblique oone. ^ 

(See the models.) 

REIS. The general formula is reduced for the 
right cone, as with the regular pyramid, to the fol- 
lowing simplified expression, for ao= iAO and con- 
sequently half-way area o = i area and as 4o= 

0, it foUows that 4oTO x ^80=0 x iSO. 

(111) Rltl.E. Multiply (lOmoO,) the area of 
the base by one third of the lieight, and the product 
will be the required solidity. 





1. Kead the general formula and the remark relating to the solidity of tlw 
pyramid, problem XIV. 
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:. 1< What is the solidity of a cone 
the height of whioh is 27 feet and base a circle 
10 feet diameter t Atti. 706:86. 

9. The circumference of the base of a right 
cone is 9 feet, its height being lOi feet, what is 
its solidity ? Ans. 22,56. 

8. The area of the base of an oblique 
cone is 1000 metres and its height 30 metres ; 
what is its solid content f 

Ads. 10,000 cubic metres. 

4. A rock or hillock having the form of an irregular cone has for 
its base a figure the area of which is 5300 square yards, the height of 
the body being 105 yards ) how many cubic yards of stuff would it be 
necessary to take away to remove it f Ant. 185,500. 

5. What is the volume of the space included under a conicai 
roof the height of which is 30 feet and diameter 30 feet f 

An*. 7068.6 cubic feet. 

6. How many cubic inches of sugar plums can a cornet 3 inches 
diameter and 9 inches long contain f Ans. 21\» 

Y. The circumference of the conical bottom of a boiler is 10 feet 
and the height of the cone 1 foot ) how many gallons will that part 
of the vessel contain f 

Ant. 10 X 10 X .07958 x ^=2.652666 cubic feet, x 1728 and-^-231 « 
19.843 gallons. 

PROBtEM XXVm: 

To determine the volume of a fVustum of a right or 

oblique oone, that is, of a firustum of any cone, 

with parallel bases. — (See the models.) ^ 

(112) RCJIiE \. To the sum of the 

areas of the two haseSf add four thnee the 
area of a section half-way between them, that 
is of a section whose lineal factors are arith- 
metical means (1265 G.) between those of 
the two bases ; then multiply the sum thus 
obtained by one sixth of the height of the 
frustum ; the product will be the requirid 
solidity, 

, RV1.E II. Find (1063 O.) first 
a proportional mean between the two bases ; 
get afterwards the continued sum of the 

1. Sm the remark which relates to a frustum of a pjramidi problem XV. 




MENSCJBATION OT SUBFAOpBS. .87 

VMian and the two hoses of the frustum ; then multiply this sum by 
ane third of the height of the frustum and the product will he the re- 
quired solidity, 

Cn. I. Required the solidity of a frostnm of a right cone, the 
height of which is 18, the diameter of the inf. base 8, and that of 
the sap. base 4 t 

Ana. Inf. ba8e=8 x 8 x .7854=50.2656, sup. base.=4x4 x .7854 
12.5664, the arith. mean factor between 8 and 4=i (8 -f- 4)=6, 6 x 6 x 
.7754x4=113.0976, the sum of these areas= 175.9296, multiplying 
by 3 (the sixth part of the height 18) we obtain 527.7888. 

3. How many. cubic feet of water may be contained in a reser- 
voir having the form of the frustum of an inverted cone the greater 
diameter of which is 200 feet, smaller 100 feet, and depth 25 feet ? 

iins. 458.153 cilbic feet. 
8. A conical pipe unites two drains of 10 and 20 inches circum- 
ference, its length or the perpendicular distance between its two 
bases is 25 inches ; what is the capacity of that part of the drain t 

Ant. Area small en4=(31 T.) (10> x .07958=7.958, area large 

end=(20) x .07958—31.832, the arithmetical mean circ.=i(10 + 20) 

= 15, (15)%.07958x4=7L622, the sum=111.412, this sum xj(25)= 
464.51666 cubic inches. 

4. What is the capacity of a firkin the height of which is 20 
inches, the inf. diam. 10 inches, and the sap. diam. 16 inches t 

Ana. 2701.876 cubic inches -f- 1728 = 1.55 cubic feet. 

5. A vessel presenting the form of two frusta of cones, united by 
their greatest bases, measures 40 inches long, 28 inches at the bung 
or centre and 20 inches at the head or ends ; how many gallons will it 
contain f 

Ans. 20 X 20 X .7854 = 314.16, 28 x 28 x .7854=615.7536, 24 x 24 
X -7854 X 4=1809.5616, the sum of the areas =2739. 4752 ; xj(20) 
^=9131.584 cubic inches = the content of one of the component frusta, 
X 2=18263.1680 cubic inches, -^ 231 =79.06133 gallons. 

Ans. By the 2nd rule we obtain : 

area lesser base = .7854 x 20 =314.10 

area greater base= .7854 x 28 =616.7536 

area mean proport.=(98 RElll. T.) .7854x20 x 28=439.824 



1369.7376 
multiplying by one third of the height of the frustum 6| 

we obtain for sol. of the frustum 913J .5840 

2 



doubling, we have for total sol. as before 18263.1680 
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RKm. It is hardly necessary to say that instead of multiplying 
separately by .7854 or by .07958, as the case may be, the squares of 
the diam. or circ. of tlie opposite bases, and 4 times the square of the 
diam. or circ. of the intermediate base then to take their sum; 
the sum of these squares may be multiplied at once by the factors 
.7854 or .07958. 



PROBLEM XXIX. 

To find the volume of any fhistuxn of a cone "otrith non 

parallel bases-— (See the tahUau.) 

(113) RVIiE I. Decompose the given 
frustum into a frustum of a co^ie with paral- 
lel bases and an angula of a cone, by a plane of 
section parallel to one of the bases and passing 
through the nearest point of the other base. Now 
get the volume of the frustum of the cone with 
parallel bases by the rule of problem XXVIII^ 
then that of the ungula of the cone by the fol- 
lowing ploblem ; the sum of these volumes will 
be that of the proposed frustum. 

(114) RUIiE 11. Determine separately 

(1067 O.) the respective voUimes of the entire 
and partial cones ; the difference of these vo- 
lumes vnll be the required solidity. ^ 

l«x. The inf. and sup. areas of the frus- 
tum of a cone with non parallel biises are 30 
and 20 metres^ the respective heights of the 
entire and partial cones are 33 and 17 metres } 
what is the volume of the frustum ? 

.(30 X J 33)— (20 X i 17)=330-113i=216| cubic metres. 

PROBLEM XXX. 

To find the volume of the ungula of a oone. 

(See the tableau.) 

(115) REM. Say the ungula DAd with entire bases A6DEA 
or AbdeA, that is, each of the bases of which is an ellipsis, or the one a 
circle and the otlier an ellipsis, or the ungula ABC-D with partial 
bases, that is, each base of which is the segment of an ellipsis or the 
one the segment of a circle and the other the segment of an ellipsis, a 
parabola or a hyperbola, according as the ungula in each of the two 
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caaes be that of a right or of an oblique coae. Imagine a plane of sec- 
tion parallel to either of the two bases and drawn half-way between 
such base and the apex D or d^ B or D, as the case may be, of the un- 
gula, that is, passing through the middle of Dd or DB ; the section 
will be in the first case a semi-circle if the base to which it is pa- 
rallel is a circle, a semi-ellipsis if the base 
to which it is parallel is an ellipsis, and such 
fiemi-ellipsis will also be similar to the one to 
which it is x>arallel ; in the second case the 
section of the ungula ABC — D will be the seg- 
ment of a circle, if the base parallel to it is 
a circle, or the segment of an ellipsis if the 
plane of section is parallel to an ellip- 
tical base, or finally a parabola or a hyper- 
bola. The apex of the ungula is evidently 
but a point d or D, D or B and its area is 
consequently null or=0. Therefore the ge- 
neral formula *' sum of the areas of the two 

opposite bases or ends, plus 4 times the area of the half-way section, 
multiplied by the sixth part of the height of the ungula" is reduced 
as for the cone or pyramid to the following expression : 

(116) RULE I. To the area of the base add four times that of 
the half-tcay section parallel to such base and multiply the sum of 
these areas by the sixth part of the height of the solid ; the result will 
be the solidity nearly of the proposed ungula, (See the problems re- 
lating to the areas of the segments of circles and ellipses, to that of 
the parabola, &c., problems XX and XXI, &c. 

Ex. I. Cube the frustum of a right 
cone the heightof which 20, the inferior 
diameter =15, superior diameter = 9.6, 
intermediate diam. (15 + 9.6) ~ 2 = 
12.3. Imagine a i)lane of section passing 
between the opposite ends of the inferior 
and supeiior diameters } this section will 
divide the given frustum into two un- 
guis©, the one having for its base the infe- 
rior base of the frustum of the cone, the 
other, the superior base of the frustum. 
The intermediate section of the ungula, 
the diameter of whose base is 15, will be 
the segmen t of a circle whose versed- sine = 
15-7-2=7.5 and the intermediate section 
of the other ungula will also be the seg- 
ment of a circle having for its versed-sine 12.3—7.5 = 4.8. The area of 

10 
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this latter 8egiiient=(4I, T.) 42.94 aud that of the other segment is 
equal to thatof fclio circle the diaiu. ofwliich is 12.3 minus 42.94 = 118. 82 
—42.94=75.88. Now, volume interior ungula=75.88p< 4 H 176.71 (area 
of the circle the diani. of which ia 15) x 20-7-6=1(500.75; the real solidi- 
ty =1596.98, the diifereuoe= 3.77= less than the fourth part of one 
per cent in excess. 

(Ill) The other ungula has for its solidity 42.94 x 4^-72.38 
(area of the circle whose diameter is 9.6)= 171 .766 r 72.38=244.1486 x 
20^6 - 813.829. This volume added to 1600,75 gives for the sum of 
the solidity of the two uiigulae 2414.579. The solidity of the frustum 

=area circle, diam. 9.6 + area, circle diam. 15 + 4 area circle diam. 
12.3, the whole multiplied by 20^-6=2414.63376 which differs from 
the last result only because we did not take iu all tlie decimals. 

Ex. il. With the same frustum of a cone as in the last exailiple, 
suppose the plane of section passes through the end of the supe- 
rior base and cuts the inferior base at 5 from the opposite end of that 
base J then (41, T.) for the area of the segment of the base the versed- 
sine of which is 5 we w^ill have 51 .56^37, and as the area of the circle to 
diam. 15 isl5 x 15 x .7854=176.715, we will obtain, deducting from it 
51.5637, the area of the other segment of the base the versed-siue of 
whichis 10=125.1513. Now for the respective inttMinediate bases of the 
two ungulae, we obtain for the one whose versed-sine is 5 (half of 10) 
45.3492 and for the other segment whose versed-sine is 12.3—5=7.3 
we obtain area circle to diameter 12.3—45.3492=118.8232—45.3492= 
73.474. We consequently obtain for the solidity of one of the two 
ungulae (the one having for its base the inf. base of the frushim) 125. 
1513 + 4 times 45.3492 = 306.548 aud 306..548 x 20-^6=1021.8267 j the 
real solidity =101 5.701, the difference is 6 + , say the 6 tenths nearly 
of one per cent in excess. 

Ex. 3. Another frustum of which the height=40 and of which the 
inf. ami sup. diam. are 60 and 38.4 and the intermediate diam. conse- 
quently =49.2 =60 ^ 38.4-S-2, the frustum divided into two uugulaj with 
bases not truncated as in the example n. 1, gives for respective areas 
of the segments constitutijig the intermediate bases of the two nn- 
gulae whose- versed-sines are 19.2 and 30, 687.050251 and 1214.120405 
whose sum = J 901. 170656 (area of the circle forming the intermediate 
section of the frustum) ; area sup. base. = 1158.119424, area inferior 
base=2827.44, solidity inf. ungula=51.226, the solidity of thesui>e- 
rior ungula= 26.042, the sum of the two =77.268= solidity of the 
frustum. The first solidity 51.226 is ,123 more than the real solidity 
which is 51,103, the error being 0.24 or i per cent nearly, the second, 
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volume 26.042 is less than the real solidity which which is 26.165, by 
.123 or nearly the half of one per cent in defect. 

.The solidity of the other nngula=51.5637 ^ 4 times73474 72. 
3825,the whole x 20-^ 6= ia^l2.80706, which added to 1021 .8267 volunie 
of the other ungu la gives for the solidity of the frustnni 2414.63376' 
But the frustum calculated separately = as in the last example 
2414.63376. 

(118) Ri:31. Since the formula applied to the frustnm oftlie 
cone gives an accurate result, and the solidity of the ungula having for 
inferior base the base of the frustum, is greater than the rojil solidity, 
as ith as just been seen, by about i per cent (more or less) it fol- 
lows that the solidity of the other ungula is less than th(^ real solidity 
precisely by the qusiutity which is in excess in the first ungula, which 
is evident. 

What is certain, .is that in practice one would prefer disre- 
garding as the case may be, the half percent of error in question 
to taking the trouble, of arriving at a more accurate result, thnnigh 
the long and difficult calculation required by the accurate formula and 
lose a time which generally would be more valuable than the stake 
of half a unit in a hundred, or of one unit in 200. 

Ex. 4. The segments of ellipses being the basts of the ungula of 
a cone, are (61 T.) respectively of 20 and 15 feet area, and 
the heights of the whole and i)artial cones perpendicular to those 
bases are (1067 G.) 30 and 33 feet ; what is the volume of the 
ungula ? 

An§. (20x J30)"— a5x^23> = 300— 115 - 185 cubic feet. 

PROBIiEM XXXI. 

To determine the solidity of the ungula of a oy Under. 

(See the several nngula) of a cylinder of the Stereometrical Tableau,) 

(199) UTOTE. The ungula of a cylinder, like the ungula of the 
cone is sometimes met with in the practice of the measurer at the 
intersections of vaults, &c. j and in the practice of the ganger who 
hfis sometimes to calculate the quantity of liquor in a cylindrical or 
conical vessel inclined to the horizon. The component parts of cer- 
tain bodies ma^ also offer to calculation solids of this kind, iis when 
we decompose with respect to its measurement, the frustum of a 
cylinder or a cone with non parallel bases into a frustum with parallel 
baseband an unguhi, to determine separately their solidity and get 
afterwards the urn of these solidities. 
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(ISO) REM. If thehase of the nngula isontireor Dot trnncatccf, 
that is, if tills base is, either a circle or an ellipsis, according as the 
l^ugula or the cylinder of which the ungula forms a part is right or in- 
clined, then the nngula maybe considered as the frustum of a cyliutler 
with n on parallel bases and whose least height=0, and whose so- 
lidity, as it has been seen (107, T.) is equal to the product of the 
area of its base by half the height of the solid } for the area of the 
half-way section parallel to the base is in that case equal to half the 
base, being evidently half a circle or half an ellipsis a» the case may 
be ; now 4 times the half-circle or half-ellipsis in question = twice 
the base, and twice the base plus the base, (that is three times the base) 
multiplied by the 6th part of the height of the solid is equal to mul- 
tiplying the base by half the height. The general expression i» 
therefore simplified in the present case and gives for 

KUltli. Multiply the bcise of the ungula by Jutlfits heigHlj the pro- 
dtict tviU be the required solidity, 

(Ifti) REM. II. If the ungula is truncated by a plane parallel 
to its base we must resort to the general formula. 

IIUIjE. To the sum of the areas of the opposite hoses of the frustum 
of the ungula add 4 times the area of a section half-way between the ttco 
ends of the solid and the product of this smn by the 6th part of the height 
of the solid will be the required solidity. 

HI GTE. The bases will be according to data, circle and the 
segment of a circle, or an ellipsis and the segment of an ellipsis and 
the half-way section will be either the segment of a circle or the 
segment of an ellipsis. 

(VX^X) REM. III. When the ungula of a cylinder to be compu- 
ted is an ungula properly so called, that is, with partial base, it is 
measured exactly like the ungula of tlie cone(prob. XXX) that is, hy 
adding to the area of its base 4 times the area of the half-way section 
to multiply afterwards the whole by the 6th part of the height of the 
solid. If the ungula is that of a right cone, the base is the segment of a 
circle and the parallel section also a segment of a circle. The 
same if it is the ungula of an oblique cylinder, the half-way sec- 
tion parallel to the base will l)e, like the baw., the segment of 
an ellipsis. In each of the two cases, the height or versed-sine of the 
segment the area of which is to be valued is half that of the base. As 
to the chord of the segment if this segment is of a circle we. will have 
(539, G.) the half-chord = the square root of tlie product of the 
versed-sine by the rest of the «li:imeter and if the segment is of an 
ellipsis, we will obtain the half chord by making : ^ the greater axis or 



1. See, ill reliitiou to this, tlie aviidtid *n\ the ellipsoid aud elliptkul spiudle. 
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diameter of the ellipsis is to ( : ) its minor axis oi diamofpr as (::) the 
square root of the versed-sine of the segment multiplied by the rest 
of the greater axis is to : the half-chord. Besides we may also in prac- 
tice obtain directly the chord of the segment by tracing and mea- 
suring that chord on the solid itself. 

(128). REJU. IV. If the ungula of the last paragraph is trunc- 
ated by a plane parallel to its base, forming thus what may be 
called the frustum of an ungula of a cylinder with parallel bases, we 
may still easily obtain either by direct measurement of the model or 
solid to be cubed, or by calculation, the chord and versed-sine of 
the intermediate section, tlie versed-sine being the half-sum of those 
of the circular or elliptic segments of the opposite bases. 

(124) REiXI T. If the ungula is central, its apex, diameter 
of the cylinder, will be a mere line and the area=0. In that case, the 
central or half-way section will be the central zone of a circle or of an 
ellipsis, according as the ungula be right or inclined. If the ungulayis 
eccentric, its apex, chord of a section, will still be a line and its 
area=0. In such case its half-way section will be the eccentric zone 
of a circle or an ellipsis as the case may be. 

(125) REIfl. TI. If the ungula, central or eccentric, is trunc- 
ated by a plane parallel to the base, it will then be tbe frustum 
of a central or eccentric ungula of a right or oblique cylinder one of 
whose bases, if entire, will be a circle or an ellipsis, the other base 
a central or excentric zone of a circle or ellipsis and the half-way 
section also the zone of a circle or ellipsis either central or eccentric as 
the case may be. If the base of the ungula is not entire, it will be 
either a central or eccentric zone of a circle or ellipsis, this segment 
being as the case may be, more or less than half the whole base of 
the cylinder of wliich the ungula forms a part. 

Ex. I. Let it be required to cube a lateral ungula of a right 
cylinder, its heiglit=24, the versed-sine of the segment of a circle 
constituting its base =2 and the diameter of the cylinder of which 
the ungnla forms a part =10. 

The area of the base =(41, T.) 2 -j- 10 =.2= versed-sine of the 
table at the end of this volume, and the tabular area con*esponding 

2 

to this sine = .111823 which being multiplied by 10 or by 100 gives 
for required area 11.1823. Thus also we obtain the area of the seg- 
ment at half-teight of the ungula= l-f-10= .1= .040875= tabular area 
which X 100=4.0875 and this x 4=16.35, adding 11.1823, we have 
27.5323= sum of the areas of the base and 4 times the half-way sec- 
tion, this sum X 4(=24-f-6) gives for the volume of the proposed 
ungula 110.1292. The real solidity is 109.4334, the difference .6958= 
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SSdf that is : the rate of error is less than the | of 1 per cent in excess. 

Ex. il. Tlie height of the Lateral uiigula of a cylinder is 24 and the 
diam. of the cylinder 10 as in the last example. The base of the hfj- 
giila is a semi-circle. Required the solidity. Area base^lO^^lON 
7854-i-2= 39.57, the versed-sine of the half-way 8egment=5-=-2=*2.5, 
2.5 -h 10=. 25 corresponding in the tables to .153546 wliich x 100=15 
3546. Now 15.3546x4=61.4184, adding 39.27 we obtain 100.6884 
multiplyingby 4, one sixth of the height, we have for the prismot- 
dal volume 402.75.*36 } the accurate solidity is 400, the difference is 
2.7536 equal to a rate of error of .688 or a little more than the two- 
thirds of one per cent in excess. * 

Ex. 3. With the same diam. (10) of a cylinder and the same 
lieight of an uugula (24) as in the two last examples, the base of the 
ungula which in the 1st example is less than a semi-circle, in the 2ud 
example equal to a semi-circle, is in this 3rd example greater than 
a semi-circle, its versed-sine being = 8 = 10 — 2 j we have seen 
tliat the area of the segment having 2 for its versed-sine or heigbt= 

2 

11.1823 and as the whole base of the cylinder=10 x .7854=78.54 we 
will obtain the area of the required segment = 78.54 — 11,1823 = 67 
3577. The half-way section at half-height lias for height or versed- 
sine 8-i-2=4, 4^10=.4=tab. v. 8. = .29.'i369=tab. area x 100=29. 
3:369 and X 4 = 117.3476,117.3476 + 67.3577 = 184.7053 = sum of the 
areas, which x 4, 6th part of the height j we obtain 738.8212 for the 
volume by the general formula, the real volume -=734.2 1 8, the differ- 
ence 18 4.6032 equal to a rate of error of .627 per cent or less than 
the two thirds of one per cent. 

Ex. 4. A lateral ungula of a cylinder whose diameter=25, has 
for its height 60 and for base a segment of a circle whose versed- 
sine=5. What is the volume of the ungula ? 

Since 5 : 25 and 2i : 25 in this example as 2 : 10 and as 1 : 10 in 
example N° 1, we have for tab. area as in the first example 

2 

.111823 and .040875 which multiplied each by 25. or by 625 give for 
area of the base 69.89 and for area of the half-way section 25.546875. 
This last x 4 times =102. 1875, adding 69.89 we have 172.077 which 
X 10 (the height-^ 6) = 1720.77. The real solidity =1709.90, the dif- 
ference =10.87 =.635= less than two thirds of 1 per cent. 

Ex. 5. Let us compute now the complemental ungula to that of 
example 4, that is, the ungula which, with that of the last ex- 
ample, make up the cylinder of which each of them forms a part. 

The area of the base of the cylinder=25x25 x .7854=490.875 
and this base x the height 60=29452.5= solidity of the cylinder. 
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The nngula to be computed has for its inferior base the base of the 
cylinder less the base oftheungula already computed, that is, 490. 
875 — 69.89=420.985, the superior base being entire =490.875 and the 
lialf-way section =490. 875 — 25.546875 (area of the segment wliose 
V. 8. =2.5) =465.328125. This last area taken 4 times- 1861.3125, 
adding the areas of the opposite bases, we obtain 2773.1725 for the 
sum of theareas, multiplying by 10 (6th part of the heiglit) we obtain 
foi- the vol. of the ungula 27731.725, if to this vol. we add 1720.77 vol. of 
the 1st ungula we have 29,452.495= volume of the cylinder as herein 
above determined, the difference between .5 and 4.95 being caused 
by our taking 69.89 for 69.889375 for the area of the inferior segment 
of the 1st ungula. 

If 1709.9 is the real vol. of the 1st ungula ; then, as 29452.5 is the 
real vol. of the cylinder, it follows that the accurate solidity of the 
complemental angula just computed in this example to 27731.725 is 
29452.5—1709.9=27742.6. Therefore the vol. of the complemental 
ungula is in this example too small by 11 nearly =. 04 =yJ^ per cent 
or ^g of 1 per cent. 

THEOREM. 

(126) General expression for the lateral area (convex or 
concave) of any solid of revolution, or of a segment 
or frustum of such a solid -with a single base or 
t'wo parallel bases, and Tvhose plane of sec- 
tion is perpendicular to the axis of the 
generating curve. 

Divide the generating curve into equal parts so small that each of 
them be sensibly a right line ; draw through each point of division a 
circumference parallel to the base or perpendicular to the axis of 
the solid. These parallel circumferences will divide the area to be 
computed into zones of equal breadth ; each of these zones will be a 
continued trapezium the area of which will be obtained by multi- 
plying the half sum of its parallel bases or circumferences by the 
height or breadth of the zone, and the whole area of the proposed 
solid will be equal to the sum of the areas of its component zones. 

The required area ivill therefore he obtained by adding to the half- 
Bum of the circumferences of the opposite bases or ends of the solid, the 
sum of the intermediate circumferences of all the component zones^ and 
afterwards multiplying the whole by the breadth of one of these zones : ex- 
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presftion analogoms to that of par. (93 and 09 TO for the area 
of any plane figure. 
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Thus AB-C being any conoid, a half-spindle, a hemisphere, a 
half-spheroid or any segment of a sphere, spheroid or spindle, with 
a single base AB, we will have the lateral area=(i circ. AB+ ciic. 
ab + circ. cd) x Aa=ac=eC. 

If the given segment or frustum AB dc has two bases AB, cd, 
the area will be=(i circ. AB + circ. ab + circ. etc. + i circ. cd) x A 
a or ac. If the opposite halves of the solid are symmetrical as in 
the cask AB or any other central frustum or segment of a spindle or 
speroid, it is hardly necessary to observe that it will suffice to ope- 
rate on one of the symmetrical halves and afterwards double the re- 
sult. 

If the solid AB-C in question is with a concave surface, that is, 
generated by the revolution of a curve AC or A^ which presents its 
convexity to the axis CD of the 
solid, it is plain that we will 
in the same manner obtain the 
area= (i circ. AB + circ. ab -\- circ. 
cd + circ. ef) x Aa or ac, &c., in 
the case of the conoid or seg- 
ment with asingle base, or=(i 
circ. AB + circ. ab + circ. &c., + i circ. gh.)x A a or ac, &c., in the 
cuBe of the frustum or segment with two parallel bases AB, gh. 
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It follows evidently from what precedes that if the generating line 
of the surface to be computed is luix^d, that is, partly convex and 
partly concave, or if this line is partly right and partly curved, the 
same process will quite as simply lead to the determination of its 
area or superficies. 

REin. It is to be remarked that the general formula just esta- 
blished will generally give, for any convex surface, a result which will 
be in defect of the required area of the solid, and in the same way, 
the result obtained in the case of a concave surface will be in excess 
of the real area of the proposed body. 

lu fact, in practice, the breadth AaC, of one of the component 
zoues of the surface to be measured, 
will differ more or less from the 
straight line AcC, according as AC 
is a greater or smaller portion of the 
generating cui've. Therefore instead -^l p /j^ ]jy 

ofconsideringACas a straight line with a length— AcC we will add to 
the accuracy of the result by taking for the breadth of the zone the 
developed breadth AaC of that zone, which will be obtained pretty 
accurately with the help of a scale of equal parts sufficiently subdi- 
vided and thin enough to be adjusted to the convex or concave di- 
rection of the length of the arc to be computed. 

However, though we shall have added to the precision of the ope- 
ration by substituting for the rectilineal breadth AcC of the zone,its real 
breadth AaC ; we will still be in defect or in excess of the required 
area, although by a very small quantity, with regard to the whole 
area. This quantity will be, very nearly, equal to (ac 4- hd) (ot 2 ac) 
X 3.1416 X i AaC or to 3| times the double of the area of the space Ac 
CaA, or to 12f times the area of the triangular space having ac for its 
base and for its height the developed length of the arc aC ; for 2ac x 
3.1 416 is evidentlythe difference between the circumference ah and the 
mean cd, of the circumferences AB, CD, and it is precisely by 
the product of that difference by the length of the arc aC or aA, or 
which is the same thing, by the product of the half difference aC by 
the "whole arc AaC, that the required convex area is slight or want- 
ting, or that the concave area to be determined is great or in excess ; 
but on account of AC being very small, the difference, either in excess 
or in defect, between the accurate area and the area obtained by the 
formula, will always be, as we have just said, a relatively small and 
insignificant quantity, which will soon be seen with the problems 
and solutions shortly to be submitted in order to compare their 

11 
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accuracy with that of the results which the ordinary rules famtah, 
ami to judge at the same time of the ainouut of labour iucideiii; 
thereto. 

THEOREM. 
General expression for the volume of any solid. 

( See the models of the stereometrical tableau,) 



(131). Of every right or oblique prism or cylinder — of every regu- 
lar or irregular pyramid or of every right or oblique cone — of every 
frustum of a pyramid or cone comprised between parallel bases — of the 
sphere — of every spherical sector or pyramid — of every spheroid — of every 
segment of a sphere or spheroid with a single base or of every frustum 
of these bodies with two parallel bases inclined in any way to the axes 
of the solid — of every right or inclined paraboloid or parabolic conoid — 
of every right or inclined hyperboloid or hyperbodic conoid— ^f every 
segm^ent of a paraboloid or hyperboloid with a single base or of every 
frustum of tliese bodies with two parallel bases inclined in any way to 
the axes of the solid — of every wedge or other frustum of a tria}igular 
prism — of every part of such wedge or of such a truncated prism separa- 
ted from the whole solid by a plane parallel to either of its lateradfaees— 
of every other prismoid or cylindroid — of every ungula of a sphere or 
spheroid comprised between planes of section passing in any direction 
through the centre of the solid — of every ungula of a prism or prismoid, 
cylinder or cylindroid^ pyramid, cone or conoid comprised between plaites 
of section having their common intersection in the axis of the solid and of 
every segment of such ungula with a single base, or of any frustum of 
svLch ungula between parallel bases {skikA approxlmatlvelyr) o/^A^ 
semi-spindle or semi-central frustum of a spindle {cask) comprised be- 
tween parallel planes perpendicular to the fixed a^is of the solid, — of any 
ungula whatever of a prism or prismoid, cylinder or cylindroid, pyramidy 
cone or conoid, sphere, spheroid or ^indle, and of every frustum of an 
ungula comprised betioeen parallel bases) : the volumeis equal to thesum 
of the area of its base, if there is but one, or of its parallel bases, if there 
are two, and of four times the area of a section half-way between the bases, 
between the base and apex, or between the opposite apices, as the case 
may be, multiplied by one sixth of the height of the solid. 

Let A and B the opposite bases, base and apex, or opposite 
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npices of any one of the bodies just enumerated, let S a parallel sec- 
tion half-way between A and B, and H the heiglit of the solid ; we 
will obtiiin, as the ciise may be, vol ume= (area A -I- area B + 4 area S) 
X ^ H, or (area A 4- 4 area S) x J H, or (4 area S) x J H, according as 
area apex B=0 or area apex A f area apex B=0. 

(128) Now, of the five regular polyhedrons, the tetrahedron is a 
pyniniid, the hexhaedron is a cube that is a prism, and each of the 
three others is a compound of pyramids equal to each other ; every 
frustum of a polygonal piism is a compound of frusta of tiiangular 
prisms each having for its base one of the lateral faces of the given 
frustum and the edges or anises of which all unite and become con- 
founded in one of the parallel edges of the solid or iu any right liue pa- 
rallel to the sides of the frustum, situated iu its interior and which may 
be considered as an axis of the prism of which the frustum forms a 
part ; every frustum of a cylinder may also be considered as a com- 
pound of frusta of triangular prisms, since the cylinderitself is but an 
infinitary prism ^ ; every circular, elliptical, parabolic, d&c, spindle, 
elongated or flattened, as the case may be, will be decomposed, as 
has already been shown, by sections perpendicular to the fixed axis 
of the solid (1138 G.) into cones and frusta of cones, or, if possible, 
into frusta of a sphere or spheroid, or of a parabolic or hyperbolic 
conoid, subdivisions to which may be added if required, the cylin- 
der aiHl spherical segment. The conoid or spheroid whose generating 
curve is not that of a section of a cone, can be decomposed 
(1139 0.)like the spindle, into frusta of cones or couoids, segments 
of a sphere, segments of spheroids, of paraboloids or of hyperboloids, 
&.C. ; the ungulaofa cylinder, cone or conoid, &c., will be^ consider- 
ed as a compound of rectilineal or spherical pyramids, &c., and every 
other body will be subdivided, as the case may be, into elements 
(11413 O.) of the kind just enumerated. 

The expression is therefore general, as has been said at the 
head of this article^ and will serve at will to determine the solidity 
of any body. 

(129) Used till now (1193 G.) to the consideration of so varied 
a number of expressions for the volume of the several solids in 



1. We have seen elsewhere (83 to 88 T>) that m regards the frostam 
of a regular prism, that is, the bases of which are regular or symmetrical polygons, 
and (lOS to lOT TO as to the frastam of a cylinder, this sabdi^ision or imagi- 
nary decomposition by planes of section is not at all nacessary, since suob bodies 
mn cflilgr meaaarad wiCboot that* 
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qnestion, and tbat, without even including the spheroid^ paraboloid 
and the segments of those bodies^ wliich still give rise to additional 
formulae ; the pupil will at first perhaps be astonished and will eveu 
.doubt the existence of a formula which may be applied at onee^ to 
bodies as dissimilar to each other as are the prism or cylinder^ the 
sphere, the segment of a sphere, the pyramid or cone and the wedge, 
&c., and whose limiting surfaces are indifferently plane or curved or 
both ; but the following reflections will be sufficient to prove the 
accuracy of the enunciation of the proposition. 

(130) In the first plvtCe, thepmmor cylinder has for its soli- 
dity (1108 I'' and 6^ O.) the area of its base multiplied by its 
height ; but the opposite bases of a prism or cylinder are equal aud 
every section of such solids parallel to the base (943 G.) is eqdal to 
the base ; the sum of the 2 bases plus 4 times the half-way section 
between them, is then equal to six times the base^ and it is the same 
thing to multiply 6 times the base by one sixth of the height or to 
simply multiply the base by the whole height. 

(181) In llie second place, the solidity of the pyramid or 
eone (infinitary pyramid) is (1108 2° and 7° G.) one third of the 
product of its base by its height ;but the parallel section half-wnj 
between the base and the apex is equal to the fourth part of the base^ 
since the sides or other homologous lines of that section aro halves of 
those of the base and the areas are as the squares of the homologood 
sides, that is, : : 1 : 4 when the sides are : : 1 : 2. Therefore in this case 
the base plus 4 times the section between the base and the apex i» 
equal to twice the base, and it is the same thing to multiply twice 
the base by one sixth of the height or to simplify the formula \i^ 
multiplying the base by one third of the height. 

(138) ttesides, as it is shown (1108 O.) by the def. of the 
prismoid, the frustum of a pyramid is at the same time a prismoid 
and the/rtt«fMW of a cone (frustum of an infinitary pyramid) is still 
a prismoid, and these frusta, supposing that their height be indefi- 
nitely increased, will at last become the very solids of which tli'j 
at first formed but a part ; and the formula (area A + area B + 4 area S) 
will always hold good, whatever may be the area of the apex or of the 
superior base B, and when B is but a point and consequently its area 
become equal to 0, the formula will become : (area A + 4 times area 
S) X I of the height. 

(133) In tibe tbird place, the solidity of the sphere i» 
(1075 G.) equal to its area multiplied by one third of its radiup; 
now this area is precisely equal to four of its great circles, that is 
to four times the area of a section of the sphere equidistant from any 
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two opposite apices or points of its convex area ; tlience therefore 
the accuracy of the formula, since the sixth part of the height of tto&^^ 
sphere, that is of its diameter, is one third of the radias or semi-dia- 
meter. 

(134) With respect to the hemisphere^ its so- 
lidity is equal (lOTT G.) to the convex area by 
one third of the radius j but its convex area 
is equal to two great circles, since the area 
of the entire sphere is equal to 4 great circles, 
and we have (4 great circles x ^ E F)=(2 

great circles + J EF) \ but area section dDh (or ED=FD)=f area 
base AB, since D62=:6Fa— DF^^FB^^iFB)^^!^ = J and m 
four times f =3, we obtain 4 area ah f- area AB = 4 area AB j tlierefore 
4 area AB < ^ EF or 2 area AB x ^ EF = (area AB ^ 4 area ah) x ^ 
EF J therefore, &c. 

(135) 'Aiid in ireneral, had we to do 

with any any segment ED of the sphere, its solidity 
is equal (idSS G.) to the sum of the solidities of 
the truncated cone ED and segment BD ] but 
the solidity of BD, that is of the solid generated 
"by the revolution of the segment BD is (iOS9 G.) 
the difference between the spherical sector gene- 
rated by the revolution of the sector BCD and the solid generated 
by the revolution of the isosceles triangle BCD j this differ- 
ence is equal to ( W89'g.) f^r (CB^"— Cd) EF= j;r (Cc^— Cd) EF : but 

2-2 22 2 2 

Cc — Cd = Qh — Cd =a6 — ad because of aC being common to the rec- 
tangular triangles a6C, adC ; therefore the solidity of the solid gene- 
rated by BD (and which with the truncated cone generated by the 
revolution of the trapezium EBDF forms the spherical segment we 

2 2 2 

have to do with)=|?r(a& —ad ) EF, Now, ^ah =(1024 G.) area 

2 2 2 

circle a6, ^ ad =area circle ad and consequenly tt {ah — ad )=area 

2 

of the circular ring dh. It is plain also that we may write '^{ah — 

2 2 2 

ad ) I EF or 4 ?r (aft —ad )\ EF, since |^-4= J; therefore the solidity 
of BD = (4 area dh) x J EF or 4 times the area of the ring generated 
l)y the revolution of hd, multiplied by one sixth of the height EF of 
the segment. But the solidity of the component truncated cone= 
CtIS T.) (area base FD + area base EB + 4 times area parallel sec- 
tion ad^ X J^ EF ; therefore the entire solidity of the segment of a 
8phere=(area base FD + area base EB + 4 area section^aft equidis- 
tant from EB and FD) x J EF ; theiefore, &c. 
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102 KET TO THE TABLEAtT. 
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(130) In tlie fourth place* After having shown the accu- 
racy of the " general expression " in the case of the sphere and cone, 
solids generated by the revolution of the circle and triangle, the two 
extreme sections of the cone (and the most dissimilar) the one by a 
plane parallel to its base, the other by a plane perpendicular to its base 
and passing through the apex of the cone, we are induced to believe 
that it will be the same by analogy, with the bodies generated by the 
revolution of the three other conic sections properly so called, that 
is: the ellipsis (generating the ellipsoid or spheroid), the parabola 
(generating the paraboloid) and the hyperbola, (generating the hy- 
perboloid), and this on account of the intermediate x)ositiou which 
these three sections occupy between the two others, each of these 
latter having to pass successively to the state of hyperbola, pa- 
rabola and ellii>sis, or vice-veisa, in order to become from a tri- 
nngle, a circle or from a circle a triangle j^r which is the same 
thing, the cone having to pass successively to the state of hyper- 
boloid, paraboloid and ellipsoid, to become a sphere, or the sphere 
by the reverse process to become a cone. 

And in fact, the expressions furnished by the "differential and 
integral calculus" for the respective solidities of the spheroid, and 
parabolic and hyperbolic conoi<ls, or of the segments of these bodies^ 
are easily reduced to and transLited into those contained in the enun- 
ciation of this article and from which thi*y differ but by the form. 

(137) Finally* It remains to demon- 
strate that when the segment AC of a spindle, 
for instance, or of any other solid of revolution y 
&c., is not that of a sphere, spheroid, regular 
conoid or cone, we none the less obtain its 
solidity, at least very nearly, by the formula "^ ^ 

(E h F + 4ab) X J EF. In fact we always have sol. tnincated cone 
AC=(area E + area F + 4 area ed) k J. EF, which generally offers a 
very near approximation to the required solidity. 

We have again (by the formula)for the volume of the solid gene- 
rated by the revolution of the segment B6C about the axis EF, 4 times 
the area of the ring, the breadth of which is db, multiplied by one 
sixth of the height EF j and, drawing the right lines 6C, 6B, the solids 
generated by the revolution of the triangles hdB, bdC, considering 
them as continued triangular prisms, will have for solidity the area 
of the ring bdj their common base, by half the height EF, or which 
is the same thing, three times the area of the annular base db—ae by 
one sixth of the height EF, or sol. B6C=3 area 6d x j^ EF, which 
added to that of the component truncated cone AC of the solid tb be 
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compnted, furnishes a new approxinintion still nearer than the first 
to the required solidity. There still remains to complete the solidity 
given by the formula (E + F + 4 a6) x ^ EF, the product of ^ EF by 
once the area of the ring described by bd, and to cover or meet this 
last product we have the solids generated by the revolution of the 
segments bcC, bgB, Now, it is plain that the sum of these latter is 
to the solid generated by the segment BbC, m the ratio, nearly of 
tlie respective areas of the sum of the segments 6B, bC to tlie seg- 
ment BC ', but these areas are to each other, very nearly, as 1 is to 4 f 
whence it follows that the remainder (area 6d x ^ EFj just siM»ken of 
will sensibly correspond to the solidity of the sum of the solids bB, 
hC which go to make up the given seguient ABCD ; therefore, &c. 

(138) Let U§ remarlL that the difference between the accu- 
rate solidity of the proposed segment and its approximate soli«lity 
by the fonnula (E r F » 4 ab) i EF, is always in excess, whioh is 
partly owing to the fact that considering tiie solid geuerate<l by the 
revolution of the segment BbC about the axis EF as a continuous 
prism, (or as a solid ling having for section the segment B6C) with 
a mean length equal to the half-sum of the circumferences ab, ed, we 
take this length a little too great, since the continued prism in qxies- 
tion loses more of its length in C than it gains in B ; which in- 
duces us to observe also that since the solid ring generated by the 
revolution of the segment BbC is rather the continued frustum of a 
prism or a series of frusta of prisms, we might obtain its solidity with 
sufficient accuracy by making (1095 G.) the pmduct of the generat- 
ing area BbC (section of the prism by a plane perpendicular to its sides 
• or edges) by one tliird of the sura of the circumferences at B, b and C 
(respective lengths of the edges of the ring or frustum) and we might 
still add to the accuracy of the solidity to be obtained by multii)ly- 
ing the generating area B6C of the ring by one lifth of the sum of 
the five circumferences at B, g, b, c and C or by tike sum of any num- 
ber of circumferences (taken at equidistant points from each other) 
divided by the number of these circumferences. 

(139) The rule which has just been given 
to obtain the solidity of the segment of a solid 
with a convex surface, is also applicable to the 
segment of a solid with a convex surface^ the same 
demonstration being admissable in both cases, 
as indicated by the letters in the figure j 
with tliis exception only that the difierence be- 
tween the accurate and the approximate solidities will evidentiybe 
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in defect instead of being in excess, for in this case the mean length of 
the continued frustum of a prism or of the solid ring generated hj 
the revolution of the segment B 6 C is less than the mean to be ob- 
tained by taking into consideration the circumferences at B and 
at C. We will therefore obtain very nearly the solidity of the 
segment AC, equal to the difference of the solidities of the frustum 
of a cone AC and of the solid ring produced by the revolution of the 
segment B6C, that is by making the product of the sixth part of the 
height EF by the sum of the areas of the bases AB, CD and four 
times the section a b half-way between those bases. 

(}40) The same rule will also give with suffi- 
cient accuracy in practice, the solidity of the conoid 
AEB with a concave surface, and often we will indefi- 
nitely add tp the accuracy of the volume of the solid 
to be obtained by a continued subdivision of the body 
to be computed, into parallel segments, smaller and 
smaller and of equal height or thickness. However 
in most cases, it will not be necessary to carry the number of the 
subdivions beyond 3 or 5 to obtain a sufficient precision in the 
result. 




(141) In ireneral we will obtain very nearly the solidity of 
any regular or irregular body OT by dividing it into slices or seg- 
ments, by parallel and equidistant planes. We will separately obtain 
by the prismoidal formula (0 4- AB h 4 ab) x J OP, the solidity of 
each of these slices the sum of which will be the solid content of the 
proposed body. We will thus obtain for the solidity of the seg- 
ment OAB, (area + area AB -H 4 area db) ^ tS-5 
OP, for the solidity of the next slice BC we 
will obtain (AB h CD -f 4cd) J PQ, and so on ; 
whence it is plain that the entire volume of the 
8olid=0-H4 a6 + 2 AB + 4 cd + 2 CD-f-4 
«/+ 2 EP -I- &C.+MN) X ^ OP, dtc, that is : 
to the sum of the areas of the ends 0, T, of the given solid, or of the 
exterior bases of the first and the last slices, we will add twice the 
8unLof the other bases AB, CD,&c., of those two slices andof the other 
comppnent^lice^, plus four times the sum of the sections ab, cd, tf, 
&c., of those slices, and then multiply the whole by the sixth part of 
the height OP or PQ, &c., of one of them ; the result will be the so- 
lidity of the proposed body, (formula analogous to that of par. 
(23, T.) to pbiain the area of any plane figure. 
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(l4d) It is plain also that to arrive at the 
solidity of any frustum or segment A B ah, of a 
sphere, spheroid or conoid with non parallel 
bases AB, ah, it will suffice to compute separately 
the volume of the whole solid AB — ^E and that 
of the partial solid ah — e and then take the dif 
feience of tho se solidities. We will thus obtain 
vol. AB 6a=(area AB + 4 area intermediate 




section between AB and E x j ^ EF) less (area aft + 4 area intermeiA 
diate section between ah and e>f.\ ef.) 

(14S) Let lis now apply this general formula to the solution of 
the several problems relating to it, (excepting however the prism 
or cylinder, the pyramid or cone, the frustum of a pyramid or eone^ 
and the prism oid, which have already been treated of), and let us also 
take the opportunity of comparing, in certain cases, the results thus 
obtained and those furnished by the ordinary rules, so as to judge of 
their comparative accuracy and of the amount of labour necessary 
to work out the result. 

PROBLEM XXXIt. 

To find the area of a sphere. 

(144) RVIii: 1. Multiply (1071 O.) fhs cirevmferenee of one 
of its great circles hy its diameter AF. 

RULi: II. Multiply (1075t O.) the square of its diameter or 

four times the square of its radius hy .7854 a/nd hy 4, or at once 
hy 3.1416. 

El^. 1. What is the area of a 
sphere the diameter of which is 7 f 

Ana* 153.9384. 

2. The diam. of a sphere is 24 in- 
ches ; what is its area ? 

Ana. 1809.5616. 
How many square inches of gild* 
ing would be required to cover a 
spherical ball the circumference of 
which is 78.54 inches ? 

Ana. 78.54-T-3.1416=25=diam. 
and 78.54 x 25=1963.4 sq. inch. 

4. What is the area of the earth if the diam. is 7912 miles t 

Ana. 196,66d,dS5.75U4. 
12 
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5. How many superficial feet of lead or otlier metal would be 
required to cover a hemispherical dome the diameter of which is 3>3 
feet 4 inches ? 

Ans. 33} x 33^ X 7854 x 2=1755 square feet ; for, if the area of 
the whole sphere is equal to 4 great circles^ it is plain that that of 
the hemisphere is equal to 2 great circles. 

6. Tlie vault of the apsis of a church is in the form of a 
quarter of a sphere the radius of which is 15 feet: required the num- 
ber of yards of plastering necessary ^o cover its surface ? 

Ans. 30 X 30 X .7854-5-9=78.54 or 78i yard* ; for, since the en- 
tire sphere is equal to 4 great circles, tlie quarter of a sphere is equal 
to one. 

T. What will be, at 5 pounds per square foot, the weight of a 
hemispherical copper boiler the cii-cumfereuce of which is 18di 
inches ? 

Ans. 188.5-i-3.l416=diam. =60 and 188.5x60=11310 square 
inches of which the half 5655-7-144 = 39.27 square feet, this area noiul- 
tiplied by 5 (the weight persq. foot) gives 196.35 pounds. 

(145) RUIiE III. Consider the surface of the sphere as a cam- 
pound of continued trapeziums or zones of equal breadth AB=^C=^ 
OD=D^=JSF and proceed in the manner of paragraph, (126 T.) 

Ex. 1. What is the area of a hemisphere the diameter of wliich 
18 263? 

Ant. The circumference =263 x 3.1416=826,2408, the fourth part 
of the circumference 206.5602 divided into 5 equal parts, gives for the 
developed width of one of the component zones 41.31204. The inter- 
mediate diameters of tliese zones obtained by means of a scale of 40 
tinits to the inch., measure respectively, computing from the base to 
the apex, 250, 213, 145, and 82 : the sum of these intermediate dia- 
meters plus the half (131.5) of the diameter 263 at the base, is 830.5 ; 
this sum X 3.1416 gives the sum 2609.0988 of the circumferences to en- 
ter into the computation ; this latter x 41.31204, width of one of the 
zones, finally gives for answer 107,787 units of area. 

REM. The two first rules give each of them for area of the pro- 
posed hemisphere 108,650.66 units. The difference between these 
results is 863.5, 863.5-5-108.650=008 nearly, whereby the rate of 
error is f of I per cent nearly. We therefore conclude that in every 
analogous case, it will suffice to increase by .008 or. 01, nearly the 
result obtaine4 by this rule, to come very near the required area. 
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Bx. 2. Let it be required now to operate witli 10 sections w 
zones instead of 5^ the diameter of the hemisphere remaining the 
«aiue ? 

Ans. The 9 intermediate diameters being as follows : 260^250, 
S34, 213, 186, 154, 119, 82 and 42 } their sum 4- 131.5 (half the diameter 
263 at tlie base) is 1671.5, this sum x 3.1416 = 5251.1844, sum 
of the circumferences to be used as an element of the proposed 
computation; the breadth of one of the component zones will in this 
case be ^^ of the quarter of the circumference, that is 862 2408-t- 
4 -f- 10 or at once by 40 = 20.65602 ; but, 5251.1844 x 20.65602= 
108,468.57. It has already been seen that the accurate result is 
108,650.66 ; the difference of these results is now but 182, equal to 
,0017, that is : the deficiency is no more than ^ of 1 per cent. 

This rate of error added to the result of any other analogous 
operation would therefoi*e give a pretty near approximation to the 
truth. 

Ex. 3. Let us see now in how far the precision of the result wiU 
be added to, by working out the solution of the same problem, by 
means of an additional number of subdivisions, say 20 for instance. 

Ans. The intermediate diameters are 262, 260, 256, 250, 243, 
234, 224, 213, 200, 186, 171, 154, 138, 119, 101, 82, 62, 42, 21 ,• the 
sum of the intermediate diameters + the half-diameter at the base= 
3349.5 ; multiplying by 3.1416 and by 10.32801 (breadth of one of the 
sections) we will obtain 108,679.5 against 108,650.66 the true area. The 
difference is in this case in excess instead of less than the required 
area, as it should be (1^0) and as it would be in fact if we had com- 
puted the intermediate diameters of the component zones instead of 
obtaining them graphically or mechanically, as has been done 
with the aid of a small diagram on paper and a scale of equal parts. 
This difference or excess is but of 29 units in 108, 650, say .0027 or 
less than ^^ of one per cent ; it is due to our neglecting, in measuring 
the intermediate diameters, the fractions of units which if needed could 
be taken into consideration ; but it may be admitted that in practice 
a result which, like this, deviated from the truth but by ^^^ in 
excess or deficiency, would be eqidvalent to perfect accuracy. 

(146) REM. If we put this third rule among those that may 
be used to determine the area of a sphere or part of a sphere } it is not 
that we should think proper to apply ft to arrive at the area of a 
sphere properly so called or at the solution of any anologous 
problem that can be solved by more simple and direct rules ; but it 
is because iu practice^ it is rare enough that we have to deal with a 
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Perfect gphere, part of a perfect sphere, a spheroid or part of a 
q>heroid properly so called, a true paraboloid or hyperboloid, 
or in general with a solid of revolution, the generating curve of which 
is an e^iact section of a cone, such as the circle, the ellipsis, the para- 
bola and hyperbola. It is therefore evident that in all cases in which 
we might not have to operate on a perfect spheroid or conoid, or the 
ynd of which could only be established but by much prelimi- 
naiy labour, it would be better to proceed immediately by Rule III 
than to have recourse to another rule which did not accurately 
apply to the proposed problem. 

(14*7) Let us add that if the surface to be measured, instead of 
Wng every where of equal curvature, as that of the spliere, were, a» that 
of the paraboloid, <&c.,ofv/nequal curvature^ we might, before proceed- 
ing to the subdivision into 'zones of equal breadth, first divide the 
area to be computed in two or several parts which would afterwards 
be subdivided into a less or greater number of zones according to the 
lesser or greater curvature in the corresponding part of the generatin©- 
arc One might then calculate separately the parts of unequal car- 
vatujre and afterwards take the sum of those parts. 

(148) Usually also, the measurer or geometrician, in considering 
tJn9 degree of precision to be brought to bear in thepra^Uce of the details 
of his art, will not lose sight of the importance of not devoting to the 
sohUion of a problem, a labour a/nd time which would not be justified by 
mroumstances* It would for instance be idle, we may even say 
unjust, that to establish to within a millionth, thousandth, hundredth 
or Qny other u,uit near of the accurate result, a proposed area or vo^ 
liune, one should devote to it a time which would cost those iuter- 
eeJbed more than a fractioii of the value of such unit. We say ^' usually ;'^ 
for it is plain that there may be circumstances, either in a question 
or cause in litigation where the cost of doing justice to the parties. 
BUiy be more and in fact is often more, in an unlimited proporticHt, 
than the yalue at stake. 

PROBLEM XXXIII. 



To find the solidity of a sphere. (See the tableau.) 

RE^* A plane or plane surface BS touches the sphere but in 
one single point D ; therefore the areas of the opposite and 
parallel ends or bases D, M are each of them null or=0, whicli re- 
cluGes the for^iula. in the case of the sphere to multiplying 4 times 
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the areg, of a great circle, that is, of a section passing through the 
centre C, by the sixth part of the height DM perpendicular to that 
section. 

(149) RULE I. Multiply 
<1075 Cr.) the area hy one third of 
the radius. 

MIJI.E II. Cube (1103, lO"") 

the diameter and rmiltiply the number 

thus found by i^t ; tliat w, by 0.5236 

or the solidity of a sphere the diameter 

af which is 1 ; for (1084 G.) the 

solidities or volumes of any two 

spheres are as the cubes of their diam. 

RUIiEl III. Multiply 4 times 
the area of a section of the sphere equi- 
distant from its opposite ends or apices by the sixth of the height perpen- 
dicular to that section. This rule, in the case of the sphere, is evi- 
dently analogous to the first, for the area of the sphere is equal to 4 
great circles, the great circle is the section of the sphere by a plane 
passing through the centre C, that is, equidistant from two opposite 
points D, M, of its surface, and the 6th of the height DM is but the 
sixth of the diameter or the third of the radius. 

1. What is the solidity of a sphere the diameter of which is- 




J2? 



Aii§. 12 X 12 X 12 X .5236=904.7808. 



3. If the mean diameter of the earth is 7918.7 miles, what 
is its solidity in cubic miles ? 

Am. (7918.7)* X. 5236 =259,992,792,082.6374908 cub. m. 

3. The top of a steeple is terminated by a spherical ball the 
diameter of which is 2| feet, 5 what is its solidity 1 

Ans. 2|x2|=7J = 7.1111111, 7 x2|= 18.6666666, 2f xj or 
2.6666666-^9=2962962,18.6666666 x .2962962=18.9629629 = (2f)*, 
and 18.9629629 x .5236=9.9290074 cubic feet, 

4. What is the solid content of a cannon ball having a diameter 
of 10 inches ^ 

Ans. 10*=1000, and 1000 X. 5236=523.6 cubic inches. 

5. How many cubic inches of gunpowder to fill a shell the in- 
terior diameter of which is 12 inches I 

Ans. 12x12x7854x4 or 12 x 3.1416 = 452.3904= area of the 
sphere and that area x | radius or ^ diam., that is, by 2 = 904.6808 
cubic inches. 
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« 

6. How many cubic feet of air may be contained in a buoy of a 

spherical toim with an int. diameter of 10 feet 7 

Alls. 523.6 cubic feet. 

7. A sfone ball is 3 feet diameter } what is its weight at 150 

pounds per cubic foot f 

Aus. 3 X 3 X 3 X .5236 x 150 » 2120.58 pounds. 

§. How many gallons of liquor (231 cubic inches per gallon) may 
be contained in a hemispherical boiler 10 feet diameter ? 

3 

Ans. The content of the vessel in cubic feet = 10 x .5236-f-2= 
261. 8, the number of gallons per cubic foot=1728 cubic inches-r-231 
=7.4805195, say 7i, and 261.8 x 7i= 1963i gallons, ormore correctly 
261.8x7.48=1958.26 gallons. 

9. A hemispherical vault of the uniform thickness of one foot, 
measures 10 feet interior diameter ; how many bricks have been re- 
quired to built it, at 20 bricks per cubic foot ? 

Ans. It is plain that the required solidity is equal to the differ- 
ence of the solidities of the exterior and interior hemispheres -, but, the 

8 

exterior hemi8phere=12 x .5236-5-2 « 452.39 cubic feet, the interior 

8 

hemisphere = 10 x .5236 -i- 2 = 261.8 cubic feet, the difference of these 
solidities is 190.59 cubic feet and 190.6 x 20=3812 bricks. 

10. The thickness of a bomb is 5 inches and its exterior circnm- 
ference 62.83 inches; what is its weight, at 480 pounds per cubic foot ? 

Ans. We have for the exterior diameter of the bomb 62.83 ~ 3. 
1416=20 inches ; therefore the diam. of the hollowed part is 10 
inches ; now the solidity of the bomb is the difference of the solidi- 
ties of the exterior and interior spheres. The sol; of the exterior 
sphere = 20* X .5236 = 4188.8, the int. sol. = 10 ' x .5236=523.6, the 
difference of these solidities is 3665.2 cubic inches } now, 1 cubic 
foot or 1728 cubic inches : 480 pounds weight :: 3655.2 cubic inches r 
1018 pounds weight. 

PROBLEM XXXIV. 

To determine the oonvex area of a splierioal segment 

or of any spherical zone ^ 

(See the tableau,) 
(150) RULE I. Multiply (1075 «.) the height oC, 00 of the 



1. The spherical segment is any part aebC,of the sphere, bat off from thewhol» 
iphere by a plane of section aeb, a small circle of the sphere. 

The spherical lone is any part a«5-AEB.uf the sphere comprifed between two pa- 
rallel planes a&— AB. It is, as the case may be, lateral, oentral, exoeotrio* 
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segment, or the height Oo of the zone by the circumference of a great 
tnrcle of the sphere ; tlie product will be tlie required area, 

REin. If the diameter of the sphere 
is not given it may easily be found by 
the method of par. (540 O.) by di- 
viding the square of radius of the 
base of the segment by the height, to 
-obtain the remainder of the diameter ; 
the remainder thus found + the given 
height will be the required diameter of 
the sphere. 

Ex. The diameter of a sphere being 
42 decimetres, what is the convex area 
•of a segment the height of which is 9 decimetres ? 

An§' 42 X 3.1416 = circ. 131.9472 which x 9= 1187.5248 square 
^lecimetres. . 

2. The radius of the base of tlie roof of a lantern in the 
form of a spherical segment, is 10 feet, the height of the roof is 4 feet. 
How many superficial feet of lead or other metal would be required 
to cover it ? 

An§. ^10 ~ 4=2,5, 25 + 4 = diam. of the sphere=29, 29 x 3.1416= 
circ. 91.1064, now 91.1064=4364.4256 square feet. 

8. Required the area of the lid of a boiler in the form of a sphe- 
rical segment the circumference of which is 91 .1 inches and height 10 
inches ? 

Alls. 91.1-j-3.1416 = 29=diam. of the lid the radius of whicli is 
•consequently 14.5 inches ) to obtain the diam. of the sphere of which 

2 

the segment forms a part, we have (14.5) -f- 10=:21.025= the remainder 
-of the diam. of which the height of the lid forms a part ; therefore the 
required diam. = 21.025 + 10 = 31.025, this diam. x 3.1416 = 97.46814 
=circ. ofa great circle, this latter x 10 gives 974.6814 for the re- 
quired convex area in square inches. 

4. A hemispherical dome, a segment of which has been taken off to 
lay the base of the lantern which crowns it, presents conse- 
quently the form of a spherical zone or of a spherical segment with 
Dwo bases ) it is required to determine its convex area, its height 
being 9 metres and diameter of the sphere of which it forms a part 
20 metres ? 

Ans. 20 X 3.1416= circ. 62.832 and 62.832x9^665.488 square 
metres* 
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(151) RGM. If tbe radius or diam. of the sphere of which a 
zone forms a part is not knpwn and that the only data be the radii 
or diameters of the inf. and sap. bases of the segment and the 
heightor perpendicular distance which separates them, paragraph 
(574 €i.) may furnish the method of arriving at the required ra- 
dius } but one may attain it quite as well and in a more expeditious 
manner and accurately enough in practice by a simple graphic process 
which would allow of to determining at once the required radios 
or diara. of the sphere, witlr the same scale made use of to fix on 
the paper the relative proportions and positions of the data, the 
centre of the circle being then easily found by repeated trials on the 
perpendicular (prolonged if necessary) which unites the centres of 
the two given chords. 

5. The diameters of the inf. and sup. bases of a roof in the form 
of the segment of a sphere measure respectively 16 and 12 metres 
and the height 2 metres ; what is the area of the zone forming the 
lateral or convex surface of the roof ? 

A as. We obtain ( 5Y4 O. ) either by calculation or by 
construction the diameter 20 of the sphere of which the segmeitt 
forms part. This diam. gives for circumference 62.832, this circ. x 
2, height of the roof, gives for its convex area 1 35.664 square metres. 

6. What is the convex area of a segment 21f inches high taken off 
from a sphere 6 feet diam ? 

Ant. 4840.577 square inches. 

*?. If the diameter of the earth considered as a perfect sphere is 
7970 miles, the height of the frigid zone must be 252.361283 miles } 
what is its area ? 

Ans. 7970x3.1416x252.36128,761=6,318,761 square miles. 

8. What is the area of one of the 10 component sections or com- 
partments of a vault or dome in the form of a spherical segment, the 
interior diameter of the segment or of its base being 40 feet and its 
height 10 feet f 

Ans. The remainder of the diameter of the sphere of which the 

2 

height lOof the segment forms a partis (5390.) (i40) -^^10 = 40and the 
entire diameter consequently ==40 -I- 10 «■ 50, the circumference = 50 x 
3.1416 « 157.08 and the entire area of the segment =157.08 x the 
height 10 = 1570.8 ; therefore the area of the proposed section is 
1570.8 -i- 10 « 157.08 square feet. 

(15S) RUEiE II. Divide the surface to he computed into mne6 
of equal breadth, and proceed afterward» ifn the ma/nner of par. 
(126 T.). 
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Ex. 1. Theinfer.circumferenceofaspliericalzone, or which appears 
to be one, measures 260 feet, its sup. circumference 213 feet, and two 
intermediate circumferences equidistant 250 and 234 feet, the length 
of the generating arc is 15 feet, and the developied breadth of one of 
the three component zones is consequently 5 feet ; what is the area 
of the entire zone ? 

Ans. i260 + 250 + 234 + i213= 720.5, this sum x 5 = 3602.5 square 
inches nearly. 

3. The vault or arched ceiling of a circular room in the form 
of a spherical segment has for its inf. diam. 186 decimetres, and for 
the intermediate diam. of five component zones 154, 119, 82 and 42 
decimetres, the length of the generating curve, that is, the curvili- 
neal distance from the centre of the vault to its spring is 103 deci- 
metres 28 millimetres ; what is its concave area ? 

Ans. 103.28 decimetres -i- 5=20.656 = breadth of one of the com- 
ponent zones, i inf. diam. = 186 -f- 2=93, 93 f 154 + 119 + 82 + 42 « 490, 
490 X 3.1416 = 1539.384 sum of the circumferences to enter into thfe 
computation, now, 1539.384 x 20.636 = 31,797.5 square decimetres 
or 317 square metres 97J square decemetres, since the square metre 
is 10 X 10 - 100 square decimetres and that by putting the decimal 
point 2 places back we divide by 100. 

PROBLEM XXXV. 

To determine the solidity of a spherical segment 
or of any spherical 2K>ne. — (See the models of the tahlecm.) 

(153) REJXl. 1* The spherical segment a ehC or aehJ) 
(See the figure of the paragraph (MSB) may be smaller or greater than 
a ]) em i sphere or equal to a hemisphere if the plane of section passes 
through the centre of the sphere. In every case the general formula 
gives its accurate solidity. In the same way, the spherical zone may 
be lateral, central or excentric. We will call it lateral when it is the 
zone of a hemisphere like the one which in the figure is comprised 
between th6 planes of section, parallel circles AEB, a eh. It may 
be central if its planes' of section, opposite or limiting bases, are equi- 
distant fi'om the centte of the sphere, and excentric^ if these bases 
are unequally distant from the centne. 

13 
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(154) REm. II. To obtain in the spherical segment the dia- 
meter of the central or half-way section, it suffices to remember 
(530 G.) that the lialf-chord ao (see the figure of paragraph (156) 
is a mean proi)ortional between the versed-sine o C height of the 
segment and the remainder o D of the diameter. Let tlierefore 
AEB-C any segment of a sphere, and a e & its half-way section, tliat 
is such that we may obtain Oo=oC=iOC ; then as OC, height of 
the solid, is known, we will obtain oC=iOC and we will find oa or 
oh=i ab^^/o C X o D. Let again aeh D the segment to be measured, 
and AEB its half-way section passing through a point half- 
way between o and D. Knowing o D and c onsequently OD=i o D, 
we will obtain OB or OA = iAB = VOD x OC, or by measuring directly 
the required diameter of the body to be computed. 

(155) RKm. III. To obtain iu 
the spherical zone ABDC, for instance, 
the diam. of its intermediate section ; 
we will at first find, if it is not already 
known, the radius OB or OF of the 
sphere of which the zone to be com- 
puted forms a part. To this effect 
(574 G.) the plane figure ABCD being 
the vertical section of the spherical 
segment in question, we will obtain 

EF-^CETeD-5-AE, then AF -f- AE or GH + EF and diam. BF= 
VAB^ -f AF'*. The radius OB be ing now k nown =iBF, we will ob- 
tain 0a = V0B2— BG2 or 0H=V0U^CH2, or after having found OG 
or OH we will obtain OH=GH— OG or OG =^ GH— OH ; now, U^q 
suppose the line GH prolonged on both sides to the circumference at 
XY, we will obtain GX,=OB— OG and HY=OB— OH and thence 
we will easily obtain, avS in REM. II, the intermediate diam. half- 
way between AB and CD. 

(156) RVIiE: I. Multiply (1088 O.) 
the half -sum of the areas of the parallel 
bases by the height of the segment ; add 
to thisprodtict the solidity of a sphere the 
diameter of which is equal to the height 
of the segment: the sum of these two soli-, 
dities tmlll be the required volume, 

REM. When the segment has but 
one single base^ the other is considered 
=0. 

JK-irLEJIIII.^Ib the sum of the areas- 
of the in f, and sup. bases of the segment^ add i times the area of a 
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section equidistant from those bases, and multiply the whole by the 
sixth part of the height ; the result tdll be the required solidity (136 T.) 
JEx. I. What is tlie solidity of a segment forming part of a 
Bphere the diameter of which is 40, the respective distances from the 
centre to eacli of the planes of section being 16 and 10 ? 

Ans. We must first determine the areas of the parallel bases 
of the given segment ; bat, the diameters of these bases are parallel 
chords of a great circle of the sphere, distant from the centre of the 
circle, the one by 16 and the other by 10 units of measure, the seg- 
ments of the diameter of the great circle perpendicular to these 
chords are respectively, of one of them, 16 + 20=36 and 40— 36=4, 
of the other, 10+20=30 and 20— 10=10 ; now we have (540 G.) 
36 X 4=144 = the square of one of the half-chords and 30 x 10=300« 
the square of the other half-chord; these squares multiplied each 
by .7854 and by 4 or at once by 3.1416, give 452.3904 and 942.48 
for the required areas of the parallel bases. The sum of these areas 
= 1394.8704, this sumx3, the half-height (16—10) of the segment, or 
the half-sum of tliese areas x 6=4l84.61]2=part of the required so- 

3 

lidity ; the remainder of the required solidity^ 6 x .5236=113.0976 
=8ol. of a sphere the height of which is 6. These two solidities 
united give 4297.7088 for the solidity of the proposed segment. 

a. The same example by Rule II gives for area half-way 
between the parallel bases 33 x 7=231 =the square of the radius of 
the base or intermediate section, this square x 4 gives the square of 
the diam. of such base or section, and this last square x .7854 gives 
its area= 725.7096, 4 times this area =2902. 8384 to which adding the 
sura of the areas of the bases we obtain 4297.7088 for the required 
solidity, for ^ height =1 and multiplying by 1 does not alter the 
"value of the multiplicand. 

3. How many cubic feet of liquor may a hemispherical boiler 
10 feet diameter contain ? 

Ans. We have seen (134. T.) that in the hemisphere the area 
of the intermediate section equidistant from the base and apex 
of the solid is equal to the f of the area of the base or of a great 
circle of the sphere j now, we have for area of the sup. base of the 
boiler 10 x 10 x .7854=78.54 square feet ; but 4 times } =3 and three 
times 78.54 4- 78.54=4 times 78.54=314.16 and 314.16 x J height= 
314.16 X 5-^-6=261.8 cubic feet. 

(15 Y) REM. In the case of the hemisphere, as in the entire 
sphere. Rule II does not offer any advantage, and on the con- 
trary, it gives more work, since it is more simple to arrive at the 
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required result, to cube at once tlio diameter , multiply this cube by 
.52**^ and ttike half the product for tlie solidity of the hemis- 
phere. 

4. How many gallons of wator may find room in a reservoir in 
the form of a spherical segment with a 100 feet diameter, and 20 feet 
deep, at 7i gallons per cubic foot ? 

An^. By the first rule, we obtain the required vol. = area of the 
base of the segment (that is, the sup. area of the reservoir) x the 
height (vertical depth of the re8ervoir)-r-2, plus the vol. of a sphere 
having for its diameter such height ; that is, the required voL ~ 
(100 X 100 X .7854 x20-r 2 = 78540) + (20 x 20 x 20 x .5236 = 4188.8) = 
82,728.8 cubic feet x 7.5=620,466 gallons. 

Ans. By the second rule, we have first (540 G.) for the re- 
mainder of the diam. of the sphere or of the great circlp of which 

2 

the height of the reservoir forms a part (ilOO) -=-20=125,125 4-10 
(half-distance from the surface to the bottom) = 135, 135 x 10 = 1350 
= rectangle of the segments of the diam. = square of the half- 
diam. of the intermediate section, this square x 3.1416=4241.16= 
area interm. section, 4 times this area + the area of the base of the 
Begment=24.818.64, this sum x 20 -f- 6 =82,728.8 cubic feet, as before. 

(158) REIfl. The choice to be made between the two rules for 
the solution of this problem will sometimes depend on the nature 
of the data, but especially on the doubt that might exist as to the 
particular kind of the figure to be computed, and the use of this 
formula will dispense with the necessity of enquiring first of all as to 
the exact nature of the proposed solid. Thus, if the reservoir to 
be measured were the segment of a spheroid, hyperboloid, or any 
other figure resembling nearly those just enumerated, rule II 
would in any case give its accurate solidity {1*ZH T.), or very nearly, 
while if we treated as part of a sphere proper a figure wliicli 
were not such and calculated it by the rule applicable to the sphere, 
we might be deeply mistaken in the result. 

5, A basin the form of which seems to be that of spherical seg- 
ment, has for its sup. diam .15 inches, for half- way diam., 12 inches, 
and for depth or height 7 inches ; what is its capacity in gallons of 
231 cubic inches f 

Aii§. Sup. area=]5 x 15 < .7854 = 176.715 square inches, inter- 
mediate area=12 x 12 x .7854 = 113.0976, area base + 4 intermediate 
area =629. 1054, this sum x 7 4- 6=734 cubic inches nearly ; divid- 
ing by 231 we obtain 3.18 or 3J gallons nearly for the capacity of the 
proposed vessel. 
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O. The vacuity or space under a dome or arched ceiling of a cir- 
cular room, presents the aspect of the segment of a sphere with paral- 
lel bases the diameters of which measure lespectively 19.9 metres 
and 8.718 metres } the diameter of the dome equidistant from ita 
bases is 17.32 metres ; required the number of cubic metres of air 
to be heated, the height being 8 metres ? 

Ans. (19.9/ X. 7854=396 X. 7854=311.02, (8.718) =76 and 76 

X .7854=59.69, (17.32) =300 and 300 x .7854 x 4=942.48, the sum 
1313.19 of these areas x 8-f- 6 = 1750.92 cubic metres, o r which is the 
same thing and more simple (19.9)2 + (8.718)2 + 4 (17.32^ x .7854 x 8 
-4-6= sol. 

7. A vessel having the form of the frustum of a cone is terminat- 
ed by a bottom having the appearance of a spherical segment. The 
inferior diameter of the vessel is 12 feet, the intermediate diameter 
of the segment is 8.72 feet, and its height 2 feet j how much must 
be added to the content of the body of the vessel to obtain its whole 
capacity ? 

Ans. (12)'' + 4 (8.72)'' x .7854 x 2-J-6='117.3 cubic feet, (where 

2 

we have taken (8.72)=V76j for, 6 or (J12)2-j-2=18, i84-2=diam. of 
the sphere of wliich the segment forms apart. Now the interme- 
diate lialf-diaraeter=V19 x 1 or the diam .==V4 times 19=V76=8.72 
nearly) and 117.3x 7i=889 gallons nearly. 

PROBLEM XXXVI. 



To determine the solidity of a spherical ungula, and the 
area of the lune vrhich forms its base. 

(See the tableau,) 

lllilMI. The spherical ungula is a- 
part of the solid sphere comprised be- 
tween two half great circles ADC, EDO 
meeting at any acute, right or obtuse 
angle AOE and its solidity is evidently 
to that of the entire sphere as its angle 
AOE is to 360° or as its arc AE to the 
CDtire circ. whence it evidently follows 
that its solidity will immediately be 
obtained by the following : 

RULE I^ Multiply 4 times the area 
of the sector of a circle AOE by J of the diatneter (W, length or height 
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of the spherical segment ; for the areas of the opposite bases or ends 
C and D, are both equal to zero. 

RULE II. Get first (1075 ©.) the area, then the solidity oftU 
entire sphere of ivhich the inigula forms a part Divide then that 
area and solidity by the ratio between the angle of the ungvula and 
360° ) the result will be the required area and solidity, 

Ex. I. Required the area and solidity of the ungula of a spbere 
the angle of wliich is 60° and the diameter 10 f 

Alls. The area of the entire sphere = (144 O.) 10 x 3.1416 x 10= 
314.16 units, the ratio of 60° to360°=iV, therefore 314.16-^10= 
required area =31. 4 1 6. 

The solidity of the entire sphere=(149 G.) 10 .5236=523.6, 
this solidity divided by the ratio iV just established, gives 52.36 
for the solidity of the proposed ungula. 

a. One of the compartments of the interior vault or of the exte- 
rior roof of a dome, presents the figure of a spherical serai-lune, the 
diameter of the dome is 100 feet, and its circumference is divided 
into 16 parts or sections by ribs drawn from the apex to the 
springing ; required the area of one of the component semi-lunes ? 

Ans. The entire area of the sphere of which the dome forms a 

part = 100x3.1416 x 100=100% 3.1416 = 10000 x 3.1416 = 31.416 
square feet, this area divided by 32, since there are 32 semi-lunes in 
the entire area, gives for the required area 981 J square feet. 

(160) RCJLiE III. Multiply tlie length of the arc which measures 
the breadth of the lunfi by the diameter of the sphere of which it formes a 
part ; the product will be the required area. Tlie area thus obtained 
(or as establislied by tlie first rule) multiplied by one third the radius 
will give the required solidity. 

Ex. 1. How many square metres of silk are there in one of the 
component sections of a spherical balloon of which the diameter is 
10 metres, and the number of the component breadths 36 ? 

Ans. Tlio whole circumference of the balloon being 10 x 3.1416 
=31.416 metres and the number of compartments 36, it follows that 
the breadth of the gore will be 31.416- 36=. 872| metres, then, .872| 
x diam. 10=8.72| square metres = required area. 

3. There is to be replaced one of the 10 component ungulae of a 
wooden ball 30 inches diameter, required the solidity and convex 
area of the ungula. 

Ans. The circ. of theball=30 x 3.1416=94.248 whence it follows 
that the breadth of the ungula=94.248 -5-10=9.4248, this breadth >c 
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diam. 30 gives for the area of the ungula 282J square inches. The 
8olidity=the area x one third the radius=2S2.744 x 15-^3=282.744 
X 30^6=282.744 x 10 4- 2= 2827.44^2= 141 3J cubic inches or 1413.72 
-T-1728 (number of cubic inches in a cubic foot)=.82nea.rlyofacubic 
foot, let the four fifths of a cubic foot. 

3. Required the number of toises (87 cubic english feet pertoise) 
of masoniy in one of the 8 compartments of a hemi-spherical vault 
of which the int. diameter is 30 feet and the thickness of the vault 
3 feet ? 

Aus. It is plain (1083) that we will obtain the required soli- 
dity by taking the difference of the component semi-uugulae of the 
interior and exterior hemispheres of the proposed vault. Now, the 

3 

int. diameter being 30, the solidity of the sphere =30 x .5236= 
14137, the sol. of the ext. sphere=36* x .5236=24429, the difference 
(24429—14137=10292) of these solidities divided by the number 
(16) of the component semi- ungulae of the entire sphere, gives for the 
solidity of the compartment 643]^ cubic feet, dividing this latter 
number by 87 we get 7 toises 34 J cubic feet. 

Or, approximative! y, by multii)lying the half-sum of the ext. 
and int. areas of the compartment by the thickness of the vault; 

2 

we have area of the jut. sphere 30 x 30 x .7854 x 4 or 30 x 3.1416 
=2827.44 of wliich the half 1413.72 is the interior area of the entire 

2 

vault, the area of the ext. sphere=36 x 3.1416=4071.5136 of which 
the half 2035.7568 is the exterior area of the entire vault, the sum 
3449.4768 of these areas-i-8 is the sum of the ext. and iut. areas of 
the section of the vault to be measured, and this latter sum 431.1846 x 
li (half-thickness of the vault) or half tliatsum multiplied by the 
entire thickness of the vault, gives for the cubical content of the 
compartment 646| cubic feet, or 7 toises 37J cubic feet. 

(161) REM. We say "approximately," and in fiict, the solid 
to be measured is nothing but the frustum of a spherical pyramid, 
comprised between parallel bases. The si)herical pyramid, like the 
ordinary pyramid, has for its solidity (1082 Cr.) the third of the 
product of its base by its height ; but, were it true that one could 
arrive at the solidity of a frustum of a pyramid by multiplying the 
half-sum of its parallel bases by the height of tlie frustum, it would 
happeu also that one would correctly obtain the solidity of the entire 
pyramid equal to the half product of its base by its height ; for if it 
be supposed that the height of the frustum increases indefinitely, this 
height must at last become equal to that of the entire pyramid, and 
its superior base will by the fact cease to exist or become equal to ; 
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in that caae tlie luilf-Riiin of tlie opposite bases will be the half-baae 
of the pyramid, aud the rule would theugive for the solidity of the 
pyaruiidy the half-product of its base by its. height ; but the solidity 
of the pyramid is ou the contrary the third of the product of its base 
by its height ; aud the difference between i and ^ is |^ ; therefore 
the error of the approximative method might iu an extreme case 
reiich 16| per cent. In the above example the eiTor in excess is but 3i 
feet for 643 feet or i per cent nearly, aud would be still less if the 
the diameter of the vault were greater relatively to its thickness, or 
which is the same thing, if the height or* thickness of the frustum to 
be measured formed a smaller part of the entire height of the pyra- 
mid of which the frustum forms a part. 

PROBLEM XXXVII. 
To find the solidity of a spherioal sector. 

(See the models of the tableau.) 

(163). REm. I. The sector or spherical cone is, as indicated 
by its name, any part of the solid sphere comprised between and 
having for its base a spherical segment and for its lateral wall the 
surface generated by the revolution of the radius of the sphere about 
the circumference of the smaller circle of the sphere serving as a 
base to the segment. We may consider the spherical cone under 
two aspects and measure it in consequence ; 1° as asperical sector or 
as an inftnitary spherical pyramid to obtain its solidity by adding to 
the area of its spherical base 4 times the area of the imaginary sphe- 
rical base parallel to the first and situated half-waw between the 
exterior surface and the centre or otherwise ; between the base and 
Apex, as for an ordinary pyramid or cone. Now it is evident that as 
iu the case of the pyramid and cone properly so called or with plane 
bases, the area of the half-way section is equal to the fourth part of 
that of the base, which reduces the method of cubing the cone or the 
spherical sector to that enunciated in the above given rule. 2° as 
a compound of a spherical segment and a right cone which may be 
measured separately by the rules already given to take afterwards 
the sum of the component solidities. This method evidently dis- 
penses with the necessary knowledge to arrive at the convex area of 
the base of the sector to be measured and reduces the whole work 
to that of obtaining tlie respective areas of the circle answering as a 
commok base to the component cone and segment and of the circle 
parallel to this latter and situated half-way between it aud the apex 
of the segment. 



'% 
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(1691) REm If. Let us say also, respecting tLe spherioal cob« 
that if it were required to cube any frustum of a spherical cone com^ 
prised between parallel . bases, such as the section of a shell for 
instance or the vault of ar circular room of uniform depth, we 
would arriTo at it, as in the case of the frustum of an ordinary cone 
by adding to the sum of the convex aud concave areas of its paral- 
lel bases 4 times the area of a section parallel to the bases and half^ 
way between them, and afterwards multiplying the whole by the 
sixth part of the height of the frustum ', or by computing the respective 
solidities of the component spherical cones, then to take their dif- 
ference. 

(164) RlJIili. After having established by the method of pro^ 
hlem 34 the area of the base of tlie sector , we mtist multiply (10 YY ijL) 
that area by one third of the radius to get the required solidity. 

Ex. 1. The height of the segment, forming (075 €^.) the base 
of a spherical sector, is \i Tnetres, and the radius of the sphere of 
which the sector forms a part is 5 metres ; what is the solidil^ of 
the sector 1 

Aufl. The area of the base=circ. of a great circle x the height 
of the segment, the circ.=diam. 10 x 3.1416 « 31.416 x 1.5=47.124 
square metres, this area x \ radius or by 5-f-3= 78.54 cubic metres. 

3. What is the solidity of a buoy having the form of a spherical 
sector, the length of the side being 10 feet and the diameter of the 
base 5 feet ? 

Ans. With these data we obtain first the height of the segments 

lO-'^lO -2.5 =10-9.6825=.3l75 of a foot, the circ.=diam.20x 
3.1416=62.832 which x .3175=19.94916 square feet=area of the con- 
vex base, this latter x 104-3=66.497 cubic feet. 

3. A circular tower of which the int. diam. is 30 feet, has for its 
cut stone vault the frustum of a sector with parallel bases, the thick- 
ness of which is 5 feet, the height of the cap of the vault is 10 feet ; 
what is the concave area and the solid content of the vault f 

Ans. The solidity of the frustum is (1088 G.) equal to the 
difference of the component entire and partial sectors =ext. area or 
of the extrados x ^ K, less the int. area or of the intrados x ^ r where 
R. and r are the respective radii of the ext. and int. spheres of which 
the sectors of the same name form a part *, now, we first obtain 
(540 G.) for the remainder of the diameter of the great circle of 

14 
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which the height of the vaalt forms a part and of wTiich the 

diameter of the vault is a chord, 15 -f-10 (tlie square of the serai- 
chord-^tlie versed sine, tliat is, the diam. of tlie vault -=- its height) 
=225-5-10-^22.5 j then we obtain the dlanieter=22.5 + 10=32.5 and 
the radius=J6.25, and the depth of the vault being 5 feet, we obtain 
for the radius of the extrados 16.52 + 5=21.25 ; now, we will obtain 
the interior area of the vault by making the circumference 102.102 
(=3.1416 X 32.5) and by multiplying it by the height 10, which will 
give 1021 square feet for the required area. 

We will obtain (1074.2° G.) the area of the extrados by mak- 

9 3 2 2 

ing r : R :: int. area : ext. area or 16.25 : 21.25 :: 1021 : x, let 264 : 
452:: 1021 : x=1748 ; finally the required solidity =ext. ai-eax J R — 
int. area x ^ r=(]748 x 21.25-^3) — (1021 x 16.25 ~- 3)= 12382—55:50 
=6852 cubic feet of cut stone. 

RJElfl. I. The approximate rule in question in the rem. to 
last problem, would give in the actual case i (1718 -f- 1021) + 5 = 6922 
that is an excess of 70 cubic feet, the error being consequently l^^j per 
cent. 

4. A reservoir, the lateral wall of which is the zone of a sphere 
and the bottom a plane surface, is lined in all its concave surface 
with a thickness of eight inches brick masonry radiating to the 
centre of the sphere of which the reservoir is a segment. The supe- 
rior diameter of the reservoir, which is at the same time that of the 
sphere is 100 feet and the depth of the reservoir or height of the zone 
is 20 feet. Required the number of bricks in the frustum of a sphe- 
rical sector formed by the lateral lining of the basin ? 

Alls. The circ. of the int. sphere or of a great circle is 100 x 
3.1416=314.16, this circ. x the height 20 of the interior zone, gives 
for the area of that zone 6283.2 square feet, and the solid sector of 
which that zone is the base or convex area is 6283.2 x J r =6283.2 x 
50 -r 3=104,720 cubic feet, the area of the ext. zone of the brick lin- 
ing is obtained 1074. 2° O.) by making 100 ^ 101 jN: 6283 2 : 6451. 
8687, this latter x J R or by J (101 J = 108,964.894 cubic feet - vol. of 
the ext. solid sector, the difiPereuce 4244.894 of the int. and ext. sec- 
tors is the solidity of the lining in cubic feet, multiplying by 20 we 
obtain 84,898 for the number of bricks employed iu the work. 

REM. II. In this latter example, the sum of the ext. and int. 
parallel areas of the lining is 12735.0687, this sum x the half- thick- 
ness, 4 inches, or by i of a foot, gives 4245.0229 cubic feet, x 20 = 
849CK)^ bricks, or a difference de 2 J bricks only iu the result^ proving 
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tlms, as already stated, that with a very small thickness relatively 
to the radius, we obtain very nearly the solidity of the frustum of a 
spherical sector, by multiplying its height by the half-sum of its pa- 
rallel bases. However, with regard to the amount of work entailed 
by the two modes of calculation, the second method oflfera no advan- 
tage ovei- the first which it is therefore better to employ in all cases. 

REIU III. We may also in practice (and this is what is some- 
times done) when the thickness of a vault is uniform and its radius 
of curvature relatively great, simplify the operation and arrive at 
a sufficiently approximate result by multiplying at once the 
int. or ext. area of the vault by its thickness. In the last example 
this manner of proceeding gives, by using the area of the intrados of 
the brick lining, 6283.2 x 8 inches or by the | of a foot - 4188.8 cubic 
feet X 20=83776, this result is deficient by 1122 bricks or li per 
cent. If on the contraiy we take the ext. area 6452 x f we have 4301 
cubic feet, or 86,020 bricks, result which is in excess of the truth by 
1122 bricks or li per cent as before. 



PROBLEM XXXVIII. 

To find the area of a spherioal triangle ^ 

(See the tableau.) 

(165) KIJLii: I. Compute jirst the area of the sphere of which the 
Mangle farina a part ^ and divide the area by 8 to obtain (1193 €^.) 
that of the tri-rectangular triangle* 

Compute afterwards (1900 Gf,)the sum of the three angles, from it 
subtract 180° and divide the remainder by 90° ; multiply then the quo- 
tient by the tri-recta/ngular triangle and the result will be the required 
urea, 

RULti: II. Multiply, as for the triangle with a plane surface, the 
developed length of the base by the developed height perpendicular to 
that base ; the result vnll be the area nearly of the proposed triangle. 



1. We will find among the models of the tableau, pyramids and frasta of spheri- 
cal pyramids the bases of which present the acate.angled, right-angled and obtase- 
angled spherical triangle, including the tri-reotangular spherioal triangle in question* 



114 



KBT TO THt TABLKAH. 








fix. 1. Required the area of a triangle described on a sphere the 
diameter of which is 30 feet, the angles^ing 140'', 92° and ed"" ? 

Ant. The area of the entire sphere=diam. SOx dO x .7854x4= 

30 X 3.1416=2827.44 square feet of which i==353.43=area of the tri- 
teotangular triangle which must enter as an element into the calcula- 
tion to be made. The sum of the three angles is 300°, 300°— 180= 
120*», 120° -r- 90°=1 J and \\ times the area 353.43 of the tri-rectangu- 
lar triangle gives 471 .24 the required area. 

8. The angles of an equilateral spherical triangle are each of 
120°, and the diam. of the sphere of which the triangle forms a part 
is 20 metres ) what is the area of the triangle ? 

Ana, 20 x 3.l416-!-8==157.08=tri-rect. triangle area, the sum of 
the angles==360°, 360° — 180° =180, 180° -r- 90°==2 and 157.08 x 2= 
314.16 square metres. 

S. One of the 8 compartments of the surface of a dome or vault in 
the form of a hemisphere is an isosceles spherical triangle of wliich 
each of the angles at the base is aright angle, and the angle of which 
at the apex?=360^-5-8=-45°, the length of the arc measuiing the 
breadth of the compartment at the springing of the dome is 39.27 and 
the whole circumference is consequently ==39.27 x 8=314.16, whence 
the diam. is 100 \ what is the area of the compartment ? 

Anfl. The whole area of the sphere of which the semi-lune to be 

2 

computed forms a part=100 x 3.1416=31416 square units, the tri- 
rect. triangle- =31416-7-8=3927, the sum of the angles exceeds by 45° 
two right angles, 45° -5-90==- J, therefore the area or solidity=3^7 
-r-2=1963J=required area. 

Besides, in this example where the triangle to be computed 
forms a known aliquot part of the entire sphere, the calculation be- 
comes simplified and reduced to that of obtaining the area of the sphere, 
afterwards to take its t6th part. The example has nevertheless the 
^vantage of showing the accuracy of the rule (the area of the entire 
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sphere 31446 divided by 16 giving as before 1963J for the convex area 
of the proposed nngala) and indicates the manner of proceeding in any 
other anologouB case. 

4. The sum of the three angles of a triangle traced on the sur- 
fiice of the terrestial sphere, exceeds (1416 G.) by one second (1") 
180°, what is its area, supposing the earth to be a perfect sphere with 
a diameter of 7912 english miles f 

Axis. The area of the earth=(7912? x 3.1416=196,663,355.75, 
dividing by 8, we obtain for the area of the tri-rect. triangle 24.582, 
929.47 square miles ; now l"-i-90°=^l"-^324,000 (number of seconds 
in 90°=90° X 60' X 60") = y, Jinny =^ .00000308642 nearly and the area 
of the tii-rectaugular triangle 24,582, 919.47 x .00000308642 o/, wliich 
is the same thing, divided by its converse 324000 gives 75.87321 for 
the area of the proposed triangle in square miles. 

(166) Rft^JII. I. It is plain from the rule that the area of every 
spherical triangle of the same radius, that is, of eveiy triangle traced 
on the same sphere has a direct relation to the excess of the sum of its 
three angles on 180°. For instance, if the spherical excess were 
10 seconds instead of one, the area of the triangle would be 758.7321 
square miles instead of 75.87321 \ in the same way if the excess of 
the three angles on 180° was but of one tenth of a second, the area of 
the triangle to be computed would be but one tenth of what it is 
for one second, viz : 7.587321. An excess of one minute would give 
for the area of the triangle to be computed a number of miles GO times 
gieater than that given by a second, that is, the 5400th part of tlie 
tri-rect. triangle, since 324000-^60-= 5400 or tliat 90° x 60=5400 ; so 
1° would give the 90th part of the tri-rect. triangle and so on ^ 
whence it evidently follows that in every geodesical survey of 
part of the terrestrial sphere, it will suffice, after having est-iblished 
the area corresponding for instiince to a second, or to one lOfch, 
lOOtli 1000th, &c., of a second, to multiply tliis area by the number 
of seconds or tenths of a second, &c., in the excess of the sum of tlie 
three angles of any triangle on 180°, to obfcaiu at once the area of 
such triangle, and we have seen (1415 3° O.) the manner of estab- 
lishing if required such spherical excess. 

REJfl. II. It is plain tliat if tlie spherical triangle ACP, for in 
stance, is the tri-rectangular triangle or tlie 8th part of the sjihere and 
it be divided into any number of equal ^arts, that is, of isosceles 
spherical triangles equal to each other, ACE^ ECE, &c., all tlie 
angles at C will be equal to eacli other and the arcs AE, EE also 
equal to each other j the areas of all these triangles will conse- 
quently be equal. Let then the angle ACE at the apex or 
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pole C^V and because the space all arouud C is divided into 360^, 
tho area of the bi-rectanglar spherical 
isosceles triangle ACE, or of which the 
sides comprising the angle of 1° at the 
apex or pole C are equal to each other 
and each of them to one quarter of a 
circumference, tliis area, say we, must, 
evidently be the 3G0th part of that of the 
hemisphere AEBA— C or which is the 
same thing the 90th part of that of the 
quarter of a hemisphere or tri -rectangular 
triangle. If the angle at C is but 1' or the 
60th part of 1°, the areaof the triangle ACE will be but the (90° x 60)' 
5400th part of that of the semi-quarter of the sphere. If the angle 
at C is but a second, the same area will be but the (90° x 60' x. 60" 
324,000th part of that of the half-quarter of the sphere, or as shown 
in the above example, of 75.87321 square english miles ; whence it 
is plain, that an angle C or ACE of .1" would give 7.587321 
square miles ; an angle ACE of .01" would give .7587321 of a square 
mile } an angle ACE of .001" an area of .07587321 of a square mile 
and so on, or, as just said, .07587321 for each thousandth of a second. 
Kow I square mile=5280 x 5280 english feet =27,878,400 square .feet 
and multiplying by .07587321 we obtain 2.115,223.4 feet which then 
corresponds also to the area of a spherical triangle in which the ex- 
cess of the sum of its angles on 180° is of .001" or of the thousandth 
part of a second ; whence, if the excess it but of 0001" the corres- 
ponding area of the triangle will be 211.522.34 -, if the spherical ex- 
cess is of .00001" or of one hundred thousandth part of a second, the 
spherical area will be but of 21,152.234 and finally if the sphe- 
rical excess is of .000001" or of the millionth part of a second, 
the area of the spherical triangle corresponding to such an excess 
will be of 21 15,2234 square feet or of an extent of ground not ex- 
ceeding a square of 46 feet in the side. Whence : 

RULiB I. To determine the spherical area of any triangle des- 
cribed on the surface of the terrestrial splieroid * ( sphere flattened at the 
poles by nearly one three hundredth (^J^) of its diam.) we have but to 
multiply each millionth of a second of the excess of the sum of its three 



1. As the areas of similar figures are to each other as the sqaares of their homo- 
logous sides, we will arrive at the area of a spherical triangle described on a sphere of 
any radius by making the required proportion. 
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angles on ISO^ per 2115 square feet, or each thousandth of a second hy 
2iliy,22S sqtiare feet or hy .07587321 square miles, or each ,01" (hun- 
dredth of a second) by .7587^1 square miles, or each .V (tenth of a 
second) by 7.5.*i7321 square miles or each 1/' (secoud) by 75.87821 
square miles, reducing to that effect the degrees (®) and minutes (') in 
the given excess of the sum of the three angles of such spherical triangle 
over 2 right angles, into seconds, and multiply afterwards these seconds 
hy 75.87321 and the fractions of seconds as has just been said. 

/ind CooverNely, to determine the spherical excess of the sum 
of the three angles of any spherical triangle on 2 right angles, we may 
divide the area previously obtained in an approximate manner (by 
considering (1*^5, R. 2,) the lengths of the arcs constituting its sides as 
those of the sides of a rectilineal triangle) hy 2215 square feet to oh- 
tain the number ofmillionths of a second (000,001") contained in such 
excess, or by 2,115,223 square feet or .07587321 squaf-e miles to ob- 
tain the number Of thousandths of a second (.001") contained in said 
excess, by .7587321 square miles for the hundredths of a second ((*!"), 
hy 7.587321 square miles for the tenths of a second (.1"), finally by 
75.587321 square miles for the seconds (V) and the seconds if required 
reduced into minutes by dividing by 60, and the minutes into degrees by 
dividing 6*/ 60, will still give the spherical excess required, 

REM. III. The spherical triaugle ACE on wliich we have ar- 
gued is, as stated bi-rectangalar at A and E, that is, the angles at A 
aod E are, and evidently are, right 5 whence it follows that the angle 
at C at the apex or at the pole is the spherical excess or the quantity by 
which the 3 angles exceed 2 right angles and in the same way as this 
spherical excess furnishes the area in the case of the bi-rectangular 
isosceles triangle, (1300 G.) so does that excess afford the means of 
arriving at the required area, or the area at the required excess in 
aDy other spherical triangle. 

PROBLEM XXXIX. 

To determine the area of a spherioal polygon. 

(See the tableau.) 

(16*7) RULE. Find as in the last problem 
theareaofthetri-rectangular triangle (1201 G.)* 
From the sum of all the angles of the polygon 
tuhtract asmany times 2 right angles as there are 
tides less two. Divide the remainder hy 90° and 
mxdtiply the tri-rect. triangle by the quotient thus 
ohtained : the product will be the required area. 
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Ex. 1. What is the area of a regular polygon of eiglit sides des- 
cribed on the surface of a sphere of which the diameter is 30, each 
angle of the polygon being 140° f 

Atts. 140*'x8=ll20°=sumof the angles of the polygon, 180* 
X 6=1080°=as many times 2 right angles as sides less two, 1120— 
1080=40,40-7-90= J ; the area of the proposed polygon will then be 
the t of that of the tri-rect. triangle, the area of the sphere = 30 x 
30 X 3.1416=3.1416 x 900=2827.44 whichH-8= 353.43 area of the tri- 
rect. triangle, this latter x 4-^9 = 167.08 the required area of tlie 
polygon. 

2. Eequired the area of an irregular 

polygon of 7 sides described on a sphere ^J*^ 

of 8i metres radius, the sum of the angles D^*'^** \ 

being 1080° ? y/\^ ^- 

Ans. Area ofthesphere=17 X 3.1416 yT ^••••4|^''* i 

=907.9224 of which the eighth part 113. / \ /T"*-.^ I 

4903 is the area of the tri-rect. triangle i R^^ \ l?ji 

1080°— 5 times 180o=180°, 180° -=-90=2 / \rAc 

and 1 13.4903 x 2 = 226.9806 area of the pro- S -|j[' *^ 

posed polygon. 

3. The sum of the 15 angles of a polygon of a geodesical trian- 
gulation is 2340° V 50", what is the area of the polygon in square 
miles, supposing the diameter of the earth at the survey to be 7912 
english miles, that is supposing the trigonometrical operation to 
have taken place on a sphere of that diameter. 

Ans. We obtain as in the last problem, for the area correspond- 
ding to an excess of 1", 75.87321 square miles, and we have seen that 
the area to be measured is in direct relation with the number of 
units iu the given excess j now the sum of the angles is in this ex- 
ample 2340° r 50" which diminished by 13 times 180° or by 2340° 
leaves for the excess V 50" or 110" ; the required area will then be 
110 times 75.874321 that is 8346.17531 square miles. . "* 

(168) REM. The supposition just made seems to indicate that 
the earth is not in aU its extent of the same curvature, that is of the 
same radius or diameter, or that it is not a perfect sphere, and in 
fact the terrestrial globe is a spheroid of which the flattening towards 
the poles is nearly ^^ of the diam. at the equator or about 26 miles i 
now the areas of two spheres of different radii or of any two homo- 
logous parts of the spheres are to each other (i074 G.) as the 
squares of the radii of those spheres. 

Let it be required then to find the relation of the areas of two si- 
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milar figures traced on the terrestrial sphere, one at a point where the 
osculatory diameter is 7912, the other in a latitude where this diame- 
ter is 7930 miles, we will make 79 12^ 7930% 1 : 1.0045552^ multiplying 
hy this last number the 8346.0531 square miles of the last example, 
we obtain 8384.071 square miles for the area of the same polygon 
at a point where the diameter of the earth would be 7930 instead of 
7912, that is a difference of 38 square miles, quantity which though 
relatively small, considering the total area of the extent of territory 
comprised in the survey, is none the less very large in itself, equiva- 
lent as it is to that of a city or canton of 6 miles diameter ; which 
shows the importance of considering the relative dimensions of each 
part of the terrestrial sphere in the operations to be performed to de- 
termine its area. 

PROBLEM XL. 
To determine the solidity of any spherical pyramid. 

(See the tableau,) 






(196) RUIiE. Mnd first hy the preceding rules the area of the 
hase of the given pyramid; multiply then (1082 O.) this area hy one 
third the height of the pyramid; that is by one third the radiums of the 
sphere of which the pyramid forms apart and the result will be the re- 
quired solidity, 

Ex. I. What is the solidity of a; spherical pyramid the base of 
which is 10 square metres and the height 30 metres ? 

Ans. 100 cubic metres^ 

3. Among the component parts of a polyhedron to be cubed, is 
a spherical pyramid or a part of a sphere bounded by planes meetlDg 
in the centre of the sphere of which the pyramid forms a part yvflmt 

16 
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is its solidity, the radius being 15 inches and the area of the triangle 
or polygon constituting its base 100 inches ? 

Ann. 500 cubic inches. 

3. There is to be made a vault or part of a vault of which tLe 
radius of the intrados is 30 feet, the depth of the vault 3 feet anil its 
form that of an irregular polygon of which the int. area or superfi- 
cies is 100 square feet ; what is its solidity f 

Ans. The solid to be computed is the frustum of a spherical 
pyramid with parallel bases } this solidity is equal (1083 G.) to the 
difference of the solidities of the component entire and partial or 
ext. and int. pyramids. We will then obtain for the required sol ilidy, 
the expression (ext. area x ^ R) — (int. area x ^ r) j we have therefore 
to find the ext. area which must enter into the calculation to be made ; 

to that effect we obtain (1074, 2° G.) 30% 33^: 100 : 121= area of 
the extrados; now, (121 x 11) — (100 x 10) = 1331—1000=331 cubic 
feet of masonry. 

4. What is the weight of the fragment of a shell or bomb of 
which the int. diam is 10 inches, the thickness 5 inches, and the 
int. and ext. 'or concave and convex areas 60 and 240 square inches, the 
planes of section of the fragment being directed towards the centre 
of the sphere of which the solid to be measured forma a part, and 
the weight of the cast-iron being 480 pounds to the cubic foot ? 

Ans. (240 X 10^3) - (60 x 5-f-3)= 800 -100=700 cubic inches, 
the cubic foot=12 x 12 x 12=1728 cubic inches, whence we obtain 
the required weight by making J 728 :.480 :: 700 : 194i pounds. 

PROBLEM XLI. 

To find the area or solidity of any regular polyhedron. 

(See the 5 regular polyhedrons of the tableau.) 

(169) RlTIiE 1. For tlie area : calculate the area of ane oj 
it8 component faces, and multiply (1118 G.) that area by tlie number 
effaces in the proposed polyhedron. 

For tlte solidity : Multiply (11S4 ©.) the area of the poly- 
hedron by the third of the radius OP of the inscribed sphere, that is hy 
the third of the perpendicular let fall from the centre to one of th^ faces 
of the solid, the product will be ike required solidity, 

REM. We have seen (Uti'^i and 1134 O.) that to detennine 
in the case of the Dodecahedron and Icosahedron, the radius of the 
inscribed sphere, we must first liud the angle formed by two of the 
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adjacent faces of these solids, and we have indicated the manner of 
establishing this angle. We may also by means of the same angle, 





calculate the perpendicular in ejich of the three other polyhe- 
drons (of which that of the hexahedron is equal to the half-side 
of that body) or obtain that perpendicular by the method of par. 
(1128 O.) or (1131 G.) as the case may be. 





(IW) It is well to calculate and dispose under the form of a 
table, as at (3'^ T.) for the regular polygons, the areas and soli- 
dities of the five polyhedrons having for their sides the unit, in order 
afterwards to make use when required of those> areas and solidities, to 
determine the area or the solidity of any other regular polyhedron of 
the same name. 

Table of the regular polyhedrons of which the side is 1. 



NA3IE. 


N° OF FACES. 


ANGLE OF THE 
FACES. 


AREA. 


SOLIDITY. 


Tetrahedron 

Hexahedron 

Octahedron 

Dodecaliedron 

Icosahedron 


4 

6 

8 

12 

20 


70° 31' 42" 

90° 

109° 28' 18" 
116° 33' 54" 
i;3d° 11' 23" 


1.7320508 
6.0000000 
3.4641016 
20.6457288 
8.6602540 


0.1178513 
1.0000000 
0.4714045 
7.6331189 
2.1816950 



(ITl) RUliE II. ] ° For the area : Square the aide of the 
given polyhedron and multiply this square he the area of the poly- 
hedron of the same name of which tlie side is 1. 
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For the surfaces of similar polyhedrons are composed of a like 
nnmber of similar polygons, and the areas of these polygons or their 
Bums are to each other (556, G.) as the squares of their liomologoas 
sides. 





2° For tlie solidity : cube the side of the given polyhedron and 
multiyly that cube by the solidity of the polyhedron of the same nartu 
of which the side is 1. 

For, similar polyhedrons are composed of a like number of simi- 
lar pyramids and the solidities of these pyramids or their sums are to 
each other (lOTO G.) as the cubes of their homologous sides. 

AC 




:. 1. What is the area of a tetrahedron the side of which is 12 ? 

Ans. 12 X 12 X 1.7320908=:249.4153152. 

51. The area of a hexahedron or cube the side of which is 30 1 

Ans. 5400. 

3. Kequired the area of an octahedron the side of which is 10 ? 

Ans. 10 X 10 X 3.4641016=346.41016. 

4. Determine the area of a dodecahedron the side of which is 3 T 

Ans. 32 X 20.6457288=185.8115592. 

XS. What is the area of an icosahedron the side which is 20 1 

Ans. 8.660254 x20«=3464.10l6. 
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a. What is the solidity of a teiyahedron the side of which is 15 ? 

Ans. 15^* X 0.1178513=397.748. 

7. The solidity of a cube the side of which is 12 ? 

An§. 1728. 

8. K the side of an octahedron is 10, what is its solidity ? 

Ans. 471.4045. 

O. The side of a dodecahedron is 2 : what is its solidity ? 

Ans. 61.3049512. 

lO. What is the solidity of an icosahedron the side of which is 20 f 

Ans. 17453.56. 



n n » n n 
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11. A monnment has been terminated by a ball or a crowning 
cut stone having the form of a dodecahedron of which the edge or 
side measures 13i inches : required the solidity of the block of stone 
in cubic feet and its area in square feet ? 

Ans. The area = 13.5 x 13.5 x 20.6457288=3762.6840738 square 
inches. We would equally obtain this area without using that of the ta- 
ble by computing separately by the method of par. (28, T.) the 
area of one of the component polygons and multiplying afterwards by 
12 the element thus obtained. Thus the area of a pentagon the side of 
which is 1 = 1.7204774, multiplying by 1 82.25 (square of the given side) 
we obtain for the area of one of the faces of the proposed polyhedron 
313.55700615 square inches ; then, multiplying by 12 (number of 
faces of the dodecahedron) we obtain as before 3762.6840738 square 
inches, which proves also the accuracy of the tabular multiplier. 
Now we have but to divide the number of inches just found by 144 
(the square inches in a square foot) to obtain 26 square feet 18.684 
square inches, the required area. 

Ans. The solidity =13.5 x 13.5 x 13.5 or (13.5) or 2640.375 x 
7.6331189=18780.3349 cubic inches, dividing by 1728 (number of 
cubic inches in a cubic foot) we obtain 10.87 cubic inches nearly. 
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PROBLEM XLH. 

Bein^ given the diameter of a sphere, to find the side of 
any of the regular polyhedrons, ^vhich may be in- 
scribed in the sphere, circumscribed about the 
sphere, or ^vhich is equal to the sphere. 

(See the 5 regular polyhedrons of the tableau.) 

(172) RUJLE. Multiply the given diameter by the number ichichj 
in the following table, answers to the question, and the product will be 
the side of the required polyhedron. 

It suffices from what has already been said concerning the regu- 
lar polyhedrons (pages 423 to 427) to show immediately how this 
table has been calculated. 



The diameter 


Capable of 


Capable of being 


Jt^qual in soli- 


of a spliere being 1 


being inscribed in 


circumscribed 


dity to that of the 


the side of a 


the sphere, is 


about the sphere, is 


spliere, is 


Tetrahedron... . 


0.8161966 


2.4494897 


1.6439480 


Hexahedron 


0.5773503 


1.0000000 


0.8059958 


Octahedron 


0.7071068 


1.2247447 


1.0356300 


Dodecahedron . . 


0.3568221 


0.4490279 


0.4088190 


Icosahedron 


0.5257309 


0.6615845 


0.6214433 



Ex. It is required to recast in the form of a perfect cube of 
equal solidity, a cannon ball of which the diameter is 10 inches; 
what will be the length of the side of the required hexahedron ? 

Ans. 0.8059958 x 10=8.059958 inches. 

S. By how much will the weight of a stone sphere 5 feet diame- 
ter be diminished, by reduchig it to the greatest regular polyhedron 
of 20 sides that may be got out of it, the weight of the stone being 
supposed equal to 150 pounds per cubic foot ? 

3 

An§. The solidity of the given sphere=5 x .5236=65.45 cubic 
feet or 65.55 x 150=9817^ pounds in weight. The side of the re- 
quired icosahedron will be, from the rule, 0.5257309x5=2.6286545 ) 
cubing this latter number, we obtain 18.163 and multiplying this 
cube by the solidity 2.1 81695^of the polyhedron of the same name the 
side of which is l^J we obtain for the solidity of the sphere reduced 
to an icosahedron 39.626 cubic feet or 39.626 x 150=5943.9 pounds 
in weight ; the difference 3873.6 pounds is the required weight. 
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PROBLEM XLIII. 

Bein^ given the side of one of the five regular polyhe- 
drons, to find the diameter of a sphere that may- 
be inscribed in the polyhedron, circum- 
scribed about the polyhedron or 
equal to it in solidity. 

(See the 5 regular polyhedrons of the tableau.) 

(173) RlJLi£. Make the following proportion : As the respective 
number of the above table, under tlie title ^^ inscribed/^ ^^ circumscribed^''^ 
" equal j'^ is to 1, so is the side of the given polyhedron to the diameter of 
the inscribed, circumscribed or equal sphere, as the case may be. 

In other words : as the side of the inscribed, circumscribed or equal 
polyhedron (as the case may be) of the table, is to the diameter 1 of 
its inscribed, circumscribed or equal spliere, so is the side of the given 
polyhedron to the diameter of its inscribed, circumscribed or equal 
sphere. 

Ex. 1. The side of an icosahedron is 2.62865^ it is required to 
reduce it to a sphere of the greatest possible diameter, what will 
its diameter be ? 

Ali§. .6615845 : 1 :: 2.62856 : 3.973, nearly the required Rolidity. 
The area of the given icosahedron is (28 T.) 2.62865 x 2.628(55 x 
.4330127x20=59.842355, this area x 3.973 -h 6 (that is by the sixth 
part of the diameter or the third of tlie radius of the inscribed sphere) 
gives for the solidity of the icosahedron 39.6259 cubic feet or 39.626, 
as in example 2 of the preceding problem, each of the two results 
being in this way a veriiS cation of the accuracy of the other and at 
same time a proof of the accuracy of the factors of the table. 

2. Required the diameter of a cannon ball that can be obtained 
by recasting a mass of iron under the form of an octahedron 12 
inches side ? 

AMS. 1.03563 : 1 :: 12 : 11.58715, that is, the diam. of tlie ball 
will be 11.6 inches nearly. 

PROBLEM XLIV. 

To find the solidity of any spheroid. 

(See on the tableau, the flattened, elongated and 3 axed spheroids.) 

(1'74). RUliE I. Multiply the fixed axis by the square of the re- 
volving axis (or by the rectangle or product of the two axes of revolution, as 
tlie ease may he) and the product by .5236 : tJte result will be tJie required 
soJiditj/k 
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REM. It is plain that this rule 
is in every way anjilogoiis to the one 
given (1086 Ct.) for establishing the 
Bolldity of a sphere j and in fact, the 
spheroid, like the Bj^here, is equal to 
the I of its circuniRcribed cylinder ; for 
it is demonstrated in "conies" that if 
we have Ao : oO in the ellipsis :: Ao : oO 
in the circle ; we will also obtain oc : OC 
in the ellipsis :: co : OC in the circle ; thence, since we may (1009 G.) 
consider the sphere and the spheroid as each composed of an infinity 
of thin slices or superposed surfaces generated by the revolution of the 
same number of ordi nates oc perjiendicular to the fixed axis A!B of 
the two solids, and that these component surfaces are to each other 
as the squares of the generating radii, it is evident that the two 
solids will also bo to each other as the squares (104 G.) of those 
ordiuates, or which is the same thing, as the are«a8 of the bases or 
corresponding sections of the cylinders of equal height AO cir- 
cumscribed about those solids. 

What we have just said of the elongated or prolate spheroid AB 
and of its circumscribed sphere, is equally understood of the flat- 
tened or oblate spheroid CD and its inscribed sphere, for, whatever 
the relation of Om to wC may be in each of these two la«t solids, we 
will have between am and AO of the one the same relation as be- 
tween am and AO of the other. 

(175) RU1.E II. Multiply (12T T.) 4 times, the area of amj sec- 
tion (AB, CD, GH, &c.) passing through the centre (0) of the splieroidj 
hy } of the perpendicular height (CD, AB or EP, &c.) of the solid cor- 
respdkding to such section. 

For, In tlie first place, in 

the case of the spheroid gene- 
rated by the revolution of the 
semi-ellipsis ACB about its 
axis AB, the factors in the two 
rules are reduced to the same. 
In fact the first rule gives for 
the solidity AB x CD x CD x 
.5236 and the second rule gives 
CD X CD X .7854 x 4 x J AB ; 
if these expressions are equal or equivalent, we must get (neglect- 
ing the factors AB, CD, common to the two formulas) .7854 x 4 x J = 
.5236 J or .7854x4=ai416-J-6=.5236; therefore &c. 
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In tfae seeoiid place, The section AB of tlie same splieroid is 
an ellipsis equal in everything to the ellipsis ACBD and its area is 
<5T T.)=AB X CD x .7854 ; if the second rule be cprrect, we will then 
obtain AB x CD x .7854 x 4 x J CD=AB x CD x CD x .5236 j and in 
fixct by eliminating the factors AB, CD and CD common to the two 
expressions, there still remains .7854 x 4 x ^=.5236 ; therefore, &c. 

In tbe tblrd place, it is to be demonstrated that 4 area section 

2 

GH X J EP is still equal to CD x AB x .5236 ; now, the " conies " show 
that whatever may be the axes or conjugate ' diameters GH, EP made 
use of, the parallelograms circumscribed to the ellipsis and of which 
the sides are parallel to these conjugate axes, are all equal in area to 
the rectangle AB x CD ; but (8, T,) the area, of the parallellogram 
having for its sides GH, EF is GH x EF x nat. sin. angle EOC or EFP 
=GH X EP. The area of the section GH=(for any section of a sphe- 
roid is an ellipsis) GH x CD x .7854 and we have just seen that GH 
xEP = AB X CD ; therefore GH x CD x .7854 x 4 x J EP» AB x CD x 
CD X .5236, CD beipg common to both formulas, AB x CD = GH x 
EP and .7854 x 4 x J=.5236 j therefore, &c. 

REm. In the case of the flattened spheroid generated by the 
revolution of tlie semi-ellipsis D AC round the axis CD, the proof is 
analogous to the one just given. 

Ex. 1. What is the solidity of an ellipsoid of which the axis of re- 
volution is 60, and the fixed axis 80 f * 

Ans. 60 X 60= 3600,3600 x 80 « 288000,288000 x .5236 =150796.8 
units of solidity. 

3. With the same data, what will be the solidity of the flattened 
spheroid f Ans. 80x80=6400,6400x60=384000,384000 x .5236 s 
201062.4 units of solidity. 

3. A prolate spheroid has for its axis 100 and 200; what is its so- 
lidity ? 

Ans. lod'x 200 X .5236= 1,047,200 = the required solidity. Now 
let EF in thi s example any diam eter =166, we will obtain its coigu- 
gate GH =VAB=» H-CD^— EF^ (for it is demonstrated in "conies" 
that the sum of the squares of any pair of conjugate diameters is 
equal to the sum of the squares of the m^or and minor axes) «■ 
149.81322, 4 areaGH=GHx CD x .7854 x 4=47065.3212. Since AB. 
CD=i!f.GH X nat. sin. EOG, we obtain nat. sin. EOG=AB.CD-*.EF. 
GH=20000-^24869=.8042141=53° 32',and .8042141 x 166=EP»133. 



1. The diam. Gil, OODJ agate of EF, is the one parallel to the tangent PF to the 
eUipsifl at the point F, where the diameter BF meets the oarre. 

16 
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49954, and 47065.3212x133.40954-5-6=1,047,199.8, the difference 
.2 between the two results being due to the decimals neglected in 
the calculation. 

4. If the two axes of the earth are to each other as 304 and 303, 
what will be the solidity of the spheroid (it is flattened, the polar 
diam. being less than the equatorial diam.) and by how much ^ill 
this solidity differ from that of a sphere on the great axis. 

Ans. The solidity ofthe spheroid = 304 x 304 x 303 x .5236 = 
14661872.3328 the solidity of a sphere on the greater axis = 14710261 
.3504 and the difference of these solidities is 48389.0176. 

PROBLEM XLV. 

To determine the solidity of any segment of a sphere 

or spheroid "with a single base or of any frustum 

vrith two parallel bases, perpendicular 

or not to the axes ofthe solid. 

(See segments and solid zones of tahlecm.) 

(176). RUEiE. To the area ofthe base ofthe segmejit or to the 
sum ofthe areas ofthe bases of the frustum, add 4 times the area of a 
section half-way beticeen the base amd apex or between the parallel bases^ 
as the ease m>ay be, and multiply the whole by J ofthe height of the solid : 
the product will be the required solidity, ^ 

In tlie first place, as to what con- 
cerns the semi-spheroid (of which we may 
besides obtain the solidity by computing 
that of the entire spheroid and taking the 
half thereof) we have seen ( 174 T. ) 
that area section cd : area section CD in 
the spheroid :: area section cd : area section 
CD in the sphere ; now it has been demons- 
trated (134, T.) that in the sphere, area 

cd half-way between A and 0=f area CD ; therefore also in the sphe- 
noid, area c(2=i area CD; therefore area CD + 4 area cd=:4 area 
CD, and by the last problem, solidity ACD=4 area CDxJ AOj 
therefore solidity ACD=(area CD + 4 area cd) x J AO. 

If our, for the semi -spheroid of which the base AB is an ellipsis 
= ACBD and section ah also an ellipsis similar to the base 
(for all parallel sections whatever of the spheroid are similar 
ellipses) we again obtain area ab : area AB :: area ab : area AB in the 
the sphere ; for as ab : AB :: ab : AB in both solids and (104. G.) 

1. The figure of this paragraph represents any segment AGB or aCb or cGcZ of a 
sphere or spheroid, or any fraetam AB — ab or ah—cd, or AB — cd of a sphere or sphe- 
rol4 ; bat the demonstration takes place by the iigare at the top of page 136. 
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2 2 3 3 

ab : AB :: db : A6 in both solids, and the areas of similar ellipses 
as of all other similar figures, are to each other as the squares of their 
diameters or other homologous lines 5 therefore area ellipsis a6=f 
area ellipsis AB ; now, solidity half-spheroid ACB=by the last pro- 
blem 4 area AB x } CO ; therefore also the same solidity = (area AB + 
4 area ab) x ^ CO. 

REM. I. It is also a property of the ellipsis that every diam. 
EF of that figure bisects every chord or double-ordinate gh parallel to 
the conjugate diameter GH, which gives nh=ng and we demons- 
trate that in the same way that we obtain (conies) AB : CD :; VAo.oB : 
o Cf and CD : AB :: VCm. w D : mb, so we also obtain EF : GH :: 
VEti. nF : nh and consequently that nh : OH :: mb : OB :: oe 
: OC when 0», Om and Oo have to OF, OC and OA or to nF, 
mC &- oA the same relation. We then obtain area section gh=i area 
section GH and as it is already demonstrated that solidity semi-' 
spheroid GFH=i (4 area GHx J^ EP) we will also obtain solidity 
GFH=(area GH -1- 4 area ^i^) x J Ojp or by iEP~2. 

(17*7) In tlie second place, as to any segment of a spheroid 

other than the semi-spheroid, it will suffice after what we have just 
said and the demonstration given at par. (135 T.) of the accuracy of 
the rale in the case of any segment of a sphere, to show its equal 
accuracy in the actual case ^ which will also dispense from adding 
unnecessarily to the already voluminous dimensions of this treatise. 

Ex. 1. What is the solidity of a seg- ur C ^ 

ment MNA of a spheroid with one base MN ^ 

perpendicular to the fixed axis AB, the Xi 

height Ao of the segment being 10 units ji — 1_ 

and the lengths of the axes AB=100, CD y | 
=60 f V 



Ans. AB : CD :: VAo. oB : oM, whence ^^u * 

oM=18 and MN=36 5 rm=Ar,rb x CD -^AB= 13.0766985 and w»= 
26.153397 ; areaMN + 4 aream»=(MN + 4 mn)x .7854, MN^=1296, 

m/t*=684 very nearly, (1296+4 times 684) x .7854=3166.7328, multi- 
plying by i Ao, or by J 10, we obtain 5277.888 units of solidity in 
the proposed segment. 

3. Required the solidity of a segment MNB of a spheroid by a 
plane MN perpendicular to the fixed axis AB, oB being =90 and AB, 
CD 100 and 60 respectively ? 

Ana. K rn'r" i s not given we find2t=Ar'.r'B x CD-^-AB (since 
AB £ CD :: VAr'.r'B : r'w' or 100 : 60 :: V55 x 45 : r'w') =29.8496208 or 
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iiiV=59.6992416, MN + 4ni'n' x .7854 x J oB=BoUdit;y MNB = 183218. 
112 ; the sum 188,496 of these solidities is the solidity of the entire 
spheroid ACBD, for (174 T.) 60 x 60 v 3600,;«00 x 100=360,000 and 
360,000 X .5236=188,496^ which also proves the accuracy of the rule 
of this problem. 

REM. II. In the two last examples we have supposed the 
axes AB and CD to be known : but that knowledge is in no way es- 
sential, since the intermediate diameters mn, m'n' are considered 
known or besides since they may be directly obtained by mea- 
suring, in practice, those diameters ; and it is one of the advantages 
of the rule of this problem, that it does not require our knowing 
what spheroid the segment to be measured belongs to. 

3. A segment MNC of a spheroid by a 
plane MN perpendicular to the axis of re- 
Tolution CD, and of which the base is con- 
sequently an ellipsis, has for Its height oG 
12 units, the axes AB, CD being respective- 
ly 100 and 60 : what is the solid content of 
the segment ? 




Ans. CD : AB :: VCo.aD : aM or 60 : 100 :: V48 x 12 : 40, and be- 
cause the parallel sections MN, AB are similar, we have AB : CD ;r 
MN :jpg conjugate diameter of the elliptical base MN of the given 
segment : thereforei)(|r = 60 x 80-r-100=48 and area Mp Ng=80 x 48 x 
.7854; since oC= 12 we obtain r C=6aud rD=54,60 : 100 :: V 54 x 6 : 
30= rm, the conjugate diam. of rm=lS (for 100 : 60 ;: 30 : 18) and 
the area of the section m?i=60 x 36 x .7854 -, that admitted, we obtain 

2 2 

solidity MNC = (area MN + 4 area mn) x J oC=MN + 4 mn x .7854 
X 2=19603.584 units of solidity, 

4. What is the solidity of the other segment of the same sphe- 
roid? 

Ans. Wehaver'D=oD — JoC=24y and r'(5= 36, whence we ob- 
tain as before m' w'= 97.9796 } the other diameter or axis of the ellip- 
sis mn= 58.78776 ; whence area m'ii'= 4523.904 and area MN + 4 area 
wV=2111I.552, this sum x | 48 or by 8 » 168892.416 the required 
solidity. 

The two segments united give 188,496 which is in fact the soli- 
dity of the entire spheroid as it has been seen at the 2d example. 

5. What is the solidity of a central frustum 
AD of a spheroid the parallel bases of which 
are equal circles of 40 inches diameter, the 
greatest diameter of the frustum =50 inches 
and the height or distance between the parallel 
bases 18 inches ? 
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Ans. (area AB+area CD +4 area EF)x|=Ot=(40^ + 4o\or 

a 2 

twice 40 ) 4- 4 times 50 ) x .7854x 3 = 31101.84 cubic inches or 18 cu- 
bic feet nearly. 

H. The respective diameters of the parallel bases of the frustum of 
a spheroid are 10 and 20, the diameter of a section equidistant to those 
bases is 30 and the height of the frustum is 40 : what is its solidity ? 

Ann. (10^ + 20% 4 times 30^' ) x .7854 x 40-f- 6=3220.14 x 40-J-6 
=64402.8 cubic inches. 

7. One of the component parts of a cul-de-lamp bearing 
against a wall, presents the form of the semi-segment or frustum of a 
spheroid with elliptical parallel bases. The diameters of the ellipses 
or rather of the inf. and sup. semi-ellipses measure respectively 30 
and 39 inches, the intermediate diameter is 36 and the three conju- 
gate semi-diameters or projections of the cul-de-lamp measure 10, 
13 and 12 inches, the height of the frustum is 18 inches ; what is its 
solidity I 

Ana. (30x10 + 30 x 13 + 4 times 36 x 12) x .7854 x 3 = 59729.67 
cubic inches or 3.4 cubic feet nearly. 

8. It is desired to know how many gallons there are (231 cubic 
inches to a gallon) in a cask of wine the length of which is 40 inches 
and the diameters at the centre and at each end 32 and 24 inches ? 

Ans. (twice 24% 4 times 32"" x .7854 x 40-f-6 = 27478.5 cubic 
inches, dividing by 231 we obtain 119 gallons minus a half pint nearly. 

9. In an inclined vessel, the form of which seems to be that of a 
semi-spheroid, is found a quantity of liquor, the greatest depth of 
the liquor is 15 inches, the respective diameters of its elliptical area 
are 48 and 36 inches and the corresponding diameters of the inter- 
mediate parallel ellipsis between the surface and the bottom are 30 
and 22J inches ; what is the quantity of liquor in the vessel ? 

Ans. (48x36+4 times 30 x 22.5) x .7854 x 2.5=8694.378 cubic 
inches, say 37| gallons nearly. 

PROBLEM XL VI. 

To determine the solidity of the frustum of a spheroid 
^with non parallel bases. ^— (See frusta of tableau.) 



1. We will obtain with aooaraoy, aa in the case of the 
Bphere^ the solidity of any ungula ADBM A of a flattened or 
elongated spheroid or of a spheroid with 3 axes, provided 
the common intersection DM of the containing or limiting 
planes DAM, DfiM passes in any direction through the centre 
of the solid of which the ungula forms part ; and if the 
edge DM of the ungula does not pass through the centre o^ 
the epheroidi we will none the less obtain rery nearly the soli- 
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(lYS) RULE. Compute tlie solidity of the segi/iient of a spTteroid 
with a single base of which the given frustum fwms part, calculate also 
the solidity of the segment which is wanting to given frustum to 
complete the segment ; the difference of these solidities wiU he that of 
the proposed frustum, 

Ex. 1. Let it bo required to find the solidity 
of the part CDoe of a spheroid comprised between 
a plane CD passing through the centre perpen- 
dicularly to AB and any other plane ea not pa- 
rallel to the first. 

Ans. We must for this purpose determine 
the unknown axis AB of the spheroid of which the 
height AO of the segment CD A forms part. Hav- 
ing measured any ordinate a5 and the abscissae 
C6, 6D or rather d D=dbj ad=hD and C6=CD— 6D, we will make 
(conies) VC6.6 D : 06 :: CD : AB and we will obtain the solidity of 
CDA=4 area CD x ^ AO. We will then measure oe, OH parallel to 
acj oO drawn from the centre to the middle point o of oe (oO form- 
ing part of the diameter EF the conjugate of GH) and the abscissa 
p H of the ordinate a p parallel and equal to oO ; with these data, we 
will make ^/Gp.pR : ap :: GH : EF j we will then obtain oF and con- 
sequently the perpendicular Fr, as at par. (175, T. Ex. 3). It 
remains to establish the diam. mn of an intermediate section between 
ae and the apex F of the segmentae F; now we will obtain mgor nghalf 
(176, T., REM. 1.) of mn by making EF : GH :: VEg.gF : m q. Fi- 
nally w e will obtain the req uired solidity CDae=(4 area CD x J Ao) 
minus (area ac + 4 area mn x J^ Fr). 

3. If the solid to be measured was the frustum KLae, we would 
operate for the segment KLB as it has been done for acF and the 
sum of the solidities of these segments deducted from that of the 
entire spheroid ACBD, would leave the solidity of the proposed 
frustum. 

PROBLEM XLVII* 

To find the solidity of a right or oblique paraboloid or 
of any frustum or segment of a paraboloid com- 
prised bet^ween parallel bases, perpendicu- 
lar, or not, to the axis of the solid. 

( See models of the stereometrical tableau. ) 
(170) RULE. To tlie sum of the area^ of the opposite bases, add 

dity of the proposed tingula by maltiplying the product of 4 times the area of its half 
way section AOBA (a kiad of sector of aoirole or ellipsis) by the sixth part oftb9 
Uagth DM of ihe angola* 
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4 tifnes the area of an intermediate section half-way between them ; mul- 
tipiy the whole by ^ of the height of the body to be measured and the pro- 
duct will be the required solidity. 

In fact, the generating parabola ABC 
is a curve sucli that the abscissae are pro- 
portional to the squares of the ordiuates 
that is : we always have cd : CD :: 

2 2 

db : DB , and it is the same for every 
other pair or system of axes or conjugate 
diameters EF, GH which still give G^ : 

GH :: fh\ ¥R; then if Cd=i CD, db will be=i DB and in the same 

2 2 

way if G^ = i GH, we will have eh « |EH j now it is demonstrated that 
the solidity of the paraboloid is equal to half its circumscribed cy- 
linder, that is, this solidity = area base AB x J CD, or solidity 
FEG=area base EF x i Gp ^ but if bd =i BD we have area ab= 
i area AB (since the parallel sections a6, AB are circles and the si- 
milar figures are to each other as the squares of their homologous lines) 
and area AB + 4 area ab=3 area AB -, therefore area AB x iCD=3 
area AB x ^ CD = (area AB -f- area ab) x i CD. Similarly area ellip 
tical base EP=2 area similar elliptical base efsmd area EF x i Gp= 
(area EF + 4 area ef) x iGp. 

In tbe second place^ Let AB ba any segment of a paraboloid 
with parallel bases, we demonstrate that the solidity is obtained by 
multiplying by the height dD of the frustum, the half-sum of the 

2 s 

areas of its parallel bases ', now on account of Cd : Cq: CD :: db : qn : 

2 

DB , it is plain that the intermediate area mn is an aritmetic mean 
between area AB and area ab ; whence it follows that area AB + 
area ab + A area wn=6 area mn } therefore the solidity of AB ba= 
(area AB + area aft + 4 area mn) x J dD. 

(180) R£I!I. In the case of the paraboloid or frustum of a pa- 
raboloid properly so called, it is plain that this rule offers no advan- 
tage and on the contrary it is more simple to arrive immediately at 
the desired solidity by computing the product of i CD by area AB, 
or of i Gd by area EE, or of i dD by the sum of the areas of AB and 
ah, as the case may be } but in practice it is rare that the solids to 
be measured are perfectly geometrical, and were they, we would 
not know it without much preliminary labour which we might as well 
devote at once to the calculation of the required solidity accord- 
ing to the rule here given ; whilst if (13*7, 146, T.) we took for a 
par aboloid, a solid which on the contrary were a segment or 
the frustum of a spheroid or of a hyperboloid, or which only 
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resembled those solids without being identifiable with any of them, 
the rule of this problem is that one which would oflfer the guarantee 
of an accuracy very near the truth. 

Ex. 1. What is the solidity of a right paraboloid the height of 
which is 84; and the radius of the base 24 f 

Ans. diam. 48 x 48 x .7854 x i84 = 76001.5872 the requir. solidity. 

•8. Wliat is, in gallons of 231 cubic inches, the capacity of a pa- 
rabolic boiler the depth of which is 36 metres and the diameter 60 
inches ? 

Ans. 60^ X .7854 x 18-^231 =50,893.92 cubic inchest- 231=220.32 
or 220 J gallons nearly. 

3. A vault which appears to be parabolic, is 60 inches high, the 
diameter of its base is 40 metres and its intermediate diameter is 28 
metres 285 millimetres ; what is the solidity of the included space ? 

Ans. (40^" +4 times 28.285 '') x .7854 x 60-7-6 = 37,699.2 cubic 
metres. 

4. In an inclined vessel which may be a paraboloid or the seg- 
ment of a spheroid, is a quantity of liquor the surface of which is con- 
sequently an ellipsis having for its diameters 50 and 30 inches, the 
greatest depth of the liquor is 18 inches, and one of the diameters 
(the least) of the elliptical section taken at the middle of that 
depth is 22.5 inches : what is the content f 

Ans. The intermediate section being similar to the base or surface 
we will obtain its greater diameter by making 30 : 50 :: 22.5 : 37.5 ; the 
soUdity = (50 x 30 I- 4 times 22.5 x 37.5) x .7854 x 3 = 13486 cubic 
inches. 

5. One of the component parts of a solid to be measured, seeras 
to be the frustum of a parabolic conoid with parallel bases, the res- 
pective circumferences of its two circular bases and of a section half- 
way between them, are 182.2, 94},145.15 inches and the height is 
48 inches ', what is its solidity in cubic feet f 

Ans. Dividing each of the circumferences by 3.1416 we obtain 
for the diameters of the respective sections 58, 30 and 46.2 inches, 

which gives for the solidity (58 ^30 ^4 times 46.2 ^ .7854=10054.5, 
and 10054.5x48-^6 that is by 8,=80,436 cubic inches, -M 728 =46.55 
cubic feet. 
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PROBLEM XLVIII. 

To determine the solidity of any frustum ABEF ^ of a 
right paraboloid ABC, T^ith non parallel bases. 

(See the tableau.) 

(181) RlIIiE!. Oet, by the lastproblenij the respecti/ve solidities 
of the entire paraboloid ABC of which the frustum forms part, and of 
the partial paraboloid or segment EFG wanting in the given frustum to 
complete the entire paraboloid : the difference of these solidities will be 
the required solidity. 

Let ABEF (figure of the last problem) a section of the given 
frustum by a plane perpendicular to the centre D of its base j take on 
the axis Dd of the section any length Dd, measure DB, db and since 

(179, T.) we have CD : Cd :: J)B db] make (96, div. G.) CD— cd : cd :: 

2 3 3 3 3 2 

DB — db : db , or which is the same thing DB — db : db :: Dd : dC, 
which will give for the height of the generating parabola dD + dC »■ 
DC. Now, through the middle point H of EF, draw HG- parallel to 
DC (for in the parabola the centre is infinitely distant and any diame- 
ter GH, that is any bisectrix GH of the chords or parallel double 
ordinates EF, ef, re, is consequently parallel to the axis CD), mea- 

2 3 t 

sure any Hr, HE and re and make, as before, re — ^HE : HE :: Hr : HG j 

with HG and the angle GH j) or GHE, we easily find (IW T.) the 

perpendicular height Gp of the segment FGE, to compute afterwards 

the respective solidities of the entire and partial conoids and their 

difference, which will resolve the problem. 

I 
(183) REI!I. If the frnstuin to be measured ABEF (See 

figure to problem L and suppose it to be the frustum of a parabo- 
loid) is that of an oblique paraboloid ; draw from A to F any 
straight line B6 parallel to FE, bisect ii^ h% H' these double ordi- 
nates and draw G^' H' which will pass through the apex G' of the 
segment FEG' ; draw afterwards Ee parallel to AB^ bisect these pa- 



We may also obtain as for the ungola of the priam, 
pyramid, cone or cylinder, the solidity very nearly of 
the ungalaABC-D, ABC-D', AOD'-D of aright or in. 
clined paraboiio-oonoid, and that, absolately in the 
same manner as for those yarious solids. (See pro- 
blem XXXI, Ao.) 

17 
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rallels in H', /^ and draw the diameter GA H which will meet the 
apex G of the oblique paraboloid ABG ; we will calculate, as before, 
the heights GP, G'p of the entire and partial conoids, with the aid of 
the angles Q'h'Ej GHB and of the straight lines Gh Gh' of which we 
will establish the lengths as already stated, and we will obtain tlie 
solidity of the frustum = solidity ABG— solidity FEG' - area AB x i 
GP — area EF x iG'jp. To obtain if required, CD, we will draw from 
any point between A and F a straight line man (suppose a straight 
line m on perpendicular to the parallels G% GH and of which o is 
the middle point) perpendicuhir to GH or to G'H', the perpendicular 
CD, where m o=^on will be the required axis. 

PROBLEM XLIX. 

• 

To find the solidity of a right or oblique hyperboloid, 

or of any firxistum of a hyperboloid, comprised 

betT^een parallel bases, perpendicular or 

not, to the axis of revolution. 

(See the tableau,) 

(183) RUI4E. To the sum of the areas of the opposite bases of the 
soUdf add 4 times the area of a section half way between them, multiply 
the whole by | oftTie height and the product will be the required solidity. 

In the case of the right hyperbo- 
loid ABC or of the frustum ABba of a 
right hyperboloid with parallel bases, 
this rule is, in other terms, the very 
one given by the '' differential and in- 
tegral calculus " and since the inter- 
mediate diam. is here essential to the 
calculation to be made, it is to be de- 
monstrated how it can be obtained 

when it is not among the necessary data. The hyperbola is such that 
its centre is outside the circumference of the curve, and as in tlie 
circle, the ellipsis and parabola, so in the hyperbola any diameter 
produced OC, OG bisects the chord or double ordinate AB, a6— EF, ef 
parallel to the tangent tg, t'g' drawn through the point C or G where 
Buch diameter meets the curve. It follows then that to deter- 
mine the centre of the hyperbola, it suffices to draw and bisect in 
D, d, — H, h, any two pairs of parallels AB, ab, — EF, ef, and to pro- 
duce outside the figure the straight lines T>d, Wi uniting the points 
of section, to their meeting at O which wiU be the required centre ; 
or, if the direction OD of the axis is known, the intersection of that 
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axis by the straight line Hh produced will determine the required 
ccDtre. Now, by the nature of the hyperbola, we den^onstrate in 

"conies" that 20C.CD + CD^ 2 OCCd-hCd:: Db" : dh , or that 

20G.GH + GH : 20G.G^ + Grhi: HE^ he ; this is then the manner to 
obtain the intermediate diam. ab or efhj taking Cd=dD or Gtk^h 
H' as the case may be. 

Ex. I. The height CD of a right hyperbbloid ABC is 10 inches, 
and AD the radius of its base is 12 inches, the intermediate diame- 
ter ab is 15.8745 inches j what is its solidity 1 

Ans. (24''+4foi8 15.8745^ ) x 10^-6=2073.454691 cubic inches. 

58. A vessel which seems to be a right hyperbolic conoid, has 
for its height or depth 50 inches, for sup. diam. 104 inches and for 
intermediate diam. 68 inches : what is its capacity in wine gallons. 

2 : 

Ans. i 04 X .7854 = 8494.8864 = area of the superior base, 4 times 

6S^x .7854=68'x 3.1416=14526.7584, the sum of these areas is 23021. 
6448, this sum x ^ 50 or,' which is the same thing x 50 and the pro- 
duct-?-^:!: 191847.04 cubic inches, -^ 231 =830i gallons. 

3. How many cubic metres of space are there under a vault 

which appears to be hyperbolic and the height of which is 15 metres, 

the diameter of the base 32 metres and the intermediate diam. 20 

metres 9 

Ans. 5152.224 cubic metres. 

4. A boiler in the form of a hyperboloid, contains a quan- 
tity of liquor j it is asked how many more gallons would be re- 
quired to fill ifc, the part of the vessel to be filled having conse- 
quently the form of the frustum of a hyperboloid with parallel 
bases ; the diameters of these bases are 24 and 32 inches, the inter, 
diam. 28.1703 and the height of the frustum 20 inches ? 

Am. (24 + 32^* + 4 times 28.1708^ x .7854 x 20-r6=12499i cubic 
inches or 54.108 gallons, or 7.2334 cubic feet. 

5. One of the component parts of a cul-de-lampe or other object 
to be measured, presents the appearance of the frustum of a hyper- 
boloid of which the height is 12 inches, the smaller diam. 6 inches 
the greater diam. 10 inches and the interm. diam. Si inches : what is 

its solidity ? 

Ans. 667.59 cubic inches. 

(1§4) REm. For the oblique hyperboloid or the segment Of a 
right hyperboloid by a plane not perpendicular to the axis, the " cal- 
culus " shows how to obtain the solidity by making the following 
proportion : GH + 2G0 :: f GH + 2G0 :: i cyliudroid of the same 
base and height : required solidity. 
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6. Let it be required to cube tlie hyperboloid EFG of wliieh the 
greater axis EF of the elliptical baae measures 78 units and its conju- 
gate diameter 69.2, let OG=41.7, GH=19.8, Gp=15.8 ; we have 

seeu that to find c/ there is to be made 2G0.GH + GH% 2 GO.GA + 

2 3 2 2 2 

Qth :: HE : ^ , or (which (78, Ax. G.) is the same thing) :: EF ef , 

that is, in figures, 2043.36 : 923.67 :: 6084 : 2750.18=6/, whence c/= 
52.44217 ; now the parallel section c/ being a similar ellipsis to EF, 

2 

we will obtain area c/by making EF : ef :: area EF : area efov 6084 : 
2750.18 :: 4239.275 : 1916.3=area ef) finally (area EF + 4area ef) x J 
Gi)= solidity EFG, or (4239.275 f 4 times 1916.3) x 15.8 and -r- 6 = 31, 
348.4508 units of volume in the solid to be measured. For proof, the 
rule given in the remark preceding this example, gives 103.2 : 96j6 
:: 33490.2723 : 31,348.4525, the difference gigMggg o^ .00000005 being 
due to the neglected decimals. 

PROBLEM Ii. 

To determine the solidity of any firustum ABEF of a 
hyperboloid Txrith non parallel bases AB, EF. ^ 

(See the tableau.) 

(185) RITIilS. Get separately the respective solidities of the entire 
hyperboloid ABG and of the partial hyperboloid EFG, and take the dif- 
ference of these solidities which will be the required solidity. 

Draw B& parallel to EF, Ee parallel to 
AB, bisect these two pairs of parallels and 
through the points of bisection draw the 
straight lines HO,H'0 of which the intersec- 
tion at will be the centre of the generat- 
ing curve. Through the points of i ntersec- 
tion G, G' draw the perpendiculars GP, • 
G'p to the bases AB, EF and the required 
solidity will be (area AB + 4 area interme- 
diate section between AB and G) x JGP, 
minus (area EF + 4 area inter, sect, be- 
tween EF and G') x J G'j). 

KEm I. To fix the direction of the axis CD of revolution : from 
the centre with any radius, intersect the opposite sides of the 




1. We may also obtain aa for the ungnla <^ a prism, pyramid, cone or cylinder 
the polldity nearly of the ungula of a right or inclined hyperbolic conoid, and that ab- 
flolately in the same manner as for those varions solids. (See the problem XXXI, ^e 
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curve, join these intersections by a straight line, andOD drawn per- 
pendicular from the centre O to this latter will be the required di- 
rection. 

REM. II. To find the points G and Gr', that is, the factors GP, 
G'p and the other elements necessary to the calculation of the areas 
of the intermediate sections and of the solidities of the entire and 

partial solids, we have seen (183 T.) that 2 OG.GH + GhI 20G.G^ + 

G^ \: AB% E^ which gives (96 div. O.) (20G.GH + GH^)— (2 OG. 

G/t + G^^ : 2 OG.G^ : Ghi: AB* — 6E% cE.' In this proportion, we 

know (2 OG.GH + GH^— (2 OG.G^ + G7/)=2 H^. hO + Rh (as, a 

2 2 

simple diagram of 20G.Gfe + G^ superposed to 20G.GH + GH shows 

2 2 2 

at once) ; we also know AB — eE and eE ; that is, 3 terms to 

find t he fo urth 20G.G/i+ G^^ now (359 G.) ^0*-(20G.G^ -h GA^= 
GOVGO^ = GO, HO-GO=GH and with GH and the angle GHB we 
determine GP; &c.; &c. 



PROBLEM LI. 

To determine the solidity very nearly of any spindle, 
either circular, elliptic, parabolic or hyperbolic. 

(185) RCLE. Divide the semi-spindle (ACD or BCD) into two 
parallel sections or slices (AEF, ECDF) of thickness or height (AL, LK) 
equal or nearly equal, by planes perpendicular to the axis of revolution 
(AB) of the generating curve ( ACB or ADB ;) get separately the solidity 
of each of these slices, by adding to the sum of the areas of its 
parallel or opposite bases, 4 times the area of a section (ef cd) equidis- 
tant from those bases, and multiply the whole by J of the height of the 
slice ; make afterwards the sum of the solidities of the two component 
slices and double the result for the solidity nearly of the proposed spindle. 

(187) Ex 1. Required the solldlt j 
nearly of a circular spindle (that 
is generated by the' revolution of the arc 
of a circle) of which the length AB is 48, 
and the diameter CD 36 ? 

Ans. If the intermediate diameters 
EF, ef, cd are not given or may bo direct- 
ly obtained by the measurement of the 
solid to be computed, it will be easy to determine them by cal- 
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dilation ; tlms we will obtain immediately the radius oC of the arc 

ACB by the method of par. (540 «.) : 24 V 18=32 = the re- 
mainder of tlie diam, of whicli CK forms part, the diam. — 32 + 18= 
50 and the radius con8eqiieutly=25. Now we will obtain op, oq and 
or respectively equal to the square roots of the diflferences between 
the square of the radius and the squares of ep E(/ and cr, which is 
evident j now, if we suppose AL = KL we will have A»=nL = Lw = 

mK, or cr = 6, £</= 12, cp 18, op * = oe^—q) ^ = 625-^24 = 301 of which 
the Vis 17.3493r)2 from which subtracting ofc= 7 =25 — 18 there remains 
Kp or e^i = 10.349352 and consequently 6/ or 2 e»=20.698704 or say 
20.6987, for, as the difference of volume according to this rule is 
always in excess we may neglect at least the last decimals } in the 
same manner we fi.ad diam. £F =29.863 and cc2 -34.5386. 

The solidity of EC = (Dc"* + 4 cd V EF ^) x .7854 x J KL or by 2 

-10931.82, the solidity of e/A=(EF% 4 e/ ) x .7854 x 2 = 4092.72, 
these solidities added together and the whole x 2, gives for tlie soU- 
dity of the entire spindle 30049 cubic units. 

REM. The accurate solidity of the spindle of the last example is 
29916.6714, that is the approximate solidity exceeds by -^^^v or .0044 
(less than the half hundredth; tfee leal solidity, which in practice is 
generally equivalent to perfect or at least sufficient accuracy, consider- 
ing the additional labour which must be devoted to the calculation by 
the ordinary rules ; and besides as already stated (113*7 0, 140 T.) 
we may with the rule given here carry the precision to any degree re- 
quired by a subdivison of the semi-spindle into more numerous slices 
and of which the sides come nearer the straight line. 

(188) Ex 2. To find the 
solidity nearly of an ellip- 
tical spindle (that is gene- p 
rated by the revolution of the ' I I 
arc of an ellipsis round a chord tt""jp"jj^'iF'"'/"'A^"""« 
perpendicular to one of its axes) 
of which the length AB is 80 decimetres, the greater diameter CD 24 
decimetres and a diam. EF equidistant from A and CD 18.99094 deci- 
cimetres ? 

Ans. Let AECGrB the generating curve ; to find its centre, 
draw (176 T, R. I.) any two parallel chords BC, ab and through the 
middle points of these chords draw a straight line GO which will 
intersect CD, produced if necessary, in centre of the ellipsis. Let 
now CO = 30, we have a diameter of the ellipsis=2C0, an ordinate 
AK or KB=iAB=40, an abscissa CK or segment of the diaiji.=li2 
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and consequently the other 8egment=2 CO — CK=60— 12 * 48, to find 
j LKS T. R. I. ) t he other diameter MN of the ellipsis by making 
VCK X (2 CO— CK) : KB :: 2 CO : MN or V12 x 48 : 40 :: 60 : 100= MN, 
MN being the smaller or the greater diam of the ellipsis, according aa 
the rectangle of the segments is greater or smaller than the square 
of the ordinate or perpendicular KB. 

To obtain ef, we will first make the proportion MN : 2C0 or 
(which is the same thing) MO : Co :: VM^/.g^N : qe or 50 : 30 :: V20 x 80 : 
cg=24 and as wg=KO=CO— CK=80_12=18, we will obtain en=: 
24—18=6 and diam e/=2en=12 ; we will equally find cs=29.39412, 
cs— m«=1139412=cm and 2 cm==diam. cd=22.78824. If EF were not 
given it could be equally determined. 

Diam. EF18.99094^ = 360.6558 Diam. EF 18.99094^^ = 360.6558 

4 Diam. cd 2278824 =2077.2155 4 Diam. ef. 12.00000^^= 576.0000 

Diam. CD 24.00000 = 576.0000 



Sum= 9:^.6558 
Snm=3013.8713 x .7854 

X .7854 

Product = 735.649456 

Product=2367.0935 x 40 
X 40 



~ 6 ) 29425.9786 

-^6) 94683.74 Quotient =4904.32976 

Quotient =15780.62 =2 vol. EFA 
=2 vol. ECDF 



sol. 2 FC =15780.62 
sol.2EFA= 4904.33 



soL AB = 20684.95 

The sum 20,684.85 of these solidities is that of the proposed 
spindle and differs but by 57 linits in excess, or the fourth part of 1 per 
cent, from the accurate sol. 20628.34 of which the calculation by ordi- 
nary rules requires as much more labour, and offers in conse- 
quence of the diversity of the operations to be performed (as de- 
tailed in an enunciation of 15 lines of text) many more chances of 
error, as of course it is always the case, more or le§8, when the 
process to be followed is not so simple and direct that we may 
easily account, by following the details of the calculation, for each 
of tbem. This is the enunciation in question. 

1° From three times the square of the diameter at the centre (CD) 
subtract four times the square of the diameter (EF) between the middle 
and the end ; also, from four times this last diameter, subtract three 
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times the diameter at the centre ; and one fourth of the quotient pro- 
ceeding from the division of the first difference by tJie last, will give the 
eetitral distance (OK.) 

8° Find by the method of par, (1T6, T. R. I.) the axis of the 
ellipsis and by the metJiod of par, (61 T.) the area of the generating 
segment (ACB.) 

3° Divide three times the area thus found by the length (A.B) of 
the spindle, and subtract from the quotient the diameter at the centre ; 
multiply then the re^nainder by four times the central distance, and take 
this product from the square of the diameter at the centre ; this latter 
remainder multiplied by one third the length of the spindle, and the pro- 
duct again by 1.57079, will give the solidity of the spindle. 

The calculation to be made from this enunciation is at least of 
two or three pages, and that without even comprehending the de- 
tails of the multiplications, divisions &c. ; whilst all that is essential 
to the enunciation of the rule given here is resumed in these words : 
Multiply the sixth part of the height of each of tlie component slices by 
the sum of the areas of its bases plus four times the area of a section 
half-way between them ; the sum of the solidities thus found iHll be the 
solidity of the spindle very nearly ; and as, in practice, the necessary 
diameters ef EF, cd, CD, are generally obtained by a direct mea- 
surement of those diameters or of their respective circumferences, all 
the calculation to be made is reduced, excepting the multiplications, 
to the one just indicated at the bottom of last page. 

(189) Ex. 3. To find the 
sol. of a parabolic spindle, 
(that is generated by the revolu- 
tion of a parabola ACB or ADB 
about a double ordinate AKB per- 
pendicular to the axis CK) of which 
the length AB is 60 and the great- 
est diam. CD 34 ? 

Ans. In the case of the parabola and equal distances An, 
nL, Lm, mM, the intermediate diameters ef, EF, cd, if not given, are 
very easy to be determined, since as seen (179, T.) the abscissae or 
segments Cp, Cq, Cr, of the axis are sa the squares of the corres- 
ponding ordinates ep, Eq, Cr and when these ordinates are equal mul- 
tiples or sub-multiples of one another, the segments or abscissae are 
also simple multiples or sub-multiples of the entire axis CK ; now 

2 2 

(315 O.) on account of Eq=i AK we will obtain Egr =iAK and 

consequently Cq=i CK, we will equally obtain Cr = iCg or ^ CK 

t t 
and Cp=^^ CK since ep : AK :: 3 : 4 and that 3 : 4 :: 9 : 16 ; we will 
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then find in this manner Cg^l74-4- 4.25, Cr 4.25-^4 or 17-5-16^ 
1.0625, Cp=j% 17 = i + iV = 8-5 + 1.0625=9.5625, from which we obtain 
diam. c/:=2i)K= 14.875, EF=2Kg= 25.5, cd^2 Kr=31.875 j now sol. 

AEF=(area EF + 4 area c/) x J AL=(EF +4e/) x.7854xj AL= 

2 2 

(25.5 +4 times 14.875 ) x .7854 x 2i or at once by 5 (since there 
are two conoids or equal segments in the spindle to be cubed) 

2 

= 6033.1 cubic units j the solidity of the frustuiti PC =(34 +4 times 

31.875% 25.5^ x .7854 x 2i or by 5 to obtain 2PC=23052.7 cubicc 
units } the sum 29085.8 of these solidities is the solidity of the pro- 
posed spindle ; it differs from the accurate solidity 29053.4 but by 
32 units, that is, ^^V?? ^^ .0011, say ^ of 1 per cent in excess. 

REJW. However complicated ordinary rules for the solidity 
ot the circular and elliptic spindles may be, the rule for the para- 
bolic spindle is on the contrary very simple; it consists only in mul- 
tiplying the square of the central diameter by the length of the 
spindle and the product again by .418879 ( - 3.14159-7-7i) -j but there 
is always this to be considered that if the spindle were not properly 
parabolic, this last rule might be pretty far from giving an accurate 
result, whilst with the general rule found here for all the elemen- 
tary solids, we have not first to consider the nature of the solid 
to be measured, except however when we have to determine by cal- 
culation the required intermediate diameters. 

(190) Ex. 4. A spindle ABCD havingthe 
appearence of being byperbolic ( that 
is, generated by the revolution of a hyper- 
bola ACB or ADB, about a cord or double 
ordinate AKB perpendicular to its axis CK 
or. KD) and of which the greater diameter CD 
= 71 inches, measures 106 inches in length 
AB, and its intermediate diameters taken at 
3 places m, L, n, equidistant from each other 
and each distance equal to the fourth part 
of the half length AK of the spindle, are respectively e/*=26.8, EF = 
49, cd=65A : what is its solidity ? 

Aug. (CD + 4 cd +Ef'' ) X .7854 x * LK and (EF + 4 ef) x .7854 

2 

X AL, or which is the same thing, since AL = LK, sol. = (CD + 4 
cd^ + 2EF^ + 4 c/) X .7854 x J LK or AL, or by J LK or AL to obtain 

2 2 

at once the solidity of the entire spindle=(71 +4 times 65.4 x 

twice 49% 4 times 26.8^) x .7854 x 53-r-6=206,914 cubic inches or 

119*74d cabiG feet* 

18 
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To find Op or Cp and consequently ^K = CK — Cp = en==i inter. 
diam. ef^ we first obtain AK : cp \ 20C.CK + CK^ 20C. Cp + Cp^, tlien, 
as we said (REIH. II.) (20C.CK + CK^— (20C.Cp + c/)=2Kp.i? + 
Kp*; now it is plain (aS9, G.) that 2Kp.j>0 + Kp*+jpd'=KO*j 

whence, jpO =*Ko"— (2Kp.jpO + Ki) ) or |)0^=K0— (20C.CK + CK 

2 a 

— 20C.Cp + Cp ) and Op=VOp . We will then equally obtain qo by 
finding first 2QC.Cg -^ Cg' = (20C.CK 4- CK^ x Eg'' and by extracting 

2 

afterwards the square root of the difference or remainder KG — (20C. 
CK -h C;K^^2QC.Cg \ - Cg^), then there will come Or=VK02— (20C. 

(CK + CK^ — 20CJ.Cr-f Cr^), and consequently the other necesssary 
diameters EF, cd. We have already shown that to find the centre 
0, and consequently OC or OK it sufQ.ces to draw and bisect any two 
parallel chords cB, Cb of the generating curve and then unite 
the points of bisection by a straight line the prolongation of which 
will intersect the axis of the curve (produced if necessary) in a poiot 
which will be the required centre. 

(191) RERI. If we have devoted to the study of the spindle 
considerable space, it is not because this solid properly so called 
offers itself very often to the valuation of the measurer ) but it is witfi 
the view of arriving at the consideration of the frustum of a spindle 
which forms the subject of the following problem and which presents 
itself every day under the thousand and one forms of casks^ bar- 
rels; tunS; puncheonS; quarters, &c., such as are used to contain and 
transport tobacco, sugar, flour, pork, oils, molasses, beer, brandy, 
liquors in general and a thousand other substances capable of adapt- 
ing themselves to the form of such vessels. 

PROBLEM HI. 

To determine the solidity very nearly of the cen- 
tral frustum of any spindle, that is of the frustum of a 
spindle of "which the opposite and parallel bases EF, 
GH are equidistant f^om a plane CD parallel to the 
bases and passing perpendicularly through the centre 
O of the axis of the spindle of ^which the frustum forms 
part. 

(193). RUIjB To the area of one EF of the equal haseSj add 
that of a parallel section CD token at the centre ofihejrustum and 4 time^ 
the (trea of an intermediate parallel section cd equidistant from ik 
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««rt(re o and base A, and multiply the wihole by i of the height, length 
or depth of thefnistunt ; the reenlt wilt be the required goliditi/. 

REM. It is linnlly iieeessary to eay e a G 
fliat to obtain by culciilatinii tlio iatenue- 
(Uiite diameter cd, we buve Cp equal to 
tlie half-ilifference between the tliiiinetera 
CD, EFatid thiitwetirterwAidtifind Cgaud 
coiisequeiitly cd=CD— 2C3, in tlie same 
miinaer as ill the vailoua cusea oftLelast 
pi'oblets. If we have to- measure tlie cupa- ^ 

city of a cask we will obtain ite iuterioi' diameter CD by introdacing 
througb the bmig hole a scale of inclies or otlier equal parts. We will 
obtain tiie iutenuediate diam. cdbymeasmiDg the distance oc between 
tliecivskandarectiliueal rod erf tangent at C, and afterwards make cd 
=CD— 3ac. From the wliole lengtli moaBnred oataide, the sum of 
the thicknesses of the two ends must then be subtracted, for 
tiie interior lengthoi' height to l>etakeu into the calculation. To obtain 
e^ tangent at C, it is plain that it will sufSce to see that eE — gG 
or A6=% ; finally eg exterior length of the cask is the distance ia- 
tercepted on the straiglit line eg by two other straight lines 
Hi/, Fe resting on the parallel bottoniH ao as to meet eg. We could 
a\so arrive (31, G.) at the required areas of the respective sections 
CD, cd, EF by measuring on the outside of the cask the circumfe- 
reuces of those sections from which should be deducted the double 
thickness of the staves multiplied by 3.1416 or by 3|. 

Ex. I. What is tlie solidity of the central frustum of a circular 
spiudle the length of which is 40 inches, the greater diameter 36, the 
smaller 16, and the internkediate diam. 31.836 inches T 

Am. {areaCD + 4 area cd+areaEP) x J 4I»=C36% 4time8 31.826% 
16) X 7854 X 40-^6-^=29,340 cubic inches, exceeding but by.0028ora 
little more than one fourth of 1 per cent the accurate solidity 29,357.3 
cubic inchea=136| gallons nearly. 

S. Tlie length of the frustuui of a circular spindle is 3 feet 4 
juches, the diameter at the centre 3 feet 8 inches, the extreme 
diameter 2 feet and the iutermediate diam. 30.0583 ; what is Its 
solidity 1 

Abs- 27,301 ciibio iiiobes, to 37,3871 cubic inches the accurate 
solidity, or an excoas of .0005 or ^^ of 1 per cent. 

3. Required the capacity of a vessel having the form of the 
fi'iistum of a circular spiudle, the length 50 inches, the smaller and 
greater diameters 25 and 85 inches and the interm. diam. 32.5}'4 1 

Ans. 3!),837 cubic iuchesH- 1728=^23. 083 cubic feet, to 39,783 
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cubic inches or 23.022 cubic feet, say an excess of .0026 or nearly ond' 
fourth of 1 per cent. 

4. The central zone of a circular spindle measures 3 feet in 
length, the extreme diameters sire 2 feet and 16 inches and the cal- 
culated interm. diam. is 22.0722 : what is its solidity ? 

▲ns. 13,104 cubic inches or 7.58327 cubic feet, the accurate soli- 
dity according to the general rules being 13.090.4 cubic inches or 
7, 57546 cubic feet, say an error in excess of .00103 or ^ of 1 per 
cent. 

9. What is the capacity of a hogshead the length of which is 5 
feet, the extreme diameters 50 and 30 inches and the interm. diam* 
45.394 t 

Ans. 91,439.89 cubic inches, to 91, 302.75 the accurate solidity, 
the difference in excess being .0015 or ^ of 1 per cent. 

6. A cask appearing to form part of an elliptical spindle is 2d 
inches long, its greatest diam. is 24 inches, the diam at the head 21.6 
and the interm. diam. 23.40909 inches : what is its capacity in wine 
gallons of 231 cubic inches to the gallon % 

Ans. (24' + 21.6*+4 times 23.40909*) x .7854 x 28 -^6=-l 1,855.2 
cubic inches, to 11,854.75 the accurate sol. the excess being in this 
case but of .000005 which shows that the proposed cask is very nearly 
the frustum of a spheroid, the rule in such case giving as seen (176, 
G.) the accurate solidity. The required capacity in gallons is 51.316. 

7. How many gallons may be contained in a ton of elliptic cur- 
vature the greater diameter of which is 32 inches, the smaller diame- 
ter 24 inches, the diam. at 10 inches from the head 30.16756 inches 
and the length 40 inches ? 

Am. 27,425.7 cubic inches or (-f-231) 118.726, say I18f gallons 
nearly ; the accurate capacity is 27,419.6 cubic inches, the diflference 
in excess being but 6 cubic inches or one 40th of a gallon. 

8. The central zone of a parabolic spindle is 36 inches long, its 
diameter at the centre is also 36 inches, that of the apex 20 inches 
and the interm. diam. 32 inches \ what is its solid content in cubic feet t 

Ana. 27,294 cubic inches, to 27.233.9 accurate sol. or an excess 
of .0022 ) say an error in excess of J of 1 per cent. In cubic feet the 
solidity is 15.795 to 15.76. 

9. Determine the capacity of a tun the length of which is 40 
inches, the great and small diameters 32 and 24 inches and the iu- 
tenuediate diameter 30 inches ? 
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Asn. (32* 4- 24* X 4 times 30* ) x .7854 x 40 -^ 6=-27,227.2 cubic 
iDcbes or 117.87 gallons nearly ; the accurate solidity is 27.210.5 
cubic inches, say an error of .00062 or -^^ of 1 per cent, equivalent to 
^ of a gallon or a little more than half a pint. 

10. How many cubic feet are there in a hogshead the diameter 
of which at the centre is 5 feet, at the head 3 feet, its intermediate 
diameter 4.5 feet and length 7 feet ? 

Ans. 105.3745^ to 105.19124 the accurate solidity, or an excess 
of ^ of 1 per cent. 

11. How many gallons of salt can be put into an empty flour bar- 
rel the height of which is 25 inches, the inf. or sup. diam. 17 
inches, the greater diam, 20 inches and the intermediate diam. be- 
tween the bottom and the centre 19.3 inches ? 

Am. (17* + 20* . + 4 times 19.3* ) or 2179 x .7854 x 25-t-6=7130 
cubic inches, dividing by 231 we obtain 30 gallons 2 quarts and 3 
pints nearly or (-—2339) 3 ^ bushels nearly. 

la. There are three varieties of casks in which the extreme dia- 
meters are 24 and 32 inches, in one the interm. diam. is 30.2 inches, 
in another this diam. measures 30 inches and in third 29.2 inches, 
the length is 42 inches, what is the content of each cask in imperial 
gallons of 277.274 cubic inches per gallon ? 

Alls. (24* + 32*+4 times 30.2* ) x .7854 x 42-^6-^277.274=l04.06, 
to 104, diff.=,\y of a gallon. 

(24*+ 32*+ 4 times 30*) x .7845 x 42 -f- 6-^277.274=103. 106, 
to 103, difP.=^i^ of a gallon. 

(24* + 32* X 4 times 29.2*) x .7854 x 42-^6^277.274=99.35 
to 99.3, diff.=^ of a gallon. 

PROBLEM Lin. 

To find the solidity nearly, of any frustum of a spindle 
EFHG or cd GH, -with parallel bases perpendi- 
cular to the axis of the spindle. 

(See the tableau,) 

(103) WLVljWd, Compute separately the solidity of each of the 
slices EFDC, GHDC situuted at opposite sides of the centre on greater 
diam, CD of the given frustum, by adding to the sum of the bases CD, 
EF, CD, GH of each of them, four times the area of an intermediate 
section ef cdj and multiply these sums by one sixth of the height of the 
respective slices ; the sum of those solidities will be the required solidity. 



158 



KBT TO THE TABLEAU. 




RGM. It is plain that if the fmstam is late* 
ral as cdllG or does not extend beyond the centre 
CD, we will have but one operation to perform to 
determine its solidity = (area cd + area GH + 4 area 
gh) X J oB. 

Ex 1. One of the component parts of a cul- 
de-lamp presents the form of the lateral frustum 
of a spindle. Its three diameters are 24,30 and 
32 inches and its lieight 21 inches : what is its solidity f 

Ann. (24 % 32% 4 times 30 ^ x .7854 x 21—6=14.294 cubic 
inches or 8.272 cubic feet. 

3. A tun placed on end and the height of which is 42 inches and 
sup. diam. 24 inches, contains wine to the three fourths of its lieight ; 
the entire capacity of the tun is 104 imperial gallons (277.274 cubic 
inches per gallon) how many gallons are there remaining in the tun f 

Ans. Here, since the entire solidity of the frustum of the spindle 
te be measured is known, then, instead of computing separately 
the solidities of the two component slices of the frustum to get their 
sum, it will suffice to cube the empty part of the tun and afterwards 
subtract its solidity from that of the entire tun. The diam. of the 
tun at the heiglit to which the wine reaches is 30.2 inches and the in- 
termediate diam. between this latter and the top is 27.6. Then the 

2 2 3 

sol. of the frustum to be deducted is (24 +4 times 27.6 4-40 )x 
.7854 X i42-^6=6233cubicinches^277.274=22i gallons nearly, there 
remains then in the tun 104— 22i=81i gallons. 

PROBLEM LIV. 



To determine the approximate solidity of any seg- 
ment of a spindle (Ado, aCb Aob) -with a single base paral- 
lel or not at the axis ( AB) of the spindle or to its diameter 
(CD ; or the solidity of a frustum (ABba, dcbe, AbBf) 
-with parallel bases inclined or not to the axes of the 
solid ; or the solidity of any ungula ABO— D,ABC— 
D', AEO — D of a spindle. 

(194). RUI^li. To the sum of the areas of the parallel or oppo- 
site bases (if there is but one base, toe consider the ot]ier=0) of the frus- 
tum, add A times the area of a section equidistant from those borses and 
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multiply the whole hy one sixth of the height of the segment, frus- 
twm or unffiila as the case may be. 

REM. If the given frustum contains the 

centre of the spindle of which it forms part, 

draw through the centre a section ^07i parallel 

to the bases and calcuhite separately each of 

tlie component parts of the frustum and add 

then together -, but if the parallel bases Ah, 

/B are equidistant from the centre 0, then it is plain that we will 

have but one operation to perform and afterwards double the result. 

PROBLEM LV. 

To determine the solidity nearly of any frustum of an 

ungula -with non parallel bases. 

(See the tableau.) 

(195) RUIiB 1. Decompose the frustum EFHG by an imaginary 
plane parallel to either GH, EF of its bases and parsing through the point 
F or H (as the case may be) the nearest to its other base, into the frustum 
of a spindle with parallel bases and an ungula ; then compute separately 
their solidities and add them together, 

(106) RIJI-E II. Compute by the last problem the respective solidities 
of the two segments of a spindle with a single base 
GHB, Et^B of which the given frustum forms part ; 
the difference of these solidities will be the required 
solidity. 

RE]!!. An inclined ton or cask containing 
liquor and which one would not displace to fa- 
cilitate its gauging will sometimes present to 
the valuation of the measurer a solid of this 
kind. 

PROBLEM LVI. 

To value the content, nearly, of a ton or cask laying 
on its side and being but partly fUll. (See the tableau.) 

(197) RUIiE I. After having obtained the chords and versed-sines 
of the segments of a circle forming the opposite bases fFfhUh of the frus- 
tum FH to be valued, multiply the sum of those bases plus 4 times the area • 
of a central section parallel to those bases, by J height or length AB of the 
cask, or to be still nearer tJie accurate content, operate only on the half of the 
frustum a/nd afterwards double the result. 
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(198; RITIiE II. If the liquor 
in the ton does not reach tJie heads or 
ends EF, GH of the vessel j as at eg or 
FH, we loill value its content by the 
method of tlie last hut one problem ^ and 
the same if the liquor outreaches those 
ends J as at EG or abj we will culculate 
in the same manner the segment ECG 
or aCbj to diminish by as mitch the con- 
tent of the entire ton. If the area of the liquor is at AB, <ms of the ton it 
is plain that we will obtain the content AFDHB=CEFD=iFG. If on 
the contrary the surfaxie is at cd or fh, we will first calculate by them^thod of 
the last but one problem^ the frustum of a spindle rsqDpr or mnD {as the 
case may be) of which the corresponding segment of the ton forms part, to 
subtract afterwards the ungulacj or kinds of pyramids hnhR, fmfF or the 
solids crpFf dsqH. composed of the semi-conoids AFjp, BHg and of the 
frusta rcApj sdBq of which we will pretty correctly obtain the solidities by 
the general rule of the sum of the parallel bases jp A, re + 4 titnes the inter- 
mediate section^ multiplied by one sixth of the height 

PROBLEM LVn, 

Determine the solidity nearly of a convex or concave co- 
noid Aa' Cb'B, AaCbB or of the segment of a spindle 
terminated by a convex or spherical base ADB. 

(See the tableau,) 

(991) RUEiE I, Decompose the solid by a plane passing through 
AB into the segment of a spindle or conoid ABC and the segment of a 
sphere ADB ivhich you will value separately by the rules already given and 
ufterwards take the sum of the component solidities, 

(300) RtJI^B II. To the area of the convex base {ADB) add 4 
times that of a parallel convex section a'db' equidistant from the base and 
apex and multiply the sum by one sixth of the height CD of the solid. 

Wliat has been already stated (lOTT O, 
137^ T.) concerning the spherical sector and 
ordinary conoid, suffices to show immediately 
that we must by that rule arrive at a pretty 
correbt determination of the solidity of the pro- 
posed solid. 

RE Hi. If the height CD were unequal to 
AC or BC, that is, greater or less than AC or BC we would eyidently 
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have to increase the sol. of the proposed conoid, or to dinunish it by the 
<itfference of the solidities of the respective segments ADB having 
for radii CD — AC or BC and CD < or > AC or BC, as the case 
may be. 

The same if the base of tlie conoid were concave, we would 
compute the sol. of the corresponding conoid witli plane base, and 
afterwards deduct from it the sol. of the hollow segment. 

(301) RUEiE II. Compute the solidity of the component spheri- 
<!al sector ABB-C, then the solidity of the continued frustum of a prism 
of which the generating segment AoCa'A or BoCfe'B is the section; the 
sum of these solidities vnll he the required solidity, 

PROBLEM LVIII. 

To determine the solidity of any vault of "which the 

thickness is not uniform. 

(SOS) RUIiB. Calculate separately (page 431 G.) by the pre- 
ceding prohlemSf the volumes of the component exterior and interior 
solids (that is of the prisms or cylinders, hemi-sphereSf hemi-spheroids or 
conoids, or of tlie segments of those solids) and afterwards taJce their 
difference which will be the solid content of the proposed vault 

PROBLEM LIX. 

To determine the solidity of any prismoid or 

cylindroid. 

(See the namerous and varied prismoids and cylindroids of the 
tableau.) 

(203) RULE. To the sum of the areas of the two parallel bases, 
add four times the area of a section equidistant from those bases, an^ 
multiply the whole by one sixth of the height of the body j the result 
will be the required solidity, 

R£]!»i 1. It is said (1103 O.) that " the prismoid is a solid 
having for its parallel bases, any plane figares with parallel si4e8." 
This definition does not exclude the equality of the parallel s;de0 ; 
therefore, any prism or cylinder (infinitary prism) is at the sarrpe iin^ 
a prismoid. 

Neither does the definition exclude the proportionality of the 
parallel sides ; therefore, any frustum of a pyramid or corie (frustum of 
an infinitary pyramid) with parallel bases, is a prismoid, 

19 
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Nor does tlie definition nRnign limitR to the inequality of tlie 
parallel sides ; therefore, each of the sides of one of tlie parallel 
basesmay diminish indefinitely, even so as to became finally =0; that 
base will therefore also be reduced to zero or to a single point, as in 
the case of tlie pyramid ; therefore, the pyramid or cane (infinitaiy 
pfframid) is also aprismoid. 

If the snm of all the sides, but one, of one of the bases, becomes 
equal to the side thus excepted, that base will be but a line or edge 
parallel to the plane of the other base, as in the case of the wedge } 
therefore, any wedge or other solid having for one of its bases any plane 
figure and for the other beufe a line parallel to the first, is still apris- 
moid, 

(304) It would appear that in this manner of reducing to asinip le 
line any plane figure, we have neglected the necessary paralUellftiii 
of the opposite sides ; but it is not so, for if the base to be reduced 
is a rectangle for instance, the two sides perpendicular to the_ex- 
cepted side become each of them =0 ; the sum of the sides less one, is 
the side of the rectangle parallel to the excepted side, and which, when 
the perpendicular sides become null, ends by approaching the ex- 
cepted side so as to form with this latter but one and the same 
line or edge. If the base to be reduced is any polygon, there 
will be, or not, in the perimeter of that base a side parallel to the 
excepted side j if there is a side parallel to it, this side may dimi- 
nish or increase so as to become of equal length to that of the 
excepted side, and all the other sides becoming each = 0, the 
two parallel sides will unite to form but one ; if there is not in 
the base on which we operate a side parallel to the excepted side, 
we will interpose between two of the sides of that base, a side which 
shall be tlie required parallel j for in the same way as one of the 
sides of the prismoid may, without af^cting the definition, become 
equal to 0, so may a side at first equal to zero acquire any develop- 
ment, and that, in any proportion as in any direction. 

(I305) It is plain that if one of the two bases of any figure, 
may become a line, it is the same of the other base which may also, 
from any figure, becomea line. K the two lines which now form tlie op- 
posite bases are parallel to each other, it is plain that the solid will 
have ceased to exist or shall have become equal to zero or to a mere 
surface ; but if the lines or edges answering as opposite bases to the 
body in question are not parallel to each other, though in planes 
parallel to each other, the solid will not have ceased to exist j there- 
fore a prismoid may he such as that its opposite bases be both oftJtem 
simple linss or edges. 
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(206) Let ns say, to sum up, that : a prismoid may have for itsparoMel 
bases : any two figures equal or similar, any two figures v/nequal or not 
similar ; any figure and a line parallel to the plane of that figure, any 
figure and a point , any two lines not parallel, "but situated in planes parol' 
lei to each other ; say, for instiince : two equal or unequal squares } a 
square and any rectangle ; any two rectangles or parallelograms ; 
any two equal or similar, unequal or dissimilar polygons, of which 
the sides of the one correspond either to parallel sides or to angular 
points of the other ; a square, rectangle or other polygon and a circle 
or ellipsis (infinitary polygon) ; a circle and any ellipsis or any two 
ellipses (this latter prismoid with curvilineal parallel bases is some- 
times known under the name of cylindroid) a square, rectangle, pa- 
rallellogram, polygon, circle, ellipsis and a line ; a square, rectangle, 
parallelogram, polygon, circle, ellipsis and a point j two lines of any 
lengths not pai-allel but situated in planes parallel to each other. ^ 

(tSOY) REIU II. There is now to be considered the kind or 
nature of the figure answering as an intermediate section between the 
opposite bases of the prismoid to be measured. Thus, it is plain 
that if the opposite bases are rectangles with parallel sides, the in- 
termediate parallel section will also be a rectangle or a square ; if 
the two bases are parallellograms with parallel sides, the section will 
also be a parallellogram ; if the bases are a square, rectangle, paral- 
lelogram and line parallel to one of the sides of such rectangle, 
&c., the section will still be, in the first case a rectangle, in the second 
case a rectangle or a square ; in the third case a parallelogram } if the 
bases are any figure and a point, the section will be a figure similar to 
the base and equal (131, T.) in area to the fourth of the base ; if the 



1. All these forms are metwHh in practice, and more especially among the diyersified 
roofs of buildings of all kinds. A tower or sqaare turret for instance, will be often ter- 
minated by a roof croWned by a circular or octagon platform, or the tower 
will have iot ground plan a circle, and for platform to roof a square or other polygon* 
or again there may be two squares of which the sides of the one are parallel to the 
diagonals of the other, that is for prismoids of which the parallel bases are any 
figures. If a building of which the horizontal section is a square, rectangle, or poly- 
gon^ is covered with a roof terminated by a ridge long or short, we will obtain 
the prismoid of which one of the bases is any figure and the other base a line. The 
wedge is also a solid of the kind. Neither is it rare to find among the component 
parts of a roof or other object to be measured, prismoids of the kind of that of par 
(SOS9 X.) that is, of which the bases AB, CD are both simple lines, without the 
area of the intermediate section abed haying any the less for that a real and 
easily determined value. In this latter case the factor "4 area ahcd ** s=BAXCD 
<308, X.) whence, the sol. « AB X OD X height ^ 6. 
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two bases are lines (907, O.) the one perpendicular to the direction 
of the other, the section will be a square or a rectangle 5 if the bases 
are lines not perpendicular the one to the direction of the other, the 
section will be a lozenge or parallelogram. 

(1308) Nothing is easier in all these cases 
than to determine the area of the intermediate 
section of which the multipliers or factors are 
each an arithmetical mean between the parallel 
sides of the opposite bases or l>etween the sides 
or edges and opposite points or apices as the case 
may be. For instance, in the prismoid AB-CD 
where each of the bases is a simple line or edge 
AB, CD and of which the area is consequently 
null, we obtain for intermediate section the square, rectangle or 
parallelogram abed in which ab=i AB H D or=i AB, since D=0, the 
same, dc=i AB=a6, and ad=i CD=&c 5 whence area section abed 
= a6 X ad or J AB x i CD if it is a rectangle, or (8, T.)=a6 x ad x 
nat. sin. angle bad if it is a parallelogram. 

(900) If one of the bases is 
any polygon and the other base 
also any polygon, and if all the 
lateral faces of the prismoid are 
triangles, that is if each of the 
sides in one of the bases corresponds to a point in the other base, 
the number of sides in the intermediate section will be equal to the 
sum of the numbers of sides in the two bases. 

(210) If one of the bases is any 
rectilineal figure, and the other 
base a line not parallel to the sides 
thereof the number of sides in 
the int. section will be equal to the 
number of sides of the base plus 2 ; and if the line or one of tho 
sides, or more than one, of the figure forming one of the bases, is 
parallel to one or to more than one of the sides of the other base, the 
number of sides of the iuterm. section may yary indefinitely, as the 
ease may be, but will nevertheless be always easy to determine with 
the help of a simple sketch of the figure. 

The summary just made may still be simplified, abridged or 
translated as follows, to wit : Tlie prismoid or cylindroid (i'^nitary priS' 
moid) is a solid with parallel bases afwhieh the planes (lateral faces) pas- 
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sing through the sides or edges of one of the hoses j are terminated hy points 
or by parallel sides or edges in the other base, 

la other terms : The prismoid or cylindroid is such that all its late^ 
ral faces are, or its lateral surface may be decomposed into triangles or recti- 
lineal trapeziums J that w, with plane surfaces ^ or parts capable of being de- 
veloped into plane surfaces. 

Let us add that every prismoid may be decomposed, if one of 
its bases is {^g. to par. (213 T.) any figure and the other base a 
line, into two pyramids and an elementary prismoid having for its 
bases lines, (fig. to par. 808, T.); if its two bases are any figures, 
into four pyramids having their bases two and two in the opposite 
bases of the solid, and a prismoid having lines for its bases ; or, at 
pleasure, into pyramids, wedges, &c., andprismoids with lineal bases, 
according to the manner of operating the division of the solid by 
planes of which the number and position may be varied. 

(211) If one of the bases is for instance a 
circle or ellipsis and the other base an ellipsis, 
the interm. base will also be an ellipsis of which 
we will obtain the diam. 6/^=^ (AB + a&) and 
the diam. gh=i (CD + cd), 

(212) If one of the bases is a circle or an 
ellipsis AB and the other base a line EF, the, 
interm. base ahfcde will be a mixtilineal figure 
of which the parts ab and cd will be straight 
lines parallel to EF, and the parts aedj bfc simi- 
lar figures (1033, G.) to CDA, CBD. To calcu- 
late the area of the interm. section, we have (1033, 520 G.)ah and 
dc eack=i EF, ad and be each=i CD, and as the component parts 
ACD-E, BCD-F of the prismoid are evidently pyramids with mixti- 
lineal bases, we obtain (131 T. ) the area aed= 
i area ADC, area bfc, =i area BCD ; that is we 
will obtain area section ef=ab or i EF x ad or 
Ic or i CD + i area AB, and if EF is not parallel 
to AB or perpendicular to the direction of DC, 
we will moreover multiply (S T.) the product 
ahj 6c by the nat. sin. of the angle bad or substi- 
tute for the factor ad or be the perpendicular 
breadth of the parallelogram ab cd. 
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(313) If one of the bases is a circle or an 
ellipaift AIJ and the other a square or rectangle 
EG, the given prisnioid will be decomposed into : 
1°, a prisnioid El^^GII— CD (having for its bases 
(207 T.) a square or rectangle and a line, and 
for in terra, section a rectangle efgU wliere e/^f/h 
=i EF or (illl, and efj-fli=i Ell-l-i CD) ; 2° 
two prismoids AO-EIIand BO— FU (liavingeach 
for its bases lines AG, EH and BO, FG and 
(SOY T.) for interm. base a rectangle ablJc where 
ab=Jd=^ EH and ak or bl=i AG, and nrcd C 

where «r or cd =i FG and nd or rc=i OB) } 3° four pyraniida AOC 
-H, AOD-E, BOC-G and BOD-F (iiaving each for its interna, section 
a figure hUjyaelc, rch and rw?/ respect! vely equal in area to one fourth 
of the corresponding base AOC, AOD, BOC and BOD, or their sum 
equal in area to one fourth of the base AB. 

(21^ It is plain from the prismoids or cylindroids just men- 
tioned that those bodies may indefinitely vary their forms, bnt the 
preceding considerations will sufiice to indicate the manner of pro- 
ceeding in each case to the determinfition of the intermediate area 
to enter as an element into the calculation of the solidity to be es- 
tablished 'f or if necessary, to determine immediately whether the 
proposed solid is, or not, such a prisnioid or cylindroid that its soli- 
dity may be measured by the general nile liere given. 

Ex 1. A tent or tester of which the sup. base is a circle or ellip- 
sis of one metre in area, and its inf. base a rectangle of 3 metres area, 
has for its intermediate section a mixtilineal figure of which the area 
is two metres, height or perpendicular distance between the parallel 
bases 2i metres ', required the solidity of the space or air com- 
prised between the curtains ? 

Ans. (1 h 3 + 4 lines 2) x 2.5 + 6=5 cubic metres. 

*J. A camping tent of which the top or sup. base is a ridge, 
that is a simple line or edge 2 yards long, and of wliich the 
inf. base is composed of a rectangle of 2 x 3 yards and two semi- 
circles of 3 yards diam. is 2 yards in height } what is its solidity ? 

Ans. In this example it is plain that the prismoid to be cubed 
is composed of a wedge with equal edges (that is (llOO, Cr.) of a 
triangular prism) and two semi-cones. The area of the base of the 
tent is composed of that of the rectangle=2 x 3=6 square yards, and 
of that of two semi-circles, that is of a circle 3 yards diam. =3 x 3 x 
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.7854—7.0686 square yards, in all 13.0686 square yards ; the area of 
the intermediate section is equal to half the rectangle at the base 
plus one fourth (!112, T.) of the two semi-circles, and has conse- 
quently the value of 3 + 1.76715=4.76715. The area of the sup. 
ba«e being null in the actual case, the sol. = (area base 4- 4 interm. 
area)xheight-^6,=(13.06S6-l-4 times 4.76715)x J height=32,1372x 
2~ 6=10.7124 cubic yards. 

RCm. If the ext. surface of the tester or of the camping tent of 
the two last examples, instead of being taut, that is plane or capable 
of being developed (1140 G.) into a plane surface, were concave or 
not taut, we would equally obtain the required solidity, at least 
very nearly (139, 140, T.) by the same rule (203, T.) 

Ex 3. An observatory of which the ground plan is an octogon 
of 100 metres area, is crowned with a roof terminated by a circu- 
lar platform of which the area is 25 metres, the area of the interme- 
diate section is 56 metres ; what is the solidity of the space occupied 
by the roof the height of which is 6 metres ? 

Ans. 100 + 25 + 4 times 56=349 cubic metres. 

PROBLEM LX. 

To determine the accurate solidity of any irregular 

body of small dimensions or of a body composed 

of several elementary parts "with different 

dimensions and forms. 

(315) RUEiE. If it Is tbe capacity of any vase or ves- 
sel ^irbicb urc urant to measure, the idea generally suggests 
itself of arriving at the result by determining the number of times which 
such a vessel can give place to or contain the contents of any other vessel of 
an elementary form of which we know the capacity, 

(216) But if it is the solidity of tiie substance itself 
of tbe vessel, &c., wbicb ure desire to measure, the man- 
ner of operating does not immediately present itself to the mind of 
any one wishing to obtain the result. 

(217) KULE. If tbe solidity to be measured is tbat of 
a non absorbent substance, we immerse it in a vessel full of water 
or any otJier liquid of which we wUl measure the displacmement by means of 
anotlier vessel of known capacity ; or if the first vessel is large enough 
aivd its form rectangular or cylindrical and of easy gauging ^ we wiU first 
put in it enough liquid to cover the object to be measured ; having after- 
wards observed the height of the level of the water in tJie vessel, we will im- 
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merse in it the object in question and observe again the level of the liquid ; 
if now we suppose that each fraction of d metrCj inchj line or any other 
vm.it of tlie Jieight of the containing vessel corresponds to a cubic metre, foot, 
inchj or line,, dtc, we will have but to coimt the number of such units in 
the Mght of the displaced level of the water to obtain immediately tJie soli- 
dity of the proposed object, 

(!!B1§) If the body Is absorbent, we may for instance use sand 
or any other fluid substance, of the kind, that we can level tJie surface 
of by means of a rod with a rectilineal edge. 

Ill this manner we would arrive at the solidity of the most de- 
versified bodies of the animal, vegetable or mineral kingdom and of 
the thousand and one raw or manufactured objects which we have 
constantly under our eye and of which it would often be impossible to 
measure the solidities by the ordinary rules of geometry. 

It is well to remind also that we may arrive by a simple pro- 
portion at the solidity of a body by comparing its weight with that 
of another body of the same substance and of determined solidity, 
that is by the system of specific gravities which shows at the same 
time how to obtain the solidity of a body fi'om its weight : which will 
form the subject of the next problem. 

Ex. 1. The weight of an irregular block of stone is 13 pounds 
7 ounces : required to determine with the help of the given piece the 
weight nearly of a cubic foot of such stone ? 

Ans. First cube the block of stone ; to that effect get a rec- 
tangular vessel, say 10 inches square or 100 inches in horizontal area, 
and the height of which is divided into inches and hundreths 
of an inch ; having poured into the vessel water enough to cover the 
stone to be cubed, I note the height of the water which I find 8.53 
inches, I then Immerse the stone in the vessel and I note again the 
height of the water whlchis now 9.89 inches j the difference of these 
heights is 1.36 inches. Since the vessel is 10 x 10 inches, it is plain 
that every inch of its height corresponds to 100 cubic inches and conse- 
quently, each hundredth of an inch of such a height to one cubic inch j 
therefore the observed height 1.36, of the displaced level of the water 
corresponds to 136 cubic inches j therefore the solidity of the stone 
is 136, and we will now obtain the weight of the cubic foot by mak- 
ing 136 : 215 ounces (weight of the stone) :: 1728 cubic inches (that 
is a cubic foot) : 2732 ounces, or, dividing by 16, 170} pounds, the 
required weight. 

2. In a cylindrical vessel such that each inch of its height oor- 
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responds to 1 cubic incli of space or solidity, we have immersed a 

I^iece of silver which has disphiced by 73 huodreths of au loch the 

level of the liquid in tiie vase ; required the solidity of the ingot of 

silver if 

Ans. .73 of a cubic inch. 

3. Having filled with water any vessel, we have immersed in it 
an object the solidity of wliich we want to know ', we have gathered 
ill another vessel, the water overflown, the quantity of which is 3 gal. 
2 quarts and i pint j what is the solidity of the proposed object, the 
gallon made use of being 231 cubic inches f 

Ans. 1 gallon + 2 quarts + i pint = 231 + 11 5i + 14^ = 360}! 
cubic inches. 

4. Required the solidity of an absorbent substance placed in a 
vessel one foot square filled with sand j after having removed the 
object to be mexisured, we find that the uniform height of the sand 
in tbe vessel, first levelled to that effect, is .3 of a foot, the height of 
the vessel being 1.5 feet ? 

Ans. 1.5 — .3= 1.2 feet = height of the displaced level of the sand, 
and as the vessel is 1 square foot in horizontal section, it follows 
that the solidity of the object is 1.2 cubic feet. 

5. In a vessel having the form of the frustum of a cone is a 
quantity of liquid of which the diameter at the surface is 10 inches ; we 
immerse in it an object which increases by 9 inches the height or depth 
of the liquid in the vessel and which gives to its displaced surface a 
diameter of 14 inches ; required the solidity of the proposed body f 

An§. The volume of water displaced which is at the same time 
that of the object, is that of the frustum of a cone- of which the pa- 
rallel bases measure respectively 10 and 14 inches and of which the 

height is 9 inches j this sol. = (112, T.) (10 V 14 V 4 times 12 ^ x 
.7854 X 9 -r 6 = 872 X .7854 x 1.5 = 684.8688 x 1.5 = 1027.3032 cubic 
inches. 

THEOREM LXI. 

To determine the solidity or -weight of any body or 
substance, by comparing the volume or -weight of 
such body -with that of a body or substance of the 
same nature of -which -we know beforehand the 
-weight and volume. 

(819) REiH. The weight of a cubic foot of water at the tem- 
perature of 40° Fahrenheit (at which water nearly reaches its 

greatest density) is 1000 ounces avoir dupoids nearly, or 62i pouuda 

20 
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(english weight) and we denomiDate weight or specific gravity of 
any body or substance, the weight of a volume of such body or 
substance equal to that of the water taken for comparison ; whence 
it results that if in advance we know the weight of a cubic foot, 
for in Stan CO; of each of the different substances that we may be 
called on to measure or value^ as stated in table X, we will at ouce de- 
termine by a simple proportion the volume of any other weight or 
quantity of the same substance or the weight of any other volume 
of such substance, by the following rules. 

(330) RULE. To determine tlie solidity of a body 
firom Its weight ; make the proporiUni : the specific weight of 
the proposed body is to {i) its weight in ounces or pounds, <&c. a« ( :: ) 
1 cubic foot or 1728 c/uhic inches, istoii) the solidity of tJie body in 
feet or inches,- as the case may be. 

12&. 1. The weight of a shell or cast iron ball or of any frag- 
ment of such a solid is 45 pounds : required the solidity of the 
proposed body ? 

Ana. It is seen by table X of specific gravities that the weight 
of cast iron is 450 pounds nearly, per cubic foot j we will then obtain 
the required solidity by making 450 pounds : 1728 cubic inches :: 45 
pounds : 172.8 cubic inches. 

HI. Eequired the volume of a marble statue the weight of which 
is 1000 pounds, the specific gravity of the marble from which the 
statue is drawn being 170 pounds nearly to the cubic foot I 

Ans. 170 pounds : 1 cubic foot : : 1000 pounds : 5.9 cubic feet 
nearly. 

3. A quantity of sand weighs 13 pounds : what is its solidity ? 
Ans. From table X, the specific gravity of sand is 1.520, that 

is, 1.520 times the weight of an equal volume of water or 1520 
ounces to the cubic foot (since the weight of a cubic foot of water is 
lOOOounces) ; we will therefore make 1520 ounces : 1728 cubic inches :: 
(13x16=) 208 ounces :x = 1728 s 208 « 236^ cubic inches. 

1520 

4. The weight of a tusk or tooth of an elephant is 25 pounds ; 

what is its solidity ? 

Ans. Ivory is 1825 ounces to the cubic foot -, we will therefore 
obtain the solidity of the tooth by making 1825 : 1 :: (25 pounds or) 
400 ounces : .22 nearly of a cubic foot, or 1825 ounces : 1728 cubic 
inches :: 400 ounces : 378.74 cubic inches. 

!i i< !r(jiiiic(l lo tlrtt'i jiiiiH' in :h]n'.im<i' .lir {»M»l)abb' WM^u'lif 
si ir)ii L;r;iliii,u^ wliicli iinisl be «';ist nocordjji i: h» a carvt'd mo- 
del of pine wood the weight of which is 7 pounds ? 
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Ans. We will first obtain the solidity of the pine model by 
makiog, as per rule (the pine being considered in this case as of 25 
pounds to the cubic foot) 25 pounds : 1 cubic foot :: 7 pounds : .28 of a 
cubic foot. Now, as the solidity of the cast iron will also be = .28 of a 
cubic foot and the weight of cast iron is 450 pounds per cubic 
foot, we will obtain the weight of the proposed grating=450 x .28= 
126 pounds. 

i^fll) RULE. To determine the urelffht ot a body 
from it§ volume ; make the proportion : as one cubic foot is to ( : ) 
the volume of the proposed body, so is ( :: ) its specific gravity to ( : ) 
its weight. 

Cx. 1. The volume of a heap of snow on the roof of a baildi&g 
is 7000 cubic feet, the weight of a cubic foot of this snow, made 
heavy by rain, &c. is 30 pounds : required the total weight whkh 
bears on the roof f 

Ans. 7000 X 30=5210,000 poundB. 

2. What is the weight of a piece of pure cast gold the dimen- 
sions of which are 3 inches by f x i inches I 

Ans. The solidity=3 x f x i=2f cubic inches; the specific gravity 
of pure gold is 19.258 j the rule gives : 1 cubic foot or 1728 cubic 
inches : 2i cubic inches :: 19.258 : x = 19.258 x 2.25= 25.07552 ounces 

1728 

3. One desires to know the weight of a firkin of butter the vo- 
lume of which obtained from the rule to article (112), is 1830 
cubic inches f 

Ann. The specific weight of the butter is .940 of that of water, 
that is, of 940 ounces to the cubic foot 5 we will therefore obtain the 
required weight =18^x9 40 = 995i ounces, h- 16 = 62 pounds 3i ounces. 

1728 

4. What is the weight nearly of a stick of english oak half-dry, 

the volume of which is 150 cubic feet f 

Ans. The half-dry oak, from the table, is 66 pounds nearly per 
cubic foot, whence the required weight, is 150 x 66=9900 pounds. 

5. What is the weight nearly of a box of bound books the to- 
lume of which is 15 cubic feet f 

Ang. 15 cubic feet x 43 pounds nearly =645 pounds. 
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PROBLEM LXn. 

To determine the speoific gravity of any body or 

substance. 

(223) RlJEilS. I. Cube and weigh the proposed body, and after- 
wards maJce this proportion ; as the solidity of the body is to (:) its 
weight in ounces, so is {::) a cubic foot of such body to (:) the weight 
of one foot of it in ounces ; that is, by cutting off three figures for cleci- 
its specific gravity. 

Ex. 1. What is the specific weiglit of seasoned black wal- 
nut, if a sample of this wood the dimensions of which are 11 x 7 x .9 
inches, weighs 24 ounces 1 

Ans. 11 X 7 X .9=69.3 cubic inches = sol. of the proposed body } 
now, from the rule 69.3 inches : 24 ounces :: 1728 inches : 598 ounces 
or 37.4 pounds j the required specific gravity is tlierefore .598 of that 
of water the weight of which is 1000 ounces to the cubic foot. 

2. An irregular piece of chalk of which the solidity has 
been obtained, =432 cubic inches, by the method of example 4 of 
the last but one problem, weighs 43i pounds : required the specific 
gravity of that substance. 

AU9* 432 inches : 1728 inches :: 43i pounds : 174 pounds : 
whence, the required specific gravity is 174 x 16=2.784 times the 
weight of an equal volume of water. 

3. A bateau or pontoon of 100 feet by 20 x 10 feet and the total 
volume of wliich is consequently 20,000 cubic feet, required in its 
construction 5000 feet of white pine half-seasoned, the weight of which 
is estimated at 40 pounds to the cubic foot, 500 cubic feet of elm com- 
puted at 50 pounds to the cubic foot, and 5000 pounds weight of iron 
spikes : required the draughft of water of the proposed body f 

Ans. The weight of the pine=5000 x 40=200,000 pounds, the 
weight of the elm ^ 500 x 50=25000, the iron 5000 pounds ; the total 
weight of the bateau is consequently 230,000 lbs j the average weight 
or the specific gravity of the pontoon is 230,000 pounds-i-20,000 cubic 
feet=l 1.5 pounds to the cubic foot, that is 11.5 x 16=184 ounces per 
cubic foot, say .184 of the weight of an equal volume of water. The 
height of thepoontoon is 10 feet, therefore the draught will be .184 of 
the height of the pontoon or 1.84 feet, that is 1 foot 10 inches and .96 
of an inch = 1 foot 11 inches nearly. 

4. By what quantity can the bateau or poontoon of the last 
example be loaded without causing it to founder or sink beyond its 
deck or superior surface ? 
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Ana. Since water weighs 62.5 pounds to the cubic foot and tlie 
total volume of the pontoon is 20,000 cubic feet, the total wei<»ht of 
the water which the pontoon must displace before sinking to tlie 
level of the water is 20,000 x 02.5=: 1,250,000 pounds; now the 
weight of the boat is but 230,000 pounds } whence it follows that we 
might still without causing the bateau to founder load it with a 
weight equal or nearly equal to the difference between 1250,000 
pounds and 230,000, that is 1020,000 pounds. 

(333) RUliE II. If the body to be computed is hea- 
vier than water ; first weifjh the bodij in alrj then in watery 
by means of a hydraulic balance ; the difference between the results 
will be the iveightlost in water y or the weight of a quantity of water equal 
in volume to that of the body. Make now the proportion : as the weiyht 
lost in water {:) is to the weight of the body in air (::) so is the 
specific gravity of water ( :) to the specific gravity of the body. 

Ex. 1. A piece of tin weighs 183 pounds, its weight in water 
is but 158 pounds : what is the specific gravity of tin *? 

Ans. 183—158=25 : 183 :: 1000 : 7320= required specific gravity. 

2. A block of granite weighs 21 ounces in air and only 13 

ounces in water : what is the specific gravity of the granite ? 

An«. 2G25. 

(234) RUIiE III. If the body to be ronipiited i^ 
ligrhter than ivater ; tie to the proposed body by a thread the weight 
of which is relatively null, another body heavier than water ^ so that 
both of them taken together may penetrate or sink in the water ; having 
first weighed each body in air, and the heavier in water, weigh then in 
water the compound body, and from the weight lost by the compound 
body, stibstraet the weight lost by the heavier body as weighed alone ; 
the remainder is the loeight lost by the light body. Then : as the weight 
lost by the light body in water, ( : ) is to the weight of that body in 
air, {::) so is the specific gravity of water {:) to the specific gravity of 
the body, 

Ex. 1. To a piece of elm which in air weighs 15 grains, we 
have tied apiece of copper the weight of which is 18 grains «« «tr 
and 16 grains in water, and the compound in water weighs but 6 
grains : what is the specific gravity of the elm f 

Ans. 18 — 16 =2 = the number of grains lost by the copper 

in the water. 
18 + 15— 6=27= the number of grains lost by the com- 
pound in the water. 
27 — 2 =25= the number of grains lost by the elm 

in the water, 
25 : 15 :: 1000 : 600— the specific gravity of the elm. 
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8. A piece of copper, weigliin^ in air 27 ounces and in ^ater 24 
ounces, i^ tied to a piece of cork weighing in air 6 ounces^ and tlie 
coinimiind weighs in water but 5 ounces : what is the specific gra- 
vity of cork ? 

Ans. 0.240. 

PROBLEM LXIII. 

To determine the quantity of each ingredient or element 
in a compound of two substances or elements. 

C2'if"5) RUl^E. Find first tJie specific weight of the compound^ mixture 
or alloy ^ and of each of the component elements and multiply tJie difference of 
every two of these three specific weights by the third. Make then : tlie great- 
est product, {:) is to each of tlie other products, ( :: ) as the weight of the 
alloy y ( : ) is to the weight of ea>ch ingredient. 

Ex. 1 A mass of gold and silver weighs 62 ounces, and its spe- 
cific gravity is 1GJ26 ; wliat is the quantity of each ingredient, the 
specific gravity of gold being 19640, and that of silver 11091 f 

Ans. (19640— 11091 )x 16126 « 137,861,174. Alloy. 
(19640—16126) X 11091=38,973,774. Silver. 
(16126—11091) X 19640=98,887,400. Gold. 
137,861,174 : 98,888,400 :: 63 : 45 ounces, 3 penny weights, 19 grains 

of gold. 
137,861,174 : 38,973,774 :: 63 : 17 ounces, 16 penny weights, 5 grains 
of eilver. 

2. A mass of copper and gold weighs 48 ounces, and its specific 
gravity is 17150, the specific gravity of gold is 19640 and that of cop- 
per 9(K)0 : what is the quantity of each element of the mixture ? 

Ans. Gold = 42 ounces 2 penny weights 2 l%\\% grains, copper 
=5 ounces, 17 penny weights 21 ff Jl| grains. 

3. An alloy of silver and copper weighs 60 ounces, its specific 
gravity being 10535 : required the weight of each ingredient, their 
respective specific gravities being 11091 and 9000 ? 

Ans. 46 ounces 7 penny-weights 9 If Jlf^J grains silver, 13 
ounces 12 penny-weights 14 i\WVt9 of copper. 

4. An alloy of copper and tin weighs 112 pounds and its specific 
gravity is 8784, what is the quantity of each of the ingredients of the 
mixture, their respective specific gravities being 9000 and 7320 ? 

Ans. 100 pounds copper, 12 pounds tin. 

5. Required the weight of gold, in a compound of quartz and 
gold the specific gravity of which is 3500, that of gold being 19640 
and that of quartz 3000 f 
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Ans. 19640—3000=16640, 16640 x 3500=58,240,000= 

Factor for the compound body. 

19640—3500 = 16140, 16140 x 3000=48,420,000= 

Factor for the quartz. 

3500—3000=500, 500 x 19640=9,820,000= 

Factor for tlie gold. 

58240000 : 9820000 :: 100 : 16.86.8612638— ounces of gold ; if this re- 
sult be coiTect, the weight of the quartz must be equal to the differ- 
ence between the weight of the gold and that of the alloy, and in 
fact 58240000 : 48420000 :: 100 : 83.1387362 + ounces of quartz j the 
sum of these number8=100 ', therefore, &c. 

PROBLEM LXIV. 

To determine the solidity of the largest piece of squared 

timber that may be got out of a round log, or 

out of felled or standing tree. 

(220) 0tJtaE. Multiply the diameter of the tree or log hy the half- 
diameteTj and this product by tlie length : tJw result will be the required 
solidity. 

In fact, it isphiin that the diam. AB multiplied 
by the half-diameter OC (or i AB) gives for 
product the area of the inscribed square ABCD, 
that is, the area of a section, of the timber to be 
computed, by a i)lane i>erpendicular to its length, 
and that area multiplied by the length of the log 
gives (TN, T.) the required solidity. 

jRfftJII. This rule supposes that the diam. of the tree is every 
where the same or that we make use of a metm diameter, as taken 
at the middle of the length, and this is generally done when there is 
not too much difference between the diameters of the opposite ends } 
but to be precise (148, T.) we must as already stated (91, T.) add 
to the sum of the areas of the ends of the log or tree to be 
measured four times the area of a section taken at the centre and 
multiply the whole by the sixth part of the length, or which is the 
same thing, multiply the sum of the areas by the whole length and 
take the sixth part of the result. 

Ex. 1. The circumference of a log, the length of which is 12 
ft'et, is (j.28 feot, deduction being made of the bark if necessary : 
how many cubic feet of wood will there be in the stick of squared 
timber to be got out of the log f 
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Aug. The circ. 6,2S corresponds to a diam. 2, the section of tlie 
timber will tluuofoni be '2 < 1=2 8(iuare feetiu area, audas the length 
is 12, the solidity will be 24 cubic feet. 

2. A tree the height of which is 50 feet, has for its sup. diam. 
30 inches, and for its inf. diam. 30 inches, for its in term. diam. 33 
inches -, what is tlie solidity of the piece of square timber that may 
be got out of it. 

Ans. Area small end=2i x 1} feet = 3.125 sup. feet, area large 
end = 3 a H=4,5 sup. feet, intermediate area=2.75 x 1.375=3.78125, 
4 intermediate area =15.125, the sum of the areas= 22.75 and that 
sum X 50 -^- 0= 189.6 cubic feet. 

3. We have measured at 5 places nearly equidistant by means 
of a thickness compass, the diam. of an irregular tree just felled j 
these diameters are respectively 39, 30^, 38, 37i and 36 inches, and 
the length of the tree 40 feet j what will its solidity be after it has 
been squared. 

Ans. The sum of the diameters 190 inches -J- 5=38 inche8= 
mean diarn. = 3Jfeet, 3.106 x 1.583=5.012 nearly =area of the section } 
multiplying this latter by the length 40, we get 200i cubic feet. 

PROBLEM LXV. 

To cube a stick of timber AB -which is but partly 
squared, or of -which the edges or angles are 
■wanting, called " -waney timber." 

(272) RULE. Square the diam. AB of the timherj and from 
such squai'e subtract that of tlie diam. ah of the sapwoodj the difference 
of these squares multiplied by the length of the timber ^ will he the required 
solidity. 

In fact, it is plain that the surface c 

wanting at each of the four angles, corners / y1\ / .. ^ 
of edges of the timber, to complete the 
square A B, is the triangle aho, or a tri- 
angle equal to aho^ Avhen as it is supposed, 
ef=c}h=ld=ah ; now the square on a6 is 
worth 4 aho ) therefore, &c. 

REM. I. If the sides ah, ef, &c. are 
not equal to each other, we may take one 

fourth of the sum of these four sides for a mean diameter ah, or for 
greater accuracy, we will make separately the squares of a6, ef, &c., 
and the fourth of the sum of those squares will be, or the sum of the 
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fonrths of those squares will be the qaantifcy, nearly, to be subtract (m1 
from the square AB to , obtain the net area of the section of the 
timber. 

REm. 1I> Let us observe as in the lastproblem that if the timber 
is not throughout its entire length of equal size, its section must be 
taken at about the middle of its length, and this is generally what is 
done <14i9 T.) or, we will determine several sections of the timber and 
then take th^ir mean, or finally we will make the sum of the areas 
of the opposite ends plus four times that of the intermediate section 
and afterwards multiply the whole by the length and take the sixth 
part of the result. v 

REM. III. We must also observe that we may arrive at tlie 
area of any regular or symmetrical octagon or of the kind here illus- 
trated by subtracting from the square of the perpendicular distance 
AB which separates any two of its parallel sides, the square of 
one ab of the sid.es acy acent to the first. 

Em. I. An eight sided pillar is 3 feet wide or thick AB, the side 
ah of the chamfer aoh is 6 inches : what is the solidity of the pillar; 
its length or height being 10 feet ? 

Ans. (3+3- (.5 x .5)=8.75 superficial feet, and 8.75 x 10=87.5 
cubic feet = required solidity. 

S. A log of timber the edges of which are waney, measures 30 
inches square and 30 feet long, the average of the sides ab, e/, &c. 
of the wane is 9 inches ; what is the solidity of the timber f 

Ant. (30 X 30) minus (9 x 9)=919 square inches=area of the 
section of the timber =6.382 feet very nearly, and 6.382 x 30=191.46 
cubic feet. 

3. We have reduced to 30 inches square at the large end a tree 
the diam. of which was at that point 36 inches } at the small end the 
diam. 30 inches has been reduced to 25 inches ; the wane, sapwood or 
defect from a true square ab is from 7 to 6 inches respectively 
at the two ends, such as obtained by a direct measurement of the piece 
of wood to be cubed, or by means of a sketcli made from a scale of 
equal parts : what is the solidity of the timber, its length being 60 
feet? 

Ani. Area at the large end = (30 x 30) — (7y^7)=^ 851 square 
inches, area at small end=(25x25) — (6x6)=589 sq. f., the inter- 

mediate area (^^ x ^^yr^^Z±^\ =(27ix27i)- 

(6ix61)=27.5^— as'* =756.25 — 42.25 = 714; 851+ 859 + 4 times 714 
=4296 square inches, dividing by 144 we obtain 29.833 square feet, 
multiplying by i of the length or by 10 we obtain 298.33 cubic feet 



178 KEY TO THE TABLEAU. 

• 

Ans. Area ftection at the centre =714 square inches, 714-r-144= 
.4983 square feet, 4.9583 x 60=297.498 cubic feet, that is, equal to 
the accumte solidity by less than one foot nearly, or by less than one 
300th nearly, or by less than one third nearly of 1 per cent, sufS- 
cient accuracy (148 T.) in practice. 

REM. IV. A comparison of the two answers of the last pro- 
blem indicates sufficiently that the ordinary practice of callers, 
wlio take the dimensions of a log at the middle of its lengthy and 
afterwards multiply the area of the section at that place by the 
length of the timber, to obtain thus its solidity, is^ considering all 
things, (14?», T.) sanctioned by circumstances. 



TABLES 



OF 



I. Squares and Square Eoots of numbers from 1 to 1600 

II. Circumferences and areas of circles of diameter ^ to 
150, advancing by J. 

III. Circumferences and areas of circles of diameter A to 

100, advancing by A. 

IV. Circumferences and areas of circles of diameter 1 to 

50 feet, advancing by 1 inch. 

V. Sides of Squares equal in area to a circle of diameter 
1 to 100 advancing by J. 

VI. Lengths of circular arcs, to diameter 1 divided into 
1000 equal parts. 

VII. Lengths of semi-elliptic arcs to transverse diameter 
1 divided into 1000 equal parts. 

VIII. Areas of the segments of a circle to diameter 1 di- 
vided into 1000 equal parts. 

IX. Areas of the zones of a circle to diameter 1 divided 
into 1000 equal parts. 

X. Specific gravities or v^eights of bodies of all kinds 
solid, fluid, liquid and gazeous. 



TABLE OF SQUABE8, 8QUAB6 BOOTS 



No. 
1 


Square. 


Sqre. root. 


No. 
61 


Square. 


Sqre. root. 


No. 

121 


Square. 


Sqre. root. 


1 


1.0000000 


3721 


7.8102497 


14641 


ll.OOOOOOO 


2 


4 


1.4142136 

1 


62 


3844 


7.8740079 


122 


14834 


11.0453610 


3 


9 


1 .7320508 


63 


3969 


7.9372539 


123 


15129 


1 1 .0905365 


4 


16 


2.0000000 


64 


4096 


8.0000000 


124 


15376 


11.1355287 


6 


26 


2.2360680 


65 


4225 


8.0622577 


125 


15625 


11.1803399 


6 


36 


2.4494897 


66 


4356 


8.1240384 


126 


15876 


1 1 .2249722 


7 


49 


2.6457513 


67 


4489 


8.1853528 


127 


16129 


11.2694277 


8 


64 


2.8284271 


68 


4624 


8.2462113 


128 


16384 


11.3137085 


9 


81 


3.0000000 


69 


4761 


8.3066239 


129 


16641 


11. .3578 1 67 


10 


100 


3.1622777 


70 


4900 


8.3666003 


130 


16900 


11.4017543 


11 


121 


3.3166248 


71 


5041 


8.4261498 


131 


17161 


11.4455231 - 


12 


144 


3.4641016 


72 


5184 


8.4852814 


132 


17424 


•11.4891253 


13 


169 


3.6055513 


73 


5329 


8.5440037 


133 


17689 


11.5325626 


14 


196 


3.7416574 


74 


5476 


8.6023253 


134 


17956 


1 1 .5758369 


16 


226 


3.8229833 


76 


5625 


8.6602540 


135 


18225 


11.6189500 


16 


256 


4.0000000 


76 


6776 


8.7177979 


136 


18496 


11.6619038 


V 


289 


4.1231056 


77 


5929 


8.7749644 


137 


18769 


11.7046999 


18 


324 


4.2426407 


78 


6084 


• 8.8317609 


138 


19044 


11.7473401 


19 


361 


4.3585989 


79 


6241 


8.8881944 


139 


19321 


11.7898261 


20 


400 


4.4721360 


80- 


6400 


8.9442719 


140 


19600 


11.8321596 t 


21 


441 


4.6826757 


81 


6561 


9.0000000 


141 


19881 


11.8743421 i 


22 


484' 


4.6904158 


82 


6724 


9.0553851 


142 


20164 


11.9163753 


23 


529 


4.7958316 


83 


6889 


9.1104336 


143 


20449 


1 1 .9582607 ! 


24 


676 


4.8989795 


84 


7056 


9.1651514 


144 


20736 


12.0000000 


25 


626 


5.0000000 


85 


7225 


9.2195445 


145 


21025 


12.0415946 


26 


676 


6.0990195 


86 


7396 


9.2736185 


146 


21316 


12.0830460 


27 


729 


5.1961524 


87 


7569 


9.3273791 


147 


21609 


12.1243557 


28 


784 


6.2915026 


88 


7744 


9.3808315 


148 


21904 


12.1655251 


29 


841 


5.3851648 


89 


7921 


9.4339811 


149 


22201 


12.2065556 


30 


900 


5.4772256 


90 


8100 


9.4868330 


160 


22500 


12.2474487 


31 


981 


5.5677644 


91 


8281 


9.5393920 


151 


22801 


12.2882057 ' 


32 


1024 


5.6568542 


92 


8464 


9.5916630 


152 


23104 


12.3288280 


33 


1089 


5.7445626 


93 


8649 


9.643G508 


153 


23409 


12.3693169 


34 


1156 


5.8309519 


94 


8836 


9.6953597 


154 


23716 


12.4096736 


35 


1225 


6.9160798 


95 


9025 


9.7467943 


155 


24025 


12.4498996 


36 


1296 


6.0000000 


96 


9216 


9.7979590 


156 


24336 


12.4899960 


37 


1369 


6.0827625 


97 


9409 


9.8488578 


157 


24649 


12.5299641 


38 


1444 


6.1644140 


98 


9604 


9.8994949 


158 


24964 


12.5698051 


39 


1521 


6.2449980 


99 


9801 


9.94^8744 


159 


25281 


12.6095202 , 


40 


1600 


6.3245553 


100 


10000 


10.0000000 


160 


25600 


12.6491106 


41 


1681 


6.4031242 


101 


10201 


10.0498756 


161 


25921 


12.6885775 


42 


1764 


6.4807407 


102 


10404 


10.0995049 


162 


26244 


12.7279221 


43 


1849 


6.6574385 


103 


10609 


10.1488916 


163 


26569 


12.7671453 


44 


1936 


6.6332496 


104 


10816 


10.1980390 


164 


26896 


12.8062485 


45 


2025 


6.7082039 


105 


11025 


10.2469508 


165 


27225 


12.8452326 


46 


2116 


6.7823300 


106 


11236 


10.2956301 


166 


27556 


12.8840987 


47 


2209 


6.8556546 


107 


11449 


10.3440804 


167 


27889 


12.9228480 \ 


48 


2304 


6.9282032 


108 


11664 


10.392.3048 


168 


28224 


12.9614814 


49 


2401 


7.0000000 


109 


11881 


10.4403065 


169 


28561 


13.0000000 


50 


2500 


7.0710678 


110 


12100 


10.4880885 


170 


28900 


13.0384048 


61 


2601 


7.1414284 


HI 


12321 


10.5.S56538 


171 


29241 


13.0766968 


52 


2704 


7.2111026 


112 


12544 


10.5830052 


172 


29584 


13.1148770 


53 


2809 


7.2801099 


113 


12769 


10.6301458 


173 


29929 


13.1529464 


54 


2916 


7.3484692 


114 


12996 


10.6770783 


174 


30276 


13.1909060 


55 


3025 


7.4161985 


115 


13225 


10.7238053 


175 


30625 


13.2287566 


56 


3136 


7.4833148 


116 


13456 


10.7703296 


176 


30976 


13.2664992 


57 


3249 


7.5498344 


117 


13689 


10.8166538 


177 


31329 


13.3041347 


58 


3364 


7.6157731 


118 


13924 


10.8627805 


178 


31684 


13..3416641 


59 


3481 


7.6811467 


119 


14161 


10.9087121 


179 


32041 


13.3790882 


60 


3600 


7.7459667 


120 


14400 


10.9544512 


180 


32400 


13.4164079 



01* NUMBERS FROM 1 TO 1600. 



No. 

181 
182 
183 
184 
185 
186 
187 
188 
189 
190 
191 
192 
193 
194 
195 
196 
197 
198 
199 
200 
201 
202 
203 
204 
205 
206 
207 
208 
209 
210 
211 
212 
213 
214 
215 
216 
217 
218 
219 
220 
221 
222 
223 
224 
225 
226 
227 
228 
229 
230 
231 
232 
233 
234 
235 
236 
237 
238 
239 
240 



Square. 

32761 
33124 
33489 
33856 
34223 
34596 
34969 
35344 
35721 
36100 
36481 
368(i4 
37249 
37636 
38025 

. 38416 
38809 
39204 
39601 
40000 
40401 
40804 
41209 
41616 
42025 
42436 
42849 
4:r264 
43681 
44100 
44621 
44944 
45369 
45796 
46225 
46656 
47089 
47524 
47961 
48400 
48841 

• 49284 
49729 
50176 
50625 
51076 
51529 
61984 
62441 
62900 
63361 
53^24 
54289 
54766 
55226 
6.>696 
56169 
56644 
67121 
67600 



Sqre. root. 

3.4536240 
3.4907376 
3.5277493 
3.5646600 
3.6014705 
3.6381817 
3.6747943 
3.7113092 
3.7477271 
3.7840488 
3.8202750 
3.8564065 
3.8924400 
3.92838H3 
3.9642400 
4.0000000 
4.035668S 
4.0712473 
4.1067360 
4.1421356 
4.1774469 
4.2126704 
4.2478068 
4.2828569 
4.3178211 
4.3527001 
4.3874946 
4.4222051 
4.4568323 
4.4913767 
4.5258390 
4.5602198 
4.5945195 
4.6287388 
4.6628783 
4.6969386 
4.7309199 
4.7648231 
4.7986486 
4.8323970 
4.8660687 
4.H996644 
4.9;i3i845 
4.9666295 
5.0000000 
5.0332964 
5.0665192 
5.0996689 
5.1327460 
6.1657509 
5.1986842 
6.2315462 
5.2643375 
5.2970585 
5.3297097 
5.3622915 
6.3948043 
5.4272486 
5.4596248 
5.4919334 



No. 
241 


Square. 




580 SI 




242 


58664 




243 


69049 




244 


69536 




245 


60026 




246 


60516 




247 


61009 




248 


61604 




249 


62001 




250 


62500 




251 


63001 




252 


63504 




253 


64009 




254 


64516 




255 


65026 




256 


66536 




257 


66049 


1 


258 


66564 




259 


67081 




260 


67600 




261 


68121 




262 


68644 




263 


69169 




264 


69696 




265 


70225 




266 


70756 




267 


71289 




268 


71824 




269 


72361 




270 


72900 




271 


73441 




272 


73984 




273 


74529 




274 


75076 




275 


75625 




276 


76176 




277 


76729 




278 


77284 




279 


77841 




280 


78100 




281 


78961 




282 


79524 




283 


80089 




284 


80656 




385 


81225 




•286 


81796 




287 


82369 




288 


82944 




289 


83521 




290 


84100 




291 


84681 




292 


85264 




293 


85849 




294 


86436 




296 


87025 


A 


296 


87616 


« 


297 


88209 


X 


298 


88804 




299 


89401 


1 


300 


90000 





Sqre. root. 


No. 
301 


5.6241747 


6.6563492 


302 


5.5884673 


303 


5.6204994 


304 


5.6624758 


306 


5.6843871 


306 


5.7162336 


307 


5.7480157 


308 


5.7797338 


309 


6.8113883 


310 


6.8429795 


311 


5.8746079 


312 


5.9059737 


313 


5.9373775 


314 


5.9687194 


315 


6.0000000 


316 


6.0312195 


317 


6.0623784 


318 


6.0934769 


319 


6.1245156 


320 


6.1564944 


321 


6.1864141 


322 


6.2172747 


323 


6.2480768 


324 


6.2788206 


326 


6.3095064 


326 


6.3401346 


327 


6.3707055 


328 


6.4012195 


329 


.6.4316767 


330 


6.4620776 


331 


6.4924225 


332 


6.5227116 


333 


6.5629454 


334 


6.6831240 


335 


.6.6132477 


336 


6.6433170 


337 


6.6783320 


338 


6.7032931 


339 


6.7332005 


340 


.6.7630546 


341 


6.7928556 


342 


6.8226038 


343 


6.8522995 


344 


6.8819430 


345 


6.9116345 


346 


6.9410743 


347 


6.9705627 


348 


7.0000000 


349 


7.0293864 


360 


7.0687221 


361 


7.0880075 


352 


7.1172428 


353 


7.1464282 


354 


7.1755640 


356 


7.2046605 


356 


7.2336879 


357 


7.2626765 


358 


7.2916165 


359 


7.3205081 


360 



Square. 

90601 

91204 

91809 

92416 

93025 

93636 

94249 

94864 

95481 

96100 

96721 

97344 

97969 

98596 

99225 

99856 

100489 

101124 

101761 

102400 

103041 

103684 

104329 

104976 

106625 

106276 

106929 

107584 

108241 

108900 

109561 

110224 

110889 

111656 

112226 

112896 

113569 

114244 

114921 

116600 

116281 

116964 

117649 

118336 

119026 

119716 

120409 

121104 

121801 

122500 

123201 

123904 

1 24609 

125316 

126025 

1 26736 

127449 

128164 

126881 

129600 



Sqre. root. 

.7.3493616 
7.3781472 
7.4068962 
17.4355958 
7.4642492 
.7.4928557 
17.6214165 
.6499288 
17.6783958 
17.6068169 
17.6361921 
7.6635217 
.6918060 
17.7200451 
17.7482393 
7.7763888 
17.8044938 
7.8325545 
,7.8605711 
17.8886438 
7.9164729 
7.9443584 
7.9722008 
18.0000000 
18.0277564 
18.0554701 
18.0831413 
18.1107703 
18.1383571 
18.1669021 
18.19.34064 
18.2208672 
18.2482876 
18.2756669 
18.3030052 
18.3303028 
[8.3575598 
18.3847763 
18.4119626 
18.4390889 
18.4661853 
18.4932420 
18.5202592 
18.5472370 
18.6741756 
18.6010752 
18.6279360 
18.6547581 
18.6815417 
18.7082869 
18.7349940 
18.7616630 
18.7882942 
18.8148877 
18.8414437 
18.8679623 
18.8944436 
18.9208879 
18.9472953 
18.9736660 



TABLE OF SQUAaSS, SQUARE ROOTS 





No. 
361 


Sqaare. 


Sqro. root. 


No. 
421 


Square. 
177241 


Sqre. root. 
20.5182845 


No. 

481 


Square. 


Sqre. root. 




130321 


19.0000000 


231361 


21.9317122 




362 


131044 


19.0262976 


422 


178084 


20.6426386 


482 


232324 


21 .9544984 




363 


131769 


19.0525589 


423 


178929 


20.5669638 


483 


233289 


21.9772610 




364 


132496 


19.0787840 


424 


179776 


20.5912603 


484 


234256 


22.0000000 




365 


133226 


19.1049732 


425 


180626 


20.6155^281 


485 


235225 


22.0227155 




366 


133956 


19.1311265 


426 


181476 ■ 


20.6397674 


486 


236196 


22.0454077 




367 


134689 


19.1572441 


427 


182329 


20.66.39783 


487 


237169 


22.0680765 




368 


135424 


19.1833261 


428 


183184 


20.6881609 


488 


238144 


22.0907220 




369 


136161 


19.2093727 


429 


184041 


20.7123152 


489 


239121 


22,1133444 




370 


136900 


19.2363841 


430 


184900 


20.7364414 


490 


240100 


22.1359436 




371 


137641 


19.2613603 


431 


186761 


20.7605395 


491 


241 081 


22.1585198 




372 


138384 


19.2873015 


432 


186624 


20.7846097 


492 


242064 


22.1810730 




373 


139129 


19.3132079 


433 


187489 


20.8086620 


493 


243049 


22.2036033 




374 


139876 


19.3390796 


434 


188356 


20.8326667 


494 


244036 


22.2261108 




376 


140625 


19.3649167 


435 


189225 


20.8666536 


495 


245025 


22.2485955 




376 


141376 


19.3907194 


436 


190096 


20.8806130 


496 


246016 


22.2710575 




377 


142129 


19.4164878 


437 


190969 


20.9046450 


497 


247009 


22.2934968 




378 


142884 


19.4422221 


438 


191844 


20.9284495 


498 


248004 


22.3159136 




379 


143641 


19.4679223 


439 


192721 


20.9523268 


499 


219001 


22.3383079 


* 


380 


144400 


19.4935887 


440 


193600 


20.9761770 


500 


250000 


22.3606798 




381 


145161 


19.5192213 


441 


194481 


21 .0000000 


501 


251001 


22.3830293 




382 


145924 


19.5448203 


442 


195364 


21.0237960 


502 


252004 


22.4053565 




383 


146689 


19.5703858 


443 


196249 


21.0475662 


bO'A 


253009 


22.4276615 




384 


147456 


19.5959179 


444 


197136 


21.0713075 


604 


254016 


22.4499443 




385 


148225 


19.6214169 


445 


198025 


21.0950231 


505 


255025 


22.4722051 




386 


148996 


19.6408827 


446 


198916 


21.1187121 


506 


256036 


22.4944438 




387 


149769 


19.6723156 


447 


199809 


21.1423745 


507 


257049 


22.5166605 




388 


150544 


19.6977156 


448 


200704 


21.1660105 


508 


258064 


22.5388553 




389 


151321 


19.7230829 


449 


201601 


21.1896201 


509 


259081 


22.5610283 




390 


152100 


19.7484177 


450 


202600 


21.2132034 


510 


260100 


22.5831796 




391 


152881 


19.7737199 


451 


203401 


21.2367606 


611 


261121 


22.6053091 




392 


153664 


19.7989899 


462 


204304 


21.2602916 


512 


262144 


22.6274170 




393 


154449 


19.8242276 


453 


205209 


21.2837967 


513 


263169 


22.6496033 




394 


155236 


19.8494332 


454 


206116 


21.3072758 


614 


264196 


22.6715681 




395 


156025 


19.8746069 


455 


207025 


21.3307290 


515 


265225 


22.6936114 




396 


156816 


19.8997487 


466 


207936 


21.3541665 


616 


266256 


22.7156334 




397 


157609 


19.9248588 


467 


208849 


21.3776583 


517 


267289 


22.7376340 




398 


158404 


19.9499373 


468 


209764 


21.4009346 


618 


268324 


22.7596134 




■ 399 


159201 


19.9749844 


459 


210681 


21.4242853 


519 


269361 


22.7815715 




400 


160000 


20.0000000 


460 


211600 


21.4476106 


520 


270400 


22.8035085 




401 


160801 


20.0249844 


461 


212521 


21.4709106 


521 


271411 


22.8254244 




402 


161604 


20.0499377 


462 


213444 


21.4941853 


522 


272484 


22.8473193 




403 


162409 


20.0748599 


463 


214369 


21.5174348 


523 


273529 


22.8691933 




404 


163216 


20.0997512 


464 


215296 


21.6406692 


524 


274576 


22.8910463 




405 


164025 


20.1246118 


466 


216225 


21.5638687 


525 


275625 


22.9128775 




406 


164836 


20.1494417 


466 


217156 


21.5870331 


526 


276676 


22.9346899 




407 


165649 


20.1742410 


467 


218089 


21.6101828 


527 


277729 


22.9564806 




408 


166464 


20.1990099 


468 


219024 


21.6333077 


528 


278784 


22.9782506 




409 


167281 


20.2237484 


469 


219961 


21.6564078 


629 


279841 


23.0000000 




410 


168100 


20.2484567 


470 


220900 


21.6794834 


530 


280900 


23.0217289 




411 


168921 


20.2731349 


471 


221841 


21.7025344 


631 


281961 


23.0434372 




412 


169744 


20.2977831 


472 


222784 


21.7255610 


532 


283024 


23.0651252 




413 


170569 


20.3224014 


473 


223729 


21.7486632 


533 


284089 


23.0867928 




414 


171396 


20.3469899 


474 


224676 


21.7716411 


534 


285156 


23.1084400 




415 


172225 


20.3715488 


476 


225626 


21.7944947 


636 


286225 


23.1300670 




416 


173056 


20.3960781 


476 


226576 


21.8174242 


536 


287296 


23.1516738 




417 


173889 


20.4205779 


477 


227529 


21.8403297 


537 


288369 


23.1732605 




418 


174724 


20.4460483 


478 


228484 


21.8632111 


538 


289444 


23.1948270 




419 


175561 


20.4694895 


479 


229441 


21.8860686 


539 


290521 23.2163735 


i 


420 


176400 


20.4939016 


480 


230400 


21 .9089023 


540 


291600 23.2379001 





























OF NUMBERS FROM 1 TO 1600. 




[ 




No. 

641 


S^are 


Sqre. root. 
23.2594067 


No. 
601 


S juare. 


Sqre. root. 
24.5153013 


No. 
661 


Square. 


Sqre. roct. 

25.70992j;i| 
25.72936^1 




292681 


361201 


436921 




642 


293764 


23.2808935 


602 


362404 


24.5356883 


662 


438244 




643 


294849 


23.3023604 


603 


363609 


24.5560583 


663 


439569 


25.74878^^ 




544 


295936 


23.3238076 


604 


364816 


24-5764115 


664 


440896 


25.76819.75 




645 


297025 


23.3452351 


605 


366025 


24.5967478 


665 


442225 


25.78759-^9 




646 


298116 


23.3666429 


606 


367236 


'24.6170673 


666 


443556 


25.80697^8 


1 


547 


299209 


23.3880311 


607 


368449 


24.6373700 


667 


444889 


25.82634^1 




648 


300304 


23.4093998 


608 


369664 


24.6576560 


668 


446224 


25.84569^0 




549 


301401 


23.4307490 


609 


370881 


24.6779254 


669 


447561 


25.8650343 




550 


302500 


23.4520788 


610 


372100 


24.6981781 


670 


448900 


25.8843582 


1 


551 


303601 


23.4733892 


611 


373321 


24.7184142 


671 


450241 


25.90366'?'? 


1 

1 

1 


652 


304704 


23.4946802 


612 


374644 


24.7386338 


672 


451684 


25.9229628 




653 


305809 


23.5159520 


613 


375769 


24.7588368 


673 


452929 


25.94224^5 




554 


306916 


23.6372046 


614 


376996 


24.7790234 


674 


464276 


25.9615100 




555 


308025 


23.5584380 


615 


378225 


24.7991935 


675 


455625 


25.9807621 




656 


309136 


23.5796522 


616 


379456 


24.8193473 


676 


456976 


26.0000000 




557 


310249 


23.6008474 


617 


380689 


24.8394847 


677 


458329 


26.01922^7 




558 


311364 


23.6220236 


618 


381924 


24.8596058 


678 


459684 


26.03843^1 




659 


312481 


23.6431808 


619 


383161 


24.8797106 


679 


461041 


26.0576284 




560 


313600 


23.6G43191 


620 


384400 


24.8997992 


680 


462400 


26.0768096 




561 


314721 


23.6854386 


621 


385641 


24.9198716 


681 


463761 


26.095976"? 




562 


315844 


23.7065392 


622 


386884 


24.9399278 


682 


465124 


26.1151297 




663 


316969 


23.7276210 


623 


388129 


24.9599679 


683 


466489 


26.1342687 




564 


318096 


23.7486842 


624 


389376 


24.9799920 


684 


467856 


26.1533937 




665 


319225 


23.7697286 


625 


390625 


25.0000000 


685 


469225 


26.17250f7 




b66 


320356 


23.7907545 


626 


391876 


25.0199920 


686 


470596 


26.1916017 




567 


321489 


23.8117618 


627 


393129 


25.0399681 


687 


471969 


26.2106848 




568 


322624 


23.8327506 


628 


394384 


25.0599282 


688 


473344 


26.2297541 




569 


323761 


23.8537209 


629 


395641 


25.0798724 


689 


474721 


26.2488095 




670 


324900 


23.8746728 


630 


396900 


25.0998008 


690 


476100 


26.2678511 




571 


326041 


23.8956063 


631 


398161 


25.1197134 


691 


477481 


26.2868789 




572 


327184 


23.9J65215 


632 


399424 


25.1396102 


692 


478864 


26.3058929 




673 


328329 


23.9374184 


633 


400689 


25.1594913 


693 


480249 


26.3248932 




674 


329476 


23.9582971 


634 


401956 


25.1793566 


694 


481636 


26.3438797 




575 


330625 


23.9791576 


635 


403225 


25.1992063 


695 


483025 


26.3628527 




676 


331776 


24.0000000 


636 


404496 


25.2190404 


696 


484416 


26.3818119 




677 


332929 


24.0208243 


637 


405769 


25.2388589 


697 


485809 


26.4007576 




678 


334084 


24.0416306 


638 


407044 


25.2586619 


698 


487204 


26.4196896 




679 


335241 


24.0624188 


639 


408321 


25.2784493 


699 


488601 


26.4386081 




580 


336400 


24.0831891 


640 


409600 


25.2982213 


700 


490000 


26.4575131 




681 


337561 


24.1039416 


641 


410881 


25.3179778 


701 


491401 


26.4764046 




682 


338724 


24.1246762 


642 


412164 


25.3377189 


702 


492804 


26.4952826 




683 


339889 


24.1453929 


643 


413449 


25.3574447 


703 


494209 


26.5141472 




684 


341056 


24.1660919 


644 


414736 


25.3771551 


704 


495616 


26.5329983 




685 


342225 


24.1867732 


645 


416025 


25.3968502 


705 


497025 


26.5518361 




686 


343396 


24.2074369 


646 


417316 


25.4165301 


706 


498436 


26.5706605 




687 


344569 


24.2280829 


647 


418609 


25.4361947 


707 


499849 


26.5834716 
26.6082694 




688 


345744 


24.2487113 


648 


419904 


25.4558441 


708 


501264 




689 


346921 


24.2693222 


649 


421201 


25.4754784 


709 


502681 


26.6270539 




690 


348100 


24.2899156 


650 


422500 


25.4950976 


710 


604100 


26.6458252 




691 


349281 


24.3104916 


651 


423801 


25.5147016 


711 


505521 


26.6645833 




592 


350464 


24.3310501 


652 


425104 


25.6342907 


712 


606944 


26.6833281 




693 


351649 


24.3515913 


653 


426409 


25.5538647 


713 


608369 


26.7020598 




694 


352836 


24.3721152 


654 


427716 


25.5734237 


714 


509796 


26.7207784 




595 


354025 


24.3926218 


655 


429025 


25.5929678 


715 


511225 


26.7394839 




596 " 


355216 


24.4131112 


656 


430336 


25.6124969 


716 


512656 


26.7581763 




697 


356409 


24.4335834 


657 


431649 


25.6320112 


717 


514089 


26.7768557 




598 


357604 


24.4540385 


658 


432964 


25.6515107 


718 


515624 


26.7955220 




699 


358801 


24.4744765 


659 


434281 


25.6709953 


719 


516961 


26.8141754 




600 


360000 


24.4948974 


660 


435600 


25.6904652 


720 


518400 


26.8328157 



TABLE OF SQUARES, SQUARE ROOTS 



No. 

721 
722 
723 
724 
725 
726 
727 
728 
729 
730 
731 
732 
733 
734 
735 
736 
737 
738 
739 
740 
741 
742 
743 
744 
745 
746 
747 
748 
749 
750 
751 
• 752 
753 
754 
755 
756 
757 
758 
759 
760 
761 
762 
763 
764 
765 
766 
767 
768 
769 
770 
771 
772 
773 
774 
775 
776 
777 
778 
779 
780 



Square. 



519841 

521284 

522729 

524176 

525625 

527076 

528529 

529984 

531441 

532900 

634361 

535824 

537289 

538756 

540225 

641696 

543169 

544644 

546121 

547600 

549081 

550564 

552049 

553536 

555025 

556516 

558009 

659504 

561001 

662500 

664001 

565504 

567009 

668516 

570025 

571536 

573049 

574564 

576081 

577600 

579121 

680644 

682169 

683696 

685225 

586756 

588289 

689824 

591361 

592900 

594441 

695984 

597529 

699076 

600625 

602176 

603729 

605284 

606841 

608400 



Sqre. root. 

26.8514432 

26.8700577 

26.8886593 

26.9072181 

26.925H240 

26.9443872 

26.9629375 

26.9814751 

27.0000000 

27.0185122 

27.0370117 

27.0564985 

27.0739727 

27.0924344 

27.1108^34 

27.1293199 

27.1477439 

27.1661554 

27.1845544 

27.2029410 

27.2213152 

27.2396769 

27.2580263 

27.2763634 

27.2946881 

27.3130006 

27.3313007 

27.3495887 

27.3678644 

27.3861279 

27,4043792 

27.4226184 

27.4408455 

27.4590601 

27.4772633 

27.4954542 

27.5136330 

27.5317998 

27.5499546 

27.5680975 

27.5862284 

27.6043476 

27.6224646 

27.6406499 

27.6586334 

27.6767050 

37.6947648 

27.7128129 

27.7308492 

27.7488739 

27.7668868 

27.7848880 

27.8028775 

27.8208555 

27.8388218 

27.8567766 

27.8747197 

27.8926514 

27.9105715 

27.9284801 



No. 



781 

782 

783 

784 

785 

786 

787 

788 

789 

790 

791 

792 

793 

794 

795 

796 

797 

798 

799 

800 

801 

802 

803 

804 

805 

806 

807 

808 

809 

810 

811 

812 

813 

814 

816 

816 

817 

818 

819 

820 

821 

822 

823 

82 1 

826 

826 

827 

828 

829 

830 

831 

832 

833 

834 

835 

836 

837 

838 

839 

840 



Square. 



609961 

611524 

613089 

614656 

616225 

617796 

619369 

620944 

622521 

624100 

625681 

627624 

628819 

630436 

632025 

633616 

635209 

636804 

638401 

640000 

641601 

643204 

644809 

646416 

648025 

649636 

651249 

652864 

654481 

656100 

657721 

659344 

660969 

662596 

664225 

665856 

667489 

669124 

670761 

672400 

674041 

675684 

677329 

678976 

680625 

682276 

683929 

685584 

687241 

688900 

690561 

692224 

693889 

695556 

697225 

698896 

700569 

702244 

703921 

705600 



Sqre. root. 

27.9463772 

27.9642629 
27.9821372 
28.0000000 
28.0178515 
28.0356915 
28.0535203 
28.0713377 
28.0891438 
28.1069386 
28.1247222 
28.1424946 
28.1602557 
28.1780056 
28.1957444 
28.2134720 
28.2311884 
28.248H938 
28.2665881 
28.2842712 
28.3019134 
28.3196045 
28.3372546 
28.3548938 
28.3725219 
28.3901391 
28.4077454 
28.4253108 
28.4429253 
28.4604989 
28.4780617 
28.4956137 
28.5131549 
28.5306852 
28.5482048 
28.5657137 
28.5832119 
28.6006993 
28.6181760 
28.6356421 
28.6530976 
28.6705424 
28.6879766 
28.7054002 
28.7228132 
28.7402157 
28.7576077 
28.7749891 
28.7923601 
28.8097206 
28.8270706 
28.8444102 
28.8617394 
28.8790582 
28.8963666 
28.9136646 
28.9309523 
28.9482297 
28.9654967 
28.9H27535 



No. 


Square. 


841 


707281 


812 


708964 


843 


710649 


844 


ivzm] 


845 


714025 


846 


715716 


847 


717409 


848 


719101 


849 


720801 


850 


722500 


851 


724201 


852 


725904 


853 


727609 


854 


729316 


855 


731025 


856 


732736 


857 


734419 


858 


736164 


859 


737881 


860 


739600 


861 


741321 


862 


743044 


863 


744769 


864 


746496 


865 


748225 


866 


749956 


867 


751689 


868 


753424 


869 


755161 


870 


756900 


871 


758641 


872 


760384 


873 


762129 


874 


763876 


875 


765625 


876 


767376 


877 


769129 


878 


770884 


879 


772641 


880 


774400 


881 


776161 


882 


777924 


883 


779689 


884 


781456 


885 


783225 


886 


784996 


887 


786769 


888 


788544 


889 


790321 


890 


792100 


891 


793881 


892 


795664 


893 


797449 


894 


799236 


895 


801025. 


896 


802816 


897 


804609 


898 


806404 


899 


808201 


900 


810000 



n, 



Sqre. root. 

29.0000000 

29.0172:563 

29.0344623 

29.0516781 

29.0688837 

29.0860791 

29.1032644 

29.1204396 

29.1376046 

29.1547595 

29.1719043 

29.189Or,90 

29.2061637 

29.2232784 

29.2403830 

29.2574777 

29.2745623 

29.2916370 

29..3087018 

'29.3257566 

29.3428015 

29.3598365 

29.3768616 

29.3938769 

29.4108823 

29.4278779 

29.4448637 

29.4618397 

29.4788059 

29.4957624 

29.5127091 

29.5296461 

29.5465734 

29.5634910 

29.5803989 

29.5972972 

26.6141858 

29.6310648 

29.6479342 

29.6647939 

29.6816442 

29.6984848 

29.7153159 

29.7321375 

29.7489496 

29.7657621 

29.7825452 

29.7993289 

29.8161030 

29.8328678 

29.8496231 

29.8663690 

29.8831056 

29.8998328 

29.9165506 

29.9332591 

29.9499583 

29.9666481 

29.9833287 

30.0000000 



01* NXTHBERS FROM 1 TO 1600. 



No. 


Sqnare. 


Sqre. root. 
30.0166621 


No. 
961 


Square. 


Sqre. root. 


No. 
1021 


Square. 


Sqre root. 
31.9530906 


901 


8I1S01 


923521 


31.0000000 


1042441 


902 


813604 


30.0333148 


962 


925444 


31.0161248 


1022 


1044484 


31.9687347 


903 


815409 


30.0499584 


963 


927369 


31.0322413 


1023 


1046529 


31.984.3712 


904 


817216 


30.0665928 


964 


929296 


31.0483494 


1024 


1048576 


32.0000000 


905 


819025 


30.0832179 


965 


931225 


31.0644491 


1025 


1050625 


32.0156212 


906 


820836 


30.0998339 


966 


9.33156 


31.0805405 


1026 


1052676 


32.0312348 


907 


822649 


30.1164407 


967 


935089 


31 .0966236 


1027 


1054729 


32.0468407 


908 


824464 


30.1330383 


968 


937024 


31.1126984 


102j 


1^.36784 


32.0624391 


909 


826281 


30.1496269 


969 


938961 


31.1287648 


1029 


1058841 


32.0780298 


910 


828100 


30.1662063 


970 


940900 


31.1448230 


1030 


1060900 


32.0936131 


911 


829921 


30.1827765 


971 


942841 


31.1608729 


1031 


1062961 


32.1091877 


912 


831744 


30.1993377 


972 


944784 


31.1769145 


1032 


1065024 


32.1247568 


913 


833569 


30.2158899 


973 


946729 


31.1929479 


1033 


1067089 


32.1403173 


914 


835396 


30.2324329 


974 


948676 


31.2089731 


1034 


1069156 


32.1558704 


915 


837225 


30.2489669 


975 


950625 


31.2249900 


1035 


1071225 


32.1714159 


916 


839056 


30.2654919 


976 


952576 


31.2409987 


1036 


1073296 


32.1869539 


917 


8408.S9 


30.2820079 


977 


954529 


31.2569992 


1037 


1075369 


32.2024844 


918 


842724 


30.29H5148 


978 


956484 


31.2729915 


1038 


1077444 


32.2180074 


919 


844561 


30.3150128 


979 


958441 


31.2889757 


1039 


1079521 


32.2335229 


920 


846400 


30.3315018 


980 


960400 


31.3049517 


1040 


1081600 


32.2490310 


921 


848241 


30.3479818 


981 


962361 


31.3209195 


1041 


108,3681 


32.2645316 


922 


850084 


30.3644529 


982 


964324 


31.3368792 


1042 


1085764 


32.2800248 


923 


851929 


30.3809151 


983 


966289 


31.3528308 


1043 


1087849 


32.2955105 


924 


853776 


30.3973683 


984 


968256 


31.3687743 


1044 


10S9936 


32.3109888 


925 


855625 


30.4138127 


985 


970225 


31.3847097 


1045 


1092025 


32.3264598 


926 


857476 


30.4302481 


986 


972196 


31.4006369 


1046 


1094116 


32.3419233 


927 


859329 


30.4466747 


987 


974169 


31.4165561 


1047 


1096209 


32.3573794 


928 


861184 


30.4630924 


988 


976144 


31 .4.324673 


1048 


1098304 


32.3728281 


929 


863041 


30.4795013 


989 


978121 


31.4483704 


1049 


1100 401 


32.3882695 


930 


861900 


30.4959014 


990 


980100 


31 .4642654 


1050 


1102500 


32.4037035 


931 


866761 


30.5122926 


991 


982081 


31.4801525 


1051 


1104601 


32.4191301 


932 


868624 


30.5286750 


992 


984064 


31.4960315 


1052 


1106704 


32.4345495 


933 


870489 


30.5450487 


993 


986049 


31.5119025 


1053 


1108899 


32.4499615 


934 


872356 


30.5614136 


994 


988036 


31.5277655 


1054 


1110916 


32.4653662 


935 


874225 


30.5777697 


995 


990025 


31.5 436206 


1055 


1113025 


32.4807635 


936 


876096 


30.5941171 


996 


992016 


31.5594677 


1056 


1115136 


32.4961636 


937 


877969 


30.6104557 


997 


994009 


31.5753068 


1057 


1117249 


32.5115364 


938 


879844 


30.6267857 


998 


996004 


31.5911380 


1 0o8 


1119364 


32.6269119 


939 


881721 


30.6431069 


999 


1998001 


31.6069613 1 


1059 


1121481 


32.5422802 


; 940 


883600 


30.6594194 


lOOO 


1000000 


31.6227766 


1060 


1123600 


32.5576412 


9^1 


885481 


30.6757233 


loni 


1000201 


31.6385840 


1061 


1125721 


32.6729949 


942 


887364 


30.6920185 


1002 


100 4004 


31 .6543836 


1062 


1127844 


32.6883415 


943 


889249 


30.7083051 


1003 


1006009 


31.6701752 


1063 


1129969 


32.6036807 


1 944 


891136 


30.7245830 


1004 


1008016 


31.6«59590 


1064 


1132096 


32.0190129 


945 


893025 


30.7408523 


1005 


1010025 


31.7017349 


1065 


1134225 


32.6343377 


946 


894916 


30.7571130 


1006 


101003* 


31.7175030 


1066 


1136356 


32.6496654 


947 


896808 


30.7733651 


1007 


1014049 


31.7332633 


1067 


1138 489 


32.6049659 


948 


898704 


30.7896086 


1008 


1016064 


31.7490157 


1068 


1140624 


32.6802693 


949 


900601 


30.805-8436 


1009 


1018081 


31.7647603 


1069 


1142761 


32.6956654 


950 


902500 


30.8220700 


1010 


1020100 


31.7804972 


1070 


1144900 


32.7108544 


951 


904401 


30.8.382879 


1011 


1020121 


31.7962262 


1071 


1147041 


32-7261363 


952 


906304 


30.8544972 


1012 


1024144 


31.8119474 : 


1072 


1149184 


32.7414111 


953 


908209 


30.8706981 


1013 


1026169 


31.8276609 


1073 


1151329 


32.7566787 


954 


910116 


30.8868904 


1014 


1028196 


31.8433666 


1074 


1163476 


32.7719392 


955 


912025 


30.9030743 


1015 


1030225 


31.8590646 


1075 


1155625 


32.7871926 


956 


913936 


30.9192477 


1016 


1032256 


31.8747549 


1076 


1157776 


32.8024398 


957 


915849 


30.9354166 


1017 


1034289 


31.8904374 


1077 


1159929 


32.8176782 


958 


917764 


30.9515751 


1018 


1036324 


31.9061123 


1078 


1162084 


32.8329103 


959 


919681 


30.9677251 


1019 


1038361 


31.9217794 


1079 


1164241 


32.8481354 


1 960 


921600 


30.9838668 


1020 


1040400 


31.9374388 1 


1080 


1166400 32.8633535 

I 



8 



TABLE OP SQUARES, SQUARE ROOTS 



No. 

1081 
1082 
1083 
1084 
1085 
1086 
1087 
1088 
1089 
1090 
1091 
1092 
1098 
1094 
1095 
1096 
1097 
1098 
1099 
1100 
1101 
1102 
1103 
1104 
1105 
1106 
1107 
1108 
1109 
1110 
1111 
1112 
1113 
1114 
1115 
1116 
1117 
1118 
1119 
1120 
1121 
1122 
1123 
1124 
1125 
1126 
1127 
1128 
1129 
1130 
1131 
1132 
1133 
1134 
1135 
1136 
// J 137 
>/ 1138 



Square. 



Sqre. root. 



168561 32.8785644 
170724 32.8987GH4 
172889' 32.9089()o3 
175056 32.9241553 
177225,32.9393382 
179396132.9545141 
181569 32.9696830 
183744' 32.9848450 
185921:33.0000000 
188100 33.0151480 
190281133.0302891 
192464:33.0454233 
1946491 33.0605505 
196836' 33.0756708 
199025 33.0907842 
201216 33.1058907 
203409 33.1209903 
205604 33.1360830 
207801133.1511689 
210000133.1662479 
2I2201I 33.1813200 
214404 3:^.1963853 
2166091 33.21 14438 
2188161 33.2266955 
221025 33.2415403 
223236 33.25(15783 
225449 33.2716095 
227664 33.2866339 
229881 33.3016516 
232100' 33.3166625 
234321133.3316666 
236544' 33.3466640 
238769^33.3616546 
240996- 33.3766385 
243225 33.3916157 
2454561 33.4065862 
247689 33.4215499 
249924 33.4365070 
252161 33.4514573 
264400 33.4664011 
256641 33.4813381 
258884 33.4962684 
261129 33.5111921 
263376 33.5261092 
265625 33.5410196 
267876 33.5559234 
270129 33.5708206 
272384 33.5857112 
274641133.6005952 



276900 
279161 
281424 
283689 
285956 
288225 
290496 
292769 



33.6154726 
33.6303434 
33.6452077 
33.6600663 
33.6749166 
33.6897610 
33.7045991 
33.7194306 
55.7340656 



2950U 

II 1139 1 12973211 33.7490741 

fljl40 1 1299600! 33. 7638860 



No. 

141 
142 
143 
144 
145 
146 
147 
148 
149 
150 
151 
152 
153 
n54 
155 
156 
157 
158 
159 
160 
161 
162 
163 
164 
165 
1 iU) 
167 
168 
169 
170 

171 
172 
173 
174 
175 
176 
177 
178 
179 
180 
181 
182 
183 
184 
185 
186 
187 
188 
189 
190 
191 
192 
193 
194 
196 
196 
197 
198 
19^ 
200 



Square. Sqre. root. 



»i 



1301881' 

1.304164: 

1306449 

13087361 

13110251 

1313316; 

1315609 

1317904! 

1320201! 

1 322500 

1324801 

1327104 

1329409 

1331716 

1334025 

1 336336 

1338649: 

1440964 

1343281 

1345600 

1347921 

1350244 

13525(v9 

1354896 

1357225 

1359556 

1361889 

1364224 

1366561 

1368900 

1371241 

1373584 

1375929 

1378276 

1380625 

1382976 

1385329 

1387684 

1390041 

1392400 

1394761 

1397124 

1399489 

1401856 

1404225 

140&596 

1408969 

1411344 

1413721 

1416100 

1418481 

1420864 

1423249 

1425636 

1428025 

1430416 

1432809 

1435204 

1437601 

1440000\ 



33.7786915 
33.7934905 
33-8082830 
33.8230691 
33.8378486 
33.8526218 
33.8673884 
33.8821487 
33.8969025 
33.9116499 
33.9263909 
33.9411255 
33.9558537 
33.9705755 
33.9852910 
,34.0000000 
34.0147027 
34.0293990 
34.0440890 
34.0587727 
34.0734501 
34.0SSI211 
34.1027858 
34.1174442 
34.1320963 
34.1467422 
34.1613817 
34.1760150 
34.1906420 
34.2052627 
34.2198773 
34.2344855 
34.2490875 
34.2636834 
34.2782730 
34.2928564 
34.307433& 
34.3220046 
34.3365694 
34.3511281 
34.3656805 
34.3802268 
34.3947670 
34.4093011 
34.4238289 
34.4383507 
34.4528663 
34.4673759 
34.4818793 
34.4963766 
34.5108678 
34.5253530 
34.5398321 
34.5543051 
34.5687720 
34.6832329 
34.6976879 
34.6121366 
34.6265794 



No. 

1201 
1202 

1 203 

1 204 

1 205 
1206 
1207 
1 208 
1209 
1210 
1211 
1212 
1213 
1214 
1215 
1216 
1217 
1218 
1219 
1 220 
1221 
1222 

1 223 

1 224 

1 225 
1226 
1227 
1228 
1229 
1 230 
1231 

1 232 

1 233 
1234 

1 235 

1 236 
1237 
1 238 
1239 
1240 
1241 
1242 
1243 
1244 
1245 
1246 
1247 
1248 
1249 
1250 
1251 
1 252 
1253 
1254 
1255 
1256 
1257 
1258 
1259 

W vi^Q 



Square. 



1442401 
1444804 
1447209 
1449616 
1452025 
14544.36 
1456849 
1459264 
1461681 
1464100 
1466521 
1468944 
1471369 
1473796 
1476225 
1478656 
1481089 
1483524 
1485961 
1488400 
1490841 
1493284 
1495729 
1498176 
1500625 
1503076 
1505529 
1507984 
1510441 
1512900 
1515361 
1517824 
1520289 
1522756 
1525225 
1527696 
1530169 
1632644 
1535121 
1537600 
1540081 
1542564 
1545049 
1547536 
1550025 
1552516 
1555009 
1557509 
1560001 
1562500 
1565001 
1567504 
1570009 
1672516 
1676025 
1677636 
1580049 
1682564 
1686081 



qre. root 



34.6554469 
34.6698716 
34.6842904 
34.6987031 
34.7131099 
34.7275107 
34.7419056 
34.7562944 
34.7706773 
34.7850543 
34.7994263 
34.8137904 
34.8281495 
34 8425028 
34.8668501 
34.8711915 
34.8855271 
34.8998567 
34.9141805 
34,9284984 
34.9428984 
34.9428104 
34.9571166 
34.9714169 
34.9857114 
35.0000000 
35.0142828 
35.0285598 
35.0428309 
35.0570963 
35.0713568 
35.0856096 
35.0998576 
35.1140997 
35.1283361 
35.1425568 
35.1567917 
35.1710108 
35.1852242 
35.1994318 
35.2136337 
35.2li;8299 
36.2420204 
36.2562051 
36.2703842 
35.2845576 
35.2987252 
36.3128872 
35.3270436 
35.3411941 
35.3553391 
36.3694784 
35.3836120 
35.3977400 
35.4118624 
36.4259792 
35.4400903 
36.4641958 
35.4682967 



OF NUMBRR8 PROM 1 TO 1600. 



No. 

1 2(>2 

\26H 

1264 

1265 

1266 

1267 

1268 

1269 

1270 

1271 

1272 

1 273 

1274 

1275 

1276 

1277 

1278 

1279 

1280 

1281 

1282 

1283 

12S4 

12:55 

1 286 

1287 

1288 

1289 

1290 

1291 

1292 

1 293 

1294 

1295 

1296 

1297 

1298 

1299 

1300 

1301 

1 302 

1303 

1304 

1305 

1306 

1307 

1308 

1309 

1310 

1311 

1312 

1313 

1314 

1315 

1316 

1317 

1318 

1319 

1320 



Sqnare. 

1590121 

1592644 

1595166 

1597696 

1600225 

1602756 

1605289 

1607824 

1610361 

1612900 

16I5UI 

1617981 

1620529 

1623076 

1625625 

1628176 

1630729 

1633284 

16358 a 

1638400 

1610961 

1643524 

1646089 

1618656 

1651225 

1653796 

1636369 

165891 4 

1661521 

1661100 

1666681 

1669264' 

1671819 

1674436 

1677025 

1679616 

1682209 

1684804 

1687401 

1690000 

1692601 

1695204 

1697809 

1700416 

1703025 

1705636 

1708249 

1710864 

1713481 

1716100 

1718721 

1721344 

1723969 

1726596 

1729225 

1731856 

1734489 

1737124 

1739761 

1742400 



Sqre. root. 

35.5105618 
35.5246:^93 
35.5387113 
35.5527777 
35.5668385 
.35,5808937 
35.5919431 
35.6089876 
35.62:^0262 
:^5.637059:J 
:15.65 10869 
.'{5.6651090 
:^5.6791255 
.S5.693I366 
:^5.707142l 
;^5.72ll422 

;^5. 7:151:^67 

:i3. 7491258 
:^5.76H1095 
:^5. 7770876 
:^5.7910603 
:^5 .8050276 
:^5.8189894 
:^5. 8329 157 
35.8468966 
:^5.rt608421 
:^5. 87 47822 
:^5. 8887 169 
:H5.902646l 
:^5.9165699 
:«.9;{01884 

:{3.y 144015 

:^5. 958:^092 
35.9722115 
:^5.986l084 
:^6 .0000000 
36..; 1:^8862 
:^6.T277671 
:^6.Q416426 
:^6. 0555 128 
36.0693776 
36.08:V237l 
;^6.0970913 
:^6. 1 109402 
36.1247837 
:^6. 1:^86220 
36.1524550 
36.1662826 
36.1801050 
36.19:^9221 
36.2077340 
36.2215406 
36.2:^5:^19 
36.2491:^79 
36.2626287 
36.2767143 
36.290494f) 
36.:^042697 
:^6.3180396 
36.3318042 



No. 



1:^21 

1 322 

1 323 
1:^24 
1:^25 
1,326 
1:^27 

\ns 

1329 

1:^:^0 

1331 

i;«3 

1334 

1 3:^5 
1:^:^6 
1:^37 
l.s:is 
1:^:^9 

1340 

\ui 

1342 
1343 
l:U4 
1345 
1346 
1347 
1348 
i:^49 
1:^50 

i:^5i 
1:^52 
1 :^53 

L354 

1:^55 
1:^56 

1357 

1:^58 
1:^59 
1:^60 
i:^6i 

1363 

1:^64 
i:^65 

1366 

1:^67 
i:^68 
1:^69 
1:^70 
1:^71 

1372 
1373 

1:^74 

1375 

i:^76 

1377 
1378 
1:^79 

1:^80 



Square. 



1745011 

1747684 

1759:^29 

1752976 

1755625 

1 758276 

1760929 

176:^584 

1766241 

1768900 

1771561 

1774224 

1776889 

1779556 

1782225 

1784896 

1787569 

1790244 

1792921 

1795600 

1798281 

1800964 

180:^649 

1806:W6 

1809025 

1811716 

1814409 

1817104 

1819801 

1822500 

1825201 

1827904 

1830609 

18:^:^316 

18:{6025 

18:^87:^6 

1841449 
1844164 
1816881 
1849600 
I852:r21 
1855044 
1857769 
1860496 
186:^225 
18659.56 
1868689 
1871424 
"1874161 
1876900 
1879641 
1882384 
1885129 
1887876 
1890625 
189:«76 
1896129 
1898884 
1901641 
1904400 



Sqre. root. 

:^G.3455637 

36.:^593179 

:16.3730670 

36.:^86810S 

:^6.4005494 

:^6. 4 142829 

36.4280112 

:^6.4417343 

:^6 .4554523 

36.4691650 

36.4828727 

.36.4965752 

36.5102725 

36.52:^9647 

;^6 .5376518 

:^6.551.rH88 

36.5650106 

36.5786823 

36.5923489 

:^6.6060104 

:{6 .6 196668 

36.6:«3181 

:^6.6469644 

36.6606056 

36.6742416 

:^6. 6878726 

.36.7014986 

:^6.7151195 

:^6.7287:i53 

.36.7423461 

36.7559519 

36.7695526 

:^6.7831483 

36.7967390 

36.810:^246 

36.8239053 

36.8374809 

36.8510515 

.36.8646172 

36.8781778 

36.89 17:«5 

36.9052842 

36.9188299 

36.9:{23706 

36.9459064 

36.959 m2 

:i6.972963l 

36.9864840 

37.0000000 

37.01:^5110 

37.0270172 

37.0405184 

37.0540146 

37.0675060 

37.0899924 

37.0944740 

37.1079506 

37.1214224 

37.1348893 

37.1483512 



No. 



:^81 

:^82 

383 
:^84 
385 

386 
.387 
388 
:^89 

:^90 
:^9l 
:^92 

393 
394 
395 
396 
:^97 
398 
:^99 
400 
401 
402 
403 
404 
405 
406 
407 
408 
409 
410 
411 
412 
413 
414 
415 
416 
417 
418 
419 
420 
421 
422 
423 
424 
425 
426 
427 
428 
429 
430 
431 
432 
433 
4:^4 
435 
436 
437 
438 
439 
440 



Sqnare. 

1907161 

1 909924 

1912689 

1915456 

1918225 

1920996 

1 92:1769 

1926544 

1929:^21 

19:{2I00 

1934881 

1937664 

1940449 

19432:^6 

1946025 

1948816 

1951609 

1951404 

1957201 

1960000 

1962301 

1965604 

1968409 

1971216 

1974025 

19768:16 

1979()49 

1982464 

1.985281 

1988100 

1990921 

1993744 

1996569 

1999396 

2002225 

2005056 

2007889 

2010724 

201:^561 

2016400 

2019211 

2022084 

2024929 

2027776 

2030625 

20.33476 

20:16329 

2039184 

2042041 

2044900 

2047761 

2050624 

205:W89 

2056:^56 

2059225 

2062096 

2064969 

2067844 

2070721 

207:-{600 



Sqre. root. 

37.1618081 
:n. 1752606 
:^7.1 887079 
:n.2021505 
37.2155881 
37.2290209 
:^7.2224489 
37.2558720 
37.2692903 
37.2827037 
37.2961124 
:17.3095162 
37.3229152 
37.336:^94 
37.3496983 
37.;i630834 
37.:^764632 
37.3898:182 
37.4032084 
47.41657:^8 
37.4299345 
37.4432904 
37.4566416 
37.4699880 
37.4833296 
37.4966665 
37.5099987 
37.52:^3261 
37.5366487 
37.5499667 
37.6632799 
37.5765885 
37.5898922 
37.6031913 
37.6164857 
:^7.6297754 
37.6430604 
37.656:1407 
:17.6696164 
37.6828874 
37.6961536 
37.7094153 
37.7226722 
37.7359245 
37.7491722 
37.7624162 
37.7756535 
37.7888873 
37.8021163 
37.8153408 
37,8285606 
37.8417769 
37.8549864 
37.8681924 
37.88139:18 
37.8945906 
:^7. 9077828 
37.9209704 
:i7. 9:1 115:^5 
37.947:1319 



II 



TABM iir fQUARBS, 8QUA8K KOOTt 



^ No. 


Square. 


1441 


2076481 


1442 


2079364 


1443 


2082249 


1444 


2085136 


1445 


2088025 


1446 


2090916 


1447 


2093809 


144B 


2096704 


1449 


2099601 


1460 


2102500 


1451 


2105401 


1452 


2108304 


1453 


2111209 


1454 


2114116 


1455 


2117025 


1456 


2119936 


1457 


2122849 


1458 


2125764 


1459 


2128681 


1460 


2131600 


1461 


2134521 


1462 


2137444 


1463 


2140369 


1464 


2143296 


1465 


3146225 


1466 


2149156 


1467 


2152089 


1468 


2155024 


1469 


2157961 


1470 


21G0900 


1471 


2163841 


1472 


2166784 


1473 


2169729 


1474 


2172676 


1475 


2175625 


1476 


2178576 


1477 


2181529 


1478 


2184484 


1479 


2187441 


1480 


2190400 


1481 


2193361 


1482 


2196324 


1483 


2199289 


1484 


2202256 


1485 


2205225 


1486 


2208196 


1487 


2211169 


1488 


2214144 


1489 


2217121 


1490 


2220100 


1491 


2223081 


1492 


2226004 


1493 


2229049 


1494 


2232036 



Sqre. root. 

37.960505.S 
37.9736751 
37.98(>839.S 
38.0000000 
38.0131556 
38.0263067 
38.0391532 
38.0525952 
38.0H57326 
38.0788655 
38.0919939 
38.1051178 
38.1182371 
38.1313519 
38.1444622 
38.1575681 
38.1706693 
38.1837(i62 
38.1968585 
38.2099463 
38.2230297 
38.2361085 
38.2491829 
38.2622529 
38.2753184 
38.2883794 
38.3014360 
38.1^144881 
38.3275358 
38.3405790 
38.3536178 
38.3666522 
38.3796821 
38.3927076 
38.4057287 
38.4187464 
38.4317577 
38.4447656 
38.4577691 
38.4707681 
38.4837627 
38,4967530 
38.5097390 
38.5227206 
38.5356977 
38.5486705 
38.5616389 
38.5746030 
38.5875627 
38.6005181 
38.6134691 
38.6264158 
38.6393582 
38.6522962 



No. 



1495 
1496 
1497 
1498 
1499 
1500 
1501 
1502 
1503 
1504 
1505 
1506 
1507 
1508 
1509 
1510 
1511 
1512 
1513 
1514 
1515 
1516 
1517 
1518 
1519 
1520 
1521 
1522 
1523 
1524 
1625 
1526 
1527 
1528 
1529 
1530 
1531 
1532 
1533 
1534 
1535 
1536 
1537 
1538 
1539 
1540 
1541 
1542 
1543 
1544 
1545 
1546 
1547 



Square. 



22:^5025 

2238016 

2241009 

2244004 

2247001 

2250000 

2253001 

2256001 

2259009 

2262016 

2265025 

2268034 

2271049 

2274064 

2277081 

2280100 

2283121 

2286144 

2289169 

2292196 

2295225 

2298256 

2301289 

2301334 

2307361 

2310400 

2313441 

2316484 

2319529 

2322576 

2325625 

2328676 

2331729 

2334784 

2337841 

2340900 

2343961 

2347024 

2350089 

2353156 

2356225 

2359296 

2362369 

2365444 

2368521 

2371600 

2374681 

2377764 

2380849 

2383936 

2387025 

2390116 

2393209 



Sqre. root. 

38.6652299 
38.6781593 
38.6910843 
38.7040050 
38.7169214 
38.7298335 
38.7427412 
38.75.56447 
38.7685439 
38.7814389 
38.7943294 
38.8032158 
38.8200978 
38.8329757 
38.8458491 
38.8587184 
38.87158.34 
38.8844442 
38.8973006 
38.9101529 
38.9230009 
38.9358447 
38.9486841 
38.9615194 
38.9743505 
38.9871774 
39.0000000 
39.0128184 
39.0256326 
39.0384426 
39.0512483 
39.0640499 
39.0768473 
39.0896406 
39.1024296 
39.1152144 
39.1279951 
39.1407716 
39.1535439 
39.1663120 
39.1790760 
39.1918359 
39.2045915 
39.2173431 
39.2300905 
39.2428337 
39.2555728 
39.2683078 
39.2810.387 
39.2937654 
39.3064880 
39.3192065 
39.3319208 



No. 



548 

549 
550 
551 
552 
553 
554 
555 
556 
557 
558 
559 
560 
561 
562 
563 
564 
565 
566 
567 
568 
569 
570 
571 
572 
573 
574 
575 
576 
577 
578 
679 
180 
581 
582 
583 
584 
585 
586 
587 
588 
589 
590 
591 
592 
59:J 
594 
595 
596 
597 
598 
599 
600 



Square. 



2396304 

2399401 

2402.500 

2405601 

2408704 

241180^ 

2414916 

2418025 

2421136 

2424249 

2427364 

2430481 

243:{600 

2436721 

2439^44 

2442969 

2446096 

2449225 

24523.56 

2455489 

2458624 

2461761 

2464900 

2468041 

2471184 

2474319 

2477475 

2480625 

2483776 

2486929 

2490084 

2493241 

2496400 

2499561 

2502724 

2505889 

2509056 

2.) 12225 

2515396 

2518569 

2521744 

2524921 

2528100 

2531281 

25:^464 

2537649 

2540836 

2541025 

2547216 

2550409 

2553604 

2556801 

2560000 



Sqre. root 

.39.3446311 

39.3573373 

39.3700394 

.39.,3827373 

39.,3954312 

39.4081210 

39.4208067 

39.4331883 

39.4461658 

39.4588393 

39.471.5087 

39.484 1 740 

39.4968353 

39.5094925 

.39.5221457 

39.5.347918 

39.5474399 

39.5600809 

39.5727179 

39.5853508 

39.5979797 

39.6106046 

39.62.32255 

39.6358424 

39.6484552 

39.6610640 

39.6736688 

39.6862696 

39.6988665 

39.7114593 

39.7240481 

39.736G329 

39.7492138 

39.7617907 

39.774^036 

39.7869:^25 

39.7994976 

39.8120585 

39.8241 155 

39.8376646 

39.8497177 

39.8622628 

39.87480 40 

.39.8873413 

39.8998747 

39.9124041 

39.9249295 

39.9374511 

39.9499687 

39.9624824 

39.9749922 

39.9874980 

40.0000000 



TA.lS'LtE II. a. 



AREAS OF CIRCLES, FROM A TO 150. 



[Advancing hy an Eighth*] 



Diam. 



1 

i 

f 



:« 



V 



5 



1 






■% 



Area. 

.00019 

.00077 

.00307 

.01227 

.02761 

.04909 

.0767 

.11045 

.15033 
.19636 

.2185 

.30679 

.37122 

.41178 

.51848 

.60132 
.69029 

.7854 
.99102 
1.2271 
1.4848 
1.7671 
2,0739 
2.4052 
2.7611 
3.1416 
3.5465 
3.976 
4.4302 
4.9087 
5.4119 
5.9395 
6.4918 
7.0686 
7.6699 
8.2957 
8.9462 
9.6211 
10.3206 
11.0446 
11.7932 



Diam. 



'A 

I 



8 



% 
Va. 



t 



% 

% 

'i 



H 



i 



% 



Area. 



12.5664 

13.364 

14.1862 

15.0331 

15.9043 

16.8001 

17.7205 

18.6655 

19.635 

20.629 

21.6475 

22.6907 

23.7583 

24.8505 

25.9672 

27.1085 

28.2744 

29.4647 

30.6796 

31.9192 

33.1831 

34.4717 

35.7847 

37.1224 

38.4846 

39.8713 

41,2825 

42.7184 

44.1787 

45.6636 

47.173 

48.707 

50.2656 

51.8486 

53.4562 

65.0885 

66.7451 

58.4264 

60.1321 

61.8625 

63.6174 

65.3968 

67.2007 

69.0293 

70.8823 

72.7599 

74.662 

76.6887 



Diam. Area. 



10 



11 



12 



13 



14 



15 



H 



y% 









78.54 
80.5157 
82.5161 
84.5409 
86.59 
88.6643 
90.7628 
92.8858 
95.0334 
97.2055 
99.4022 
01.62,34 
03.8691 
06.1394 
08.4343 
10.7536 
13.098 
15.466 
17.859 
20.276 
22.718 
25.184 
27.676 
.30.192 
32.733 
35.297 
37.886 
40.5 
43.139 
45.802 
48.489 
61.201 
53.938 
56.699 
59.485 
62.295 
65.13 
67.989 
170.873 
73.782 
76.715 
79.672 
82.654 
85.661 
88.692 
91.748 
94.828 
97.933 



Diam. 



16 



17 



18 



19 



20 



21 






I 



Area. 



201 .062 

204.216 

207.394 

210.59.7 

213.825 

217.073 

220.353 

223.654 

226.981' 

230.33 

233.705 

237.104 

240.528 

243.977 

247.45 

250.947 

254.467 

258.016 

261.587 

265.182 

268.803 

272.447 

276.117 

279.811 

283.629 

287.272 

291.039 

294.831 

298.648 

302.489 

306. .355 

310.245 

314.16 

318.099 

322.063 

326.051 

330.064 

334.101 

338.163 

342.25 

346.361 

350.497 

354.657 

358.841 

363.051 

367.284 

371.643 

375.826 



Diam. 



22. 



23 



24 



25 



26 



27 



I 

H 
H 
H 

¥ 

% 



Area. 



380.134 

384.465 

388.822 

393.203 

397.608 

402.038 

406.493 

440.972 

416.477 

420.004 

424.567 

429.135 

433.731 

438.363 

443.014 

447.699 

452.39 

457.115 

461.864 

466.638 

471.4.36 

476.259 

481.106 

485.978 

490.875 

495.796 

600.741 

605.711 

610.706 

515.725 

520.769 

526.837 

630.93 

636.047 

641.189 

6^.356 

651.647 

6.56.762 

562.002 

567.267 

572.657 

677.87 

583.208 

688.671 

693.958 

699.376 

604.807 

610.268 



12 



ARIAB OF 0IRCLE8. 



T ABLE.— ( ConHnued.) 



Diam. 



28. 



29. 



30' 



31 



32. 



33. 



34. 



Area. 

615.754 
•iil 2()3 
62<; 71)8 
632.357 
637.9a 
643.549 
649.182 
654.839 
660.521 
666.227 
671.958 
677.714 
683.494 
689.298 
695.128 
700.981 
706.86 
712.762 
718.69 
724.641 
730.618 
736.619 
742.644 
748.694 
754.769 
760.868 
766.992 
773.14 
779-313 
785.51 
791.732 
797.978 
804.25 
810.545 
816.865 
823.209 
829.578 
835.972 
842.390 
848.833 
855.301 
861.792 
868.309 
'874.85 
881.415 
888.005 
894.62 
901 .259 
907.922 
914.61 
921 .323 
928.06 
934.822 
941.609 
948.419 
955.255 



Diam. 



35. 



36. 






37. 



■X 






38. 



39. 






40. 






41. 






■X 



Area. 

962.115 

968.999 

975.908 

982.842 

989.8 

996.783 

003.79 

010.822 

017.878 

024.959 

032.065 

039.195 

046.349 

053.528 

060.732 

067.96 

075.213 

082.49 

089.792 

097.118 

104.469 

111.844 

119.244 

126.668 

134.118 

141.591 

149.089 

156.612 

164.159 

171.731 

179.327 

186.948 

194.51)3 

202.263 

209.958 

217.677 

225.42 

233.188 

240.981 

248.798 

256.64 

264.5 

272.39 

280.31 

288.25 

296.21 

304.2 

312.21 

320.26 

328.32 

336.4 

344.51 

352.65 

360.81 

369. 

377.21 



Diam. 



42 



43 



44 



45 



46 



47 



48 






K 

I 

H 
% 



Area. 



385.44 

393.7 

401.98 

410.29 

418.63 

426.98 

435.36 

443.77 

452.21 

460.65 

4G9.13 

477.63 

486.17 

491.72 

503.3 

511.9 

520.53 

529.18 

537.86 

546.55 

555.28 

564.03 

572.81 

581.61 

590.43 

599.28 

608.15 

617.04 

625.97 

634.92 

643.89 

652.88 

661.91 

670.95 

680.01 

689.1 

698.23 

707.37 

716.54 

725.73 

734.95 

744.18 

753.45 

762.73 

772.05 

781 .39 

790.76 

800.14 

809.56 

818.99 

828.46 

837.93 

847.45 

856.99 

866.55 

876.13 



Diam. 



49 



50 



51 



52 



53 



54 



55 






H 

H 

'/a 

M 

I 

i 

% 



Area. 



1885.74 

181'5.37 

1905.03 

1914.7 

1924.42 

1934.15 

1943.91 

1953.69 

1963.5 

1973.33 

1983.18 

1993.05 

2002.97 

2012.89 

2022.85 

2032.82 

2042.82 

2052.85 

2062.9 

2072.98 

208:{.08 

2093.2 

2103.35 

21 13. .52 

2123.72 

2133.94 

2144.19 

21.54.46 

2164.76 

2175.0S 

2185.42 

2195.79 

2206.19 

2216.61 

2227.05 

2237.62 

224«.01 

2258.53 

2269.07 

2279.64 

2290.23 

2300.84 

2311.48 

2322.14 

2332.83 

2343,55 

2354.28 

2365.05 

2375.83 

2386.65 

2397.48 

2408.34 

2419.22 

2430.18 

2441 .07 

2452.03 



Diam. 



56. 



57. 






■X 



58. 



■X 






59. 



■X 



■X 



60. 






61. 



62. 






■H 
f 



Area- 

2463.01 

2474.02 

2485.05 

2496.11 

2507.19 

2418.3 

2529.43 

2540.54 

2551.76 

2562.97 

2574.2 

2585.45 

2596.73 

2608.03 

2619.36 

2630.71 

2642.09 

2653.49 

2664.91 

2676.36 

2687.84 

2699.33 

2710.86 

2722.4 

2733.98 

2745.57 

2757.2 

2768.84 

2780.51 

2792.21 

2803.93 

2815.67 

2827.44 

2839.23 

2851 .05 

2862.89 

2874.76 

2886.65 

2898. 5T 

2910.51 

2922.4T 

2934.46 

2946.48 

2958.52 

2970.58 

2982.67 

2994,78 

3006.92 

3019.08 

3031.26 

3043.47 

3055.71 

3067.97 

3080.25 

3092.56 

8104.89 



TA.ISTJE II. b. 



CIBCITMPEEENCBS OF CIRCLES, FBOM ^ TO 150* 



[Advancing by cm EighthJ] 



Diam. 



^ 



Gircum. 



1 

¥ 



1 

8 
f 

i 

6 

a 

% 

7 

« 

L. 

•% 
3. 

•M 



.04909 
.09817 
.19635 

.3927 
.589 
.7854 
.98175 
1.1781 
1 .37445 
1.5708 
1.76715 
1.9635 

2.15985 
2.3562 

2.55255 

2.7489 

2.94525 

3.1416 

3.5343 

3.927 

4.3197 

4.7124 

5.1051 

5.4978 

5.8905 

6.2832 

6.6759 

7.0686 

7.4613 

7.854 

8.2467 

8.6394 

9.0321 

9.4248 

9.8175 

10.2102 

10.6029 

10.9956 

11.3883 

11.781 

12.1737 



Diam. 



4. 



8 



i 

% 
% 
% 












Circum. 



12.5664 

12.9591 

13.3518 

13.7445 

14.1372 

14.5299 

14.9226 

15.3153 

15.708 

16.1007 

16.4934 

16.8861 

17.2788 

17.6715 

18.0642 

18.4569 

18.8496 

19.2423 

19.635 

20.0277 

20.4204 

20.8131 

21.2058 

21.5985 

21.9912 

22.3839 

22.7766 

23.1693 

23.562 

23.9547 

24.3474 

24.7401 

25.1328 

25.5255 

25.9182 

26.3109 

26,7036 

27.0963 

27.489 

27.8817 

28.2744 

28.6671 

29.0598 

29.4525 

29.8452 

30.2379 

30.6306 

31.6233 



Diam. 



10 



11 



12 



13 



14 



15 






H 






7& 



Circum. 



31.416 

31.8087 

32.2014 

32.5941 

32.9868 

33.3795 

33.7722 

.34.1649 

34.5576 

34.9503 

35.343 

35.7353 

36.1284 

36.5211 

36.9138 

37.3065 

37.6992 

38.0919 

38.4846 

38.8773 

39.27 

39.6627 

40.0554 

40.4481 

40.8408 

41.23.35 

41.6262 

42.0189 

42.4116 

42.8043 

43.197 

43.5897 

43.9824 

44.3751 

44.7678 

45.1605 

45.5532 

45.9459 

46.3386 

46.7313 

47.124 

47.5167 

47.9094 

48.3021 

48.6948 

49.0875 

49.4802 

49.8729 



Diam. 



16 



17 



18 



19 



20 



21 



M 



I 

% 
% 
% 

% 

% 






Circum. 

50.2656 

50.6583 

51.051 

51 .4437 

51.8364 

52.2291 

52.6218 

53.0145 

53.4072 

53.7999 

54.1926 

54.5853 

54.978 

55.3707 

55.7634 

56.1561 

56.5488 

56.9415 

57.3342 

57.7269 

58.1196 

58.5123 

58.905 

59.2977 

59.6904 

60.0831 

60.4758 

60.8685 

61.2612 

61.6539 

62.0466 

62.4393 

62.832 

63.2247 

63.6174 

94.0101 

64.4028 

64.7965 

65.1882 

65.5809 

65.97,36 

66.3663 

66.759 

67.1517 

67.5444 

67.9371 

68.3298 

68.7225 



Diam. 



22 



23 



24 



25 



26 



27 



i 

H 



I 



Circum. 



69.1152 

69.5079 

69.9066 

70.2933 

70.686 

71.0787 

71.4714 

71.8641 

72.2568 

72.6495 

73.0422 

73.4349 

73.8276 

74.2203 

74.613 

75.0057 

75.3984 

75.7911 

76.1838 

76.5765 

76.9692 

77.3619 

77.7546 

78.1473 

78.54 

78.9327 

79.3254 

79.7181 

80.1102 

80.5035 

80.8962 

81.2889 

81.6816 

82.0743 

82.467 

82.8597 

83.2524 

83.6451 

84.0378 

84.4305 

84.8232 

85.2159 

85.6086 

86.0013 

86.394 

86.7867 

87.1794 

87.5721 
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CIHOUHraRBNOES 09 OI&CLU. 



TABLE — (Continued.) 



Diam. 



28. 



29. 



30' 



31 



32. 



33, 



34. 



■H 

■H 

■% 

t 

'■H 

■H 
.% 

.% 
■% 

■H 



Ciroam. 



87.9648 

83.3575 

88.7502 

89.1429 

89.5356 

89.9283 

90.321 

90.7137 

91.1064 

91.4991 

91.8918 

92.2845 

92.6772 

93.0699 

93.4626 

93.8553 

94.248 

94.6407 

95.0334 

95.4261 

95.8188 

96.2115 

96.6042 

96.9969 

97.3896 

97.7823 

98.175 

98.5677 

98.9604 

99.3531 

99.7458 

00.1385 

00.5312 

00.9239 

101.3166 
01.7093 

102.102 
02.4947 
02.8874 
03.2801 

103.673 
04.066 
04.458 
04.851 
05.244 

106.636 
06.029 

106.422 
06.814 
07.207 
07.6 
07.993 
08.385 
08.778 
09.171 
09.563 



Diam 



35 



36 



37 



38 



39 



40 



41 



H 



% 

H 

H 
H 

k 

% 
H 



'i 

K 
% 

% 
H 
H 



8 



Circum. 

09.956 

10.349 

10.741 

11.134 

11.527 

11.919 

12.312 

12.705 

13.098 

13.49 

13.883 

14.276 

14.668 

16.061 

15.454 

15.846 

16.239 

16.632 

17.025 

17.417 

17.81 

18.203 

18.595 

18.988 

19.381 

19.774 

20.166 

20.559 

20.952 

21.344 

21.737 

22.13 

22.522 

22.915 

23.308 

23.701 

24.093 

24.486 

24.879 

25.271 

25.664 

26.067 

26.449 

26.842 

27.235 

27.627 

28.02 

28.413 

28.806 

29.198 

29.591 

29.984 

30.376 

30.769 

31.162 

31.554 



Diam. 



42. 



43. 



% 



44, 



•78 



45 



46 



47 



48 



Va. 

% 






I 



% 
'A 
% 



Circnm. 



31.947 

32.34 

32.733 

33.125 

33.518 

33.911 

34.303 

34.696 

35.089 

35.481 

35.874 

36.267 

36.66 

37.052 

37.445 

37.838 

38.23 

38.623 

39.016 

39.408 

39.801 

40.194 

40.587 

40.979 

41.372 

41.765 

42.157 

42.55 

42.943 

43.336 

43.728 

44.121 

44.514 

44.906 

45.299 

45.692 

46.084 

46.477 

46.87 

47.263 

47.655 

48.018 

48.441 

48.83,^ 

49.226 

49.619 

60.011 

50.404 

50.797 

51.19 

51.582 

61.976 

52.368 

62.76 

63.153 

6:i.546 



Diam. 



49 



50 



61 



52 



53 



64 



55 






8 

H 

H 
H 

k 
H 
K 



I 

% 
% 






Circum. 



53.938 

64.331 

64.724 

55.117 

56.509 

65.902 

56.295 

56.687 

67.08 

57.473 

67.865 

58.258 

68.651 

69.044 

69.436 

69.823 

60.222 

60.614 

61.007 

61.4 

61.792 

62.185 

62.578 

62.971 

63.363 

63.756 

64.149 

64.541 

64.934 
65.327 
65.719 
66.112 
66.505 
66.898 
67.29 

67.683 
68.076 
68.468 
68.861 

69.254 

69.646 

70.039 

70.432 

70.825 

71.217 

71.61 

72.003 

72.396 

72.788 

73.181 

73.573 

73.966 

74Ji59 

74.762 

75.144 

75.537 



Diam. 



56. 



57. 






.58. 






59. 






60. 






61. 



•M 
•M 

■% 
% 



62. 



■H 
■H 
■% 



% 

I 

■K 



Circam. 

175.93 

176..S22 

176.715 

177.108 

177.5 

177.893 

178.286 

178.679 

179.071 

179.464 

179.857 

180.249 

180.642 

181.035 

181.427 

181.82 

182.213 

182.606 

182.998 

183.391 

183.784 

184.176 

184.569 

184.962 

185.354 

185.747 

186.14 

186.533 

186.925 

187.318 

187.711 

188.103 

188.496 

188.889 

189.281 

189.674 

190.067 I 

190.46 I 

190.852 

191.245 

191.638 

192.03 

192.423 

192.816 

193.208 

193.601 

193.994 

194.387 

194.779 

195.172 

195.565 

195.957 

196.35 

196.743 

197.136 

197.528 



AREAS OF CIR0L2S. 

TABLE—fContinued). 



13 



D 



63 



64 



65 



66 



67 



68 



69 



am. 



^. 



H 
% 



H 

% 
% 

H 



Area. 



3117.25 

3129.63 

3142.04 

3154.47 

3166.93 

3179.41 

3191.91 

3204.44 

3217. 

3229.68 

3242.18 

3254,81 

3267.46 

3280.18 

3292.84 

3305.56 

3318.31 

3331,09 

3343.89 

.3356.71 

3369.56 

3382.43 

3395.33 

3408.26 

3421 .2 

3434.17 

3447.17 

3460.19 

3473.24 

3486.3 

3499.4 

3512.52 

3525.66 

3538.83 

3552.02 

3565.24 

3578.48 

3591.74 

3605.03 

3618.35 

3631 .69 

3645.05 

3658.44 

3671.85 

3685.29 

3698.76 

3712.24 

3625.76 

3739.29 

3752.85 

3766.43 

3780.04 

3793.68 

3807.34 

3821.02 

3834.73 



Diam. 



70 



71 



72 



73 



74 



75 



76 



8 



% 



1^ 



H 



Area. 



3848.46 

3862.23 

3876. 

3889.8 

3903.63 

3917.49 

3931.37 

3945.27 

3959.2 

3973.15 

3987.13 

4001.13 

4015.16 

4029.21 

4043.29 

4057.39 

4071.51 

4085.66 

4099.83 

4114.04 

4128.26 

4142.51 

4156.78 

4171,08 

4185.4 

4199,74 

4214.11 

4228.61 

4242.93 

4257.37 

4271.84 

4286.33 

4300.85 

4315.39 

4329.96 

4344.55 

4359.17 

4373.81 

4388.47 

4403.16 

4417.87 

4432.16 

4447.37 

4462.16 

4476.98 

4491.81 

4506.67 

4521.56 

4536.47 

4551.4 

4566.36 

4581.35 

4596.36 

4611.39 

4626.45 

4641 .53 



Diam. 



77 



78 



79 



80 



81 



82 



83 






7s 

H 
H 

% 

K 
% 

H 



% 






y. 



Area. 



4656.64 

4671.77 

4686.92 

4702.1 

4717.31 

4732.64 

4747.79 

4763.07 

4778.37 

4793.7 

4809.06 

4824.43 

4839.83 

4855.26 

4870.71 

4886.18 

4901.68 

4917.21 

4932.75 

4948.33 

4963.92 

4979.55 

4995.19 

5010.87 

6026.56 

5042.28 

5058.02 

6073.79 

6089.69 

5105.41 

6121.25 

6137.12 

6163.01 

6168.93 

6184.87 

6200.83 

5216.82 

6232.84 

6248.88 

6264.94 

5281 .03 

6297.14 

6313,28 

5329.44 

6346.63 

6361.84 

6378.08 

6394.34 

6410.62 

6426.93 

6443.26 

6459.62 

6476.01 

6492.41 

6508.84 

6526.3 



Diam. 



84 



85 



86 



87 



88 



89 



90 



i 

H 

% 






9. 






?8 

I 



Area. 



6541.78 

6668.29 

6674.82 

6591 .37 

6607.95 

6624.66 

5641.18 

6667.84 

6674.61 

6691.22 

6707.94 

6724.69 

6741.47 

6758.27 

6776.1 

6791.94 

6808.82 

5825.72 

5842.64 

5859.59 

6876.56 

6893.66 

6910.58 

5927.62 

6944.69 

6961.79 

5978.9 

5996.06 

6013.22 

6030.41 

6047.63 

6064.87 

6082.14 

6099.43 

6116.74 

6134.08 

6161.45 

6168.84 

6186.26 

6203.69 

6221.15 

6238.64 

6266.15 

6273.69 

6291 .25 

6308.84 

6326^44 

6344.08 

6361.74 

6379.42 

6397.13 

6414.86 

6432.62 

6450.4 

6468.21 

6486.04 



Diam. 



91 



92 



93 



94 



95 



96 



97 






M 
I 









Area. 

6503.9 

6521.78 

6539.68 

6657.61 

6675.66 

6593.64 

6611.56 

6629.57 

6647.63 

6665.7 

6683.8 

6701.93 

6720.08 

6738.25 

6756.45 

6774.68 

6792.92 

6811.2 

6829.49 

6847.82 

6866.16 

6884.53 

6902.93 

6921.36 

6939.79 

6958.26 

6976.76 

6996.28 

7013.82 

7032.39 

7050.98 

7069.59 

7088.24 

7106.9 

7126.69 

7144.31 

7163.04 

7181.81 

7200.6 

7219.41 

7238.25 

7267.11 

7276.99 

7294.91 

7313.84 

7332.8 

7361.79 

7370.79 

7389.83 

7408.89 

7427.97 

7447.08 

7466.21 

7486.36 

7504.56 

7623.76 



u 






AREAS OF CIBQLI8. 












TABLE— YO0n^iMc2;.—[il(ftKmd9i^ &S^ a Quarter otuJ a hdHf.^ 




Diam. 
98. 


Area. 


Diam. 
105. 


ArecL 


Diam. 
114. 


Area. 


Diam. 


Area. 


Diam. 


Area. 




7542.98 


8669.03 


10207.06 


123. 


11882.32 


139. 


15174.71 


■H 


7562.24 


•K 


8700.32 




10261.88 


.^ 


11930.67 


'}4 


15284.08 




■Va 


7581.61 


^X 


8741.7 


10296.79 


11979.2 


140, 


15393.84 




.% 


7600.82 


X 


8783.18 


3/ 
•^4 


10341.8 


'A 


12027.66 


•K 


15503.98 




■H 


7620.16 


106. 


8824.76 


116. 


10386.91 


124. 


12076.31 


141. 


15614.53 




M 


7639.5 


.Ji 


8866.43 


•M 


10432.12 


yA, 


12125.05 


.)^ 


15725.47 






7658.88 


^X 


8908.2 


•>! 


10477.43 


^X 


12173.9 


142. 


15836.8 




7678.28 


X 


8960.07 


X 


10522.84 


X 


12222.84 


.}i 


15948.52 




99. 


7697.71 


107. 


8992.04 


116. 


10568.34 


125, 


12271.87 


143. 


16060.64 




■H 


7717.16 


•Ji 


9034.11 


■¥ 


10613.94 


•M 


12370.25 


.>^ 


16173.15 




■k 


7736.63 


^2 


9076.28 


% 


10669.64 


126. 


12469.01 


144. 


16286.05 




7756.13 


4 


9118.63 


.h 


10706.44 


'K 


12568.17 


.K 


16399.34 




•K 


7776.66 


108. 


9160.91 


117. 


10751. ,34 


127. 


12667.72 


145. 


16513.03 




'h 


7796.2 


.M 


9203.37 


.H 


10797.34 


•K 


12767.66 


X 


16627.11 






7814.78 


•^2 


9246.92 


'% 


10843.43 


128. 


12867.99 


146. 


16741.59 




7834.38 


X 


9288.58 


X 


10889.62 


.J^ 


12968.71 


'% 


16856.44 




100. 


7864. 


109. 


9331.34 


118. 


10935.9 


129. 


13069.84 


147. 


16971.71 






7993.32 


X 


9374.19 


.% 


10982.3 


-yi 


13171.35 


^A 


17087.36 




7932.74 


•^8 


9417.14 


-^ 


11028.78 


130. 


13273.26 


148. 


17203.4 




101. 


7972.21 


X 


9460.19 


X 


11076.37 


.J^ 


13375.55 


•/8 


17319.83 




8011.87 


no. 


9603.34 


119. 


11122.06 


131. 


13478.25 


149. 


17436.67 




•>i 


8051 .58 


•K 


9546.69 


•H 


11168.83 


.K 


13681.33 


M 


17553.89 




Si 


8091.39 


•^ 


9689.93 


•^ 


11216.71 


132. 


13684.81 


160. 


17671.5 




102. 


8131.3 


.^ 


9633.37 


X 


11262.69 


•K 


13788.67 


•K 


17789.61 




8171.3 


HI. 


9676.91 


120.,^ 


11309.76 


133. 


13992.94 








■hi 


8211.41 


>A 


9720.73 


■Yi> 


11356.93 


'}4 


13997.54 








'H 


8251.61 


$ 


9764.29 


•4 


11404.2 


134. 


14102.64 








103. 


8291.91 


X 


9808.12 


X 


11461.57 


.J^ 


14208.07 








8332.31 


112.,, 


9862.06 


121-,, 


11499.04 


135. 


14313.91 










8372.81 


•^ 


9896.09 


•H 


11546.61 


.K 


14420.14 








8413.4 


•1^ 


9940.22 


•|> 


11594.27 


136. 


14526.76 








8454.09 


.^ 


9984.45 


.^ 


11642.03 


•K 


14633.76 








104. 


8494.89 


113. 


10028.77 


122. 


11689.89 


137. 


14741.17 








:8 


8535.78 


.>^ 


10073.2 


■Yi 


11737.85 


.>^ 


14848.96 








8576.77 


.4 


10117.72 


•4^ 


11785.91 


138. 


14957.16 








.S 


8617.85 


X 


10162.34 


X 


11834.06 


^2 


15065.73 









To €k>mpilte the Area of a Diameter greater than any In the preceding Table. 

RULX.— Divide the dimension by two, three, four, eto., if practicable to do so, until it ia redaoed 
to a diameter to be foood in the table. 

Take the tabular area for the diameter, multiply it by the square of the divisor, and the product 
will give the area required. 

•BxiMPLB. — What is the area for a diameter of 1050 ? . 

1050-i.7=;=160 ; tab. area, 150=17671.6, which x 7 =: 866903.5, arm rehired. 

To Compute the A^ea of an Integer and a Fraction not given in the Table* 

BuLX.-*«1>oiible, treble, or quadruple the dimension given, until the fraction is increased to a 
whole number, or to one of those in the table, as ^, i, etc:, provided it is practicable to do so. 

Take the area for this diameter; and if it is double of that for wich tne area is required, take one 
fourth of it ; it treble, take one 9 th. of it and if quadruple, take one sixteenth of it, etc, etc. 

y}-rAMi> T.» Required the area for a circle of 2. ^ inches. 

2. j^ X 2=4}, area for which ==16.0331, wtiich^ 4=3,768 int. 



CIRCUMFKHENCKS OF CIRCLES. 
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TABLE.— ( Continued,) 



Diarc. 



63 



64 



65 



66 



67 



68 



69 



H 
% 



^8 



% 



Vs 

I 







Circiira. 



I* 



H 



/8 



% 






11)7.921 

li)8.HU 

11)8.700 

11)9.091) 

199.492 

199.884 

200.277 

200.07 

201.062 

201.455 

201.848 

202.241 

202. 6HH 

203.026 

203.419 

203.811 

204.204 

204.597 

204.989 

205.382 

205.775 

200.108 

200.56 

200.953 

207.346 

207.738 

208.131 

208.524 

208.916 

209.309 

209.702 

210.095 

210.487 

210.88 

211.273 

2 i 1.605 

212.058 

212.451 

212.843 

213.236 

213.629 

214.022 

214.414 

214.807 

215.2 

215.592 

215.985 

216.378 

216.77 

217.103 

217.556 

217.948 

218.341 

218.734 

219.127 

219.519 



Diam 







71 



72 



73 



74 



75 



76 



H 
% 

K 



H 

% 

3/ 



H 

H 
% 

\/ 

% 
H 



3/ 

^8 
x2 

'A 



yi 

h 



H 
H 

/8 



H 



y< 

¥ 

Ji 



Ciicum. 'Diam. 



219.912 

220.:]05 

223.697 

221.09 

221.483 

221.870 

222.208 

222.001 

223.054 

223.446 

223.839 

224.232 

224.624 

225.017 

225.41 

225.80.3 

220.195 

220.588 

220.981 

227.373 

227.700 

228.159 

228.551. 

228.944 

229.337 

229.73 

230.122 

230.515 

230.908 

231.3 

231.093 

232.080 

232.478 

232.871 

233.204 

233.057 

234.049 

234.442 

234.835 

235.227 

235.62 

2H6.013 

2H6.405 

230.798 

237.191 

2H..584 

237.976 

238.309 

238.702 

239.154 

239.547 

239.94 

•240.332 

240.725 

241.118 

241.511 



i77 



78 



80 



81 



82 



83 



1 



% 

% 

'A 






?8 

'A 

3y 

ys 



yi 
y, 

H 

H 
'A 
% 
A 



yi 

3/ 



% 

'I 

>8 



Circum. 



241.903 

242.296 

212.089 

243.081 

243.474 

243.807 

244.259 

244.652 

245.045 

245.438 

245.83 

240.223 

246.616 

247.008 

247.401 

247.794 

248.180 

248.579 

248.972 

249.305 

249.757 

250.15 

250.543 

250.935 

251.328 

251.721 

252.113 

252.506 

252.899 

253.292 

253.084 

254.077 

254.47 

254.802 

255.255 

255.648 

256.04 

250.433 

256.826 

257.219 

257.611 

258.004 

258.397 

258.789 

259.182 

259.575 

259.907 

200.36 

260.753 

201.140 

261.5:;8 

261.931 

262.324 

262.716 

203.109 

263.502 



Diam. 



84 



85 



86 



87 



88 



89 



90 



I 



/8 

y8 



H 


*8 

yi 



7-' 



}4 

3/ 



% 



7 ' 



K 
% 
H 
% 
% 
% 



Circum. 



203.894 

204.287 

204.68 

205.073 

205.405 

205.858 

206.251 

266.643 

267.036 

267.429 

267.821 

268.214 

208.607 

268.999 

269.392 

269.785 

270.17a 

270.57 

270.963 

271.356 

271.748 

272.141 

272.534 

272.926 

273.319 

273.712 

274.105 

274.497 

274.89 

275.283 

275.675 

276.068 

276.461 

276.853 

277.246 

277.029 

278.032 

278.424 

278.817 

279.21 

279.602 

279.995 

280.388 

280.781 

281.173 

281.566 

281.959 

282.351 

282.744 

283.137 

283.529 

283.922 

284.315 

284.708 

285.1 

285.493 



Diam. 



91 



92 



93 



94 



95 



96 



97 



78 

H 
'A 



K 
'A 



% 
% 



i 



1 

h 

yi 

¥ 
Ji 



H 

yi 

'A 

3/ 



¥ 



¥ 

yi 
$ 

h 



Circum. 



285.886 

286.278 

286.671 

287.064 

287.456 

287.849 

288.242 

288.634 

289.027 

289.42 

289.813 

290.206 

290.598 

290.991 

291.383 

291.776 

292.169 

292.662 

292.964 

293.347 

293.74 

294.132 

294.525 

294.918 

295.31 

295.703 

296.096 

296.489 

296.881 

297.274 

297.667 

298.059 

298.452 

298.846 

299.237 

299.63 

300.023 

300.416 

300.808 

301.201 

301.594 

301.986 

302.379 

302.772 

303.164 

303.657 

303.95 

304 .343 

304.735 

305.128 

305.521 

305.913 

306.306 

306.699 

307.091 

307.484 



- 



1 
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CIBGUMFERENGES OF CIRCLES. 



TABLE— (Continued), 



Diam. 


Circum. , Diam. 


Circum. 


Diam. 


Circum. | 


Diam. 


Circum. v Diam. 

1 


Circum. 


98. 


307.877 


105. 


329.868 


114. 


358.142 , 


123. 


386.417 


139. 


4.36.682 


■H 


308.27 


H 


330.653 


M 


.358.928 


M 


387.202 


•M 


438.253 


M 


308.662 


1 

■ * 


.^3 1.439 


.!.> 


359.713 


.'.« 


387.988 


140. 


439.824 


.K 


309.055 


.:^; 


332.224 


.•^4 360.499 


.-4 


388.773 


^A 


441.395 


.-% 


309.448 ijioe. 


333.01 


115. 


361.284 1 


124. 


3S9.558 ; 


141. 


442.966 ' 


•fa 


309.84 , ^' 


333.795 


•M 


362.069 


•H 


390.344 


.Vz 


444.536 . 


■X 


310.233 !l .1. 


334.58 


.1.. 


362.855 


^^ 


391.129 


142. 


446.107 




310.626 


.^4 


335.366 


'3? 

•/4 


363.64 


3i 


391.915 


.K 


447.678 


99. 


311.018 


107. 


336.151 


110. 


364.426 1125. 


392.7 


143. 


449.249 


'K 


311.411 


'H 


336.937 


1 


.365.211 ! .}4 


391.271 


y^ 


450.82 


k 


311.804 


1, 

ft » 


337.722 


' \\ 


365.996 126. " 


395.842 


144. 


452.39 


Jb 


312.196 1 


•>; 


338.507 i .-'-1 


366.782 M 


397.412 


^A 


453.9.U 


.>:. 


312.589 , 


108. 


33:1.293' 


117. 


367.567 127." 


398.983 


145. 


455 532 


'h 


312.982 


.w 


340.078 


1-; 

• A 


368.3:)3 1 .}4 


400. ,55 4 i M 


457.103 


'% 


313.375 


■k 


340.864 


1 


369.138 1128. 402.125 ill46. 


458.674 


.% 


313.767 


.h 


341.649 


X 


369.923 1 .1^ 


403.696 


M 


460.244 


100. 


314.16 ^ 


109. 


342.434 


1 18". 


370.709 i'l29. 


405.266 ' 


147. 


461.815 


'H 


314.945 


.Va 


343.22 


M 


371.491 


•li 


406.837 


•% 


463.386 


.>o 315.7:U 


■^- 


344.005 


.'. 


372.28 


130. 408.408 


148. 


464.957 


'% 


316.516 


X 


344.791 


3a 


373.065 .i.;i 409.979 


^A 


466.528 


101. 


317.302 


no. 


345.576 


119. 


373.85 ;131. " 


411.55 


149. 


468.098 


'H 


318.087 


.M 


346.361 


M 


374.636 i .}4 413.12 


.A 


469.669 


.3^2 


318.872 


•t^ 


347.147 


,'•2 


375.421 , 132. 


414.691 


150. 


471.24 


'% 


319.658 


3i 


347.932 


X 


376.207 1 .1/ 


416.262 


•M 


472.811 


102.^ 


320.443 


111. 


348.718 


120.,^ 


376.992 133. " 


417.S33 




1 


•K 


321.229 


.M 


349.503 


¥ 


377.777 


•M 


419.401 






^h 


322.014 


..\< 


350.288 


./4 


378.563 ,134. ' 


420.974 






103. 


322.799 


•M 


350.074 


379.348 ,1 .>.< 


422.545 






323.585 


112. 


351.859 


^21.,, 


380.134 


135. 


424.116 




' 


•M 


324.37 


H 


352.645 


¥ 


380.919 


1 1/ 

1 ./2 


425.687 




1 




325.156 


.% 


353.43 


■b 


381 .704 


1.36. 


427.258 




1 


■% 


325.941 


.H 


354.215 


Ji 


382.49 


^J> 


428.828 




( 


104. 


326.726 


113. 


355.001 


122. 


383.275 , 137. ' 


430.399 






H 


327.512 


■Va 


' 355.786 


.H 


; 384.061 


^A 


431.97 






.% 


328.297 


■H 


356.572 


'¥ 


,381.816 


\ 138. 


433.541 






.% 


329.0^3 


.% 


: ,357.357 


.h .385.631 1 M 435 112 




1 



To Compute the Circum. of a Diameter greater than any in the preceding Table. 

K :;LR. — Divide the diraention by two, three, four, etc., if practicable to do so, until it la reduced 
to a diameter to be found in the table. 

Take the tabular circumference for this dimention, multiply it by 2, 3, 4, 5, etc., according as it 
"was divided, and the product will give the circumference required. 

ExAUPLE.—* What is the circumference for a diameter of 1050 ? 
1050-7-7 = 150 J tab. circum., 150 = 471,239, which X 7 = 3299.073, circum. required. 

To Cnmpnte the Circnmference for an Integer and Fraction not given in the Table. 

BuTiR. — Double, treble, or quadruple the dimention given, until the fraction is increased to a 
whole number or to one of those in the table, as |-, ^, etc., provided it is practical to do so. 

Take the circumference for this diameter ; and if it ie double of that for which tiie inumference 
is required, take one half of it ; if treble, take on6 third of it ; ani if quadruple, oae fourth of it. 

KxAilPLE.— Required the circumference oC 2.2LS75 inches. 
2.21875 X 2 es 4.4376 =^'7^, which X 2=8.Jj tab. circum. = 27.8817, which-s-4 = 6.9704 hu. 

To Compute the Circnm. of a Diameter in Feet and Inches etc.. by the preceding Table* 

Rule. — Reduce the dimention to inches or eighths, as the case may be, and taku the circumfe- 
rence in that term from the table for that number. 

Divide this number by 8 if it is in eighths, and by 12 if in inches, and the quotient will glva the 
area in feett 

Example. — Reqnired the circumference of a circle of 1 foot 6f inches. 

ot 6| ins « 18i ins. = 147 eighths. Circum. of 147 = 461.815, which -r- 8 = 67.727 iwihu ; and 
y 12 s 4.81 >e<. 
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AREAS AND CIBCTJMFERENCES OF CIRCLES, FROM ^ TO 100. 



[Advancing by Tenths.] 





Diam. 


Aea. 


Circum. 


Diam. 
5. 


Arjji. 


Circum. 


Diam. 
10. 


Area. 


Circum. 








19.635 


16.708 


78.54 


31.416 




.1 


.007854 


.31416 


.1 


20.4282 


16.0221 


.1 


80.1186 


31.7301 




.2 


,031416 


.62832 


.2 


21.2372 


16.3363 


.2 


81.713 


32.0443 




.3 


.070(186 


.94248 


.3 


22.0618 


16.6504 


.3 


83.323 


32.358 




.4 


.12566 


1.2566 


.4 


22.9022 


16.9646 


.4 


84.9488 


32.6726 




.5 


.19635 


1.6708 


.5 


23.75.^3 


17.2788 


.5 


86.5903 


32.9868 




.6 


.28274 


1.885 


.6 


24.6301 


17.5929 


.6 


88.2475 


33.3009 




.7 


.38-185 


2.1991 


.7 


25.5176 


17.9071 


.7 


89.9204 


33.6151 




.8 


.50266 


2.5133 


.8 


26.4208 


18.2212 


.8 


91.609 


33.9292 




.9 


.63617 


2.8274 


.9 


27.3397 


18.6354 


.9 


93.3133 


34.2434 




.1 


.7854 


3.1416 


6. 


28.2744 


18.8496 


11. 


95.0334 


34.5576 




.1 


.9503 


3.4557 


.1 


29.2247 


19.1637 


.1 


96.7691 


34.8717 




.2 


1.1309 


3.7699 


.2 


30.1907 


19.4779 


.2 


98.5205 


35.1859 




.3 


1.3273 


4.084 


.3 


31.1725 


19.792 


.3 


100.2877 


35.601 




.4 


1 .5393 


4.3982 


.4 


32.1699 


20 1062 


.4 


102.0705 


35.8142 




.5 


1.7671 


4.7124 


.5 


33.1831 


20.4204 


.6 


103.8691 


36.1284 




.6 


2.010G 


6.0265 


.6 


34.212 


20.7345 


.6 


105.6834 


36.4425 




.7 


2 2698 


6.3407 


.7 


36.2566 


21.0487 


.7 


107.5134 


36.7667 




.8 


2.5446 


5.6548 


.8 


36.3168 


21.3628 


.8 


109.359 


37.0708 




.9 


2.8352 


6.969 


.9 


37.3928 


21.677 


.9 


111.2204 


37.384 




.2 


3.1416 


6.2832 


7. 


38.4816 


21.9912 


12. 


113.0976 


37.6992 




.1 


3.4636 


6.5973 


.1 


39.592 


22.3053 


.1 


114.0904 


38.0133 




.2 


3.8013 


6.9115 


.2 


40.7151 


22.6195 


.2 


116.8989 


38.3275 




.3 


4.1547 


7.2256 


.3 


41.8539 


22.93.36 


.3 


118.8231 


38.6416 




.4 


4.5239 


7.5398 


.4 


43.0085 


23.2478 


.4 


120.7631 


38.9558 




.5 


4.9087 


7.854 


.5 


44.1787 


23.662 


.6 


•122.7187 


39.27 




.6 


5.3093 


8.1681 


.6 


45.3647 


23.8761 


.6 


124.6901 


39.6841 




.7 


6.7255 


8.4823 


.7 


46.5663 


24.1903 


.7 


126.6771 


39.8983 




.8 


6.1575 


8.7964 


.8 


47.7837 


24.5044 


.8 


128.6799 


40.2124 




.9 


6.60'>2 


9.1106 


.9 


49.0168 


24.8186 


.9 


130.6984 


40.5266 




.3 


7.0686 


9.4248 


8. 


60.2656 


25.1328 


13. 


132.7326 


40.8408 




.1 


7.5476 


9.7389 


.1 


61 .53 


25.4469 


.1 


134.7824 


41.1549 




.2 


8.0424 


10.0531 


.2 


52.8102 


26.7611 


.2 


136.848 


41.4691 




.3 


8.553 


10.3672 


.3 


64.1062 


26.0752 


.3 


138.9294 


41.7832 




.4 


9.0792 


10.6814 


.4 


65.4178 


26.3894 


.4 


141 .0264 


42.0974 




.5 


9.6211 


10.9956 


.5 


66.7451 


26.7036 


.5 


143.1391 


42.4116 




.6 


10.1787 


11.3097 


.6 


58.0881 


27.0177 


.6 


145.2676 


42.7257 




.7 


10.7521 


1 1 .6239 


.7 


6^.4469 


27.3319 


.7 


147.4117 


43.0399 




.8 


11.3411 


11.938 


.8 


60.8213 


27.646 


.8 


149.6715 


43.364 




.9 


11.9459 


12.2522 


.9 


62.2116 


27.9602 


.9 


151.7471 


43.6682 




.4 


12.5664 


12.5664 


9. 


63.6174 


28.2744 


14. 


163.9384 


43.9824 




.1 


13.2025 


12.8805 


.1 


65.0389 


28.6885 


.1 


166.1463 


44.2965 




.2 


13.8544 


13.1947 


.2 


66.4762 


28.9027 


.2 


168.368 


44.6107 




.3 


14.522 


13.5088 


.3 


67.9292 


29.2168 


.3 


160.6064 


44.9248 




.4 


15.2053 


13.823 


.4 


69.3979 


29.531 


.4 


162.8605 


46.239 




.5 


15.9043 


14.1372 


.6 


70.8823 


29.8452 


.5 


165.1303 


46.5532 




.6 


16.619 


14.4513 


.6 


72.3824 


30.1593 


.6 


167.4168 


45.8673 


1 


.7 


17.3494 


! 4.7655 


.7 


73.3982 


,30.4735 


.7 


169.717 


46.1815 


L 


.8 


18.0956 


15.0796 


.8 


76.4238 


30.7876 


.8 


172.034 


46.4956 




.9 


' 18.8574 


16.3938 


.9 


76.977 1 31.1018 


.9 


174.3666 i 46.8098 


























AREAS AND OIRCCMFERENCES OF CIRCLES. 

TABLE.— ( Continued.) 



Dum 


Area. 


""il 


ITil.TIa 
17!t.0T9 


•f. 


181.45^8 


■^ 


ih:i.i-542 


,4 


1H6.2C51 




18S.ISU}!:! 






7 


I9:i,5!j:r2 






.9 


193.555!) 




201.0524 






:: 


-m.vm 


.a 


208.6721) 


4 


2n.241t 


f) 


213.8251 






7 


2I9.0J02 


.H 


221 .07 1 ii 


U 


■224. -I [fl 




226.9806 


1 


Z2D.G58U 


.2 


2:i2.:i5-27 


H 


2:t5.062» 


4 


237.7877 




240.5287 




24.^.2835 




246.0579 




248.B461 




251 .05 




254,4096 




257.3048 




260.1533 




263,0226 








268.80.^1 




271.7169 




274,6405 




277.5917 




280.5527 


IS. 


233.5294 




280.5217 




2B9.529S 




292.6530 




295.5931 




298.6483 




301.7193 




301.800 




307.9082 




311.0252 


Ml) 


.114.16 




317.3094 




320.4748 




323,6554 




326.832 



Ciwiun. 


Dian 


<7 1:« 


S 


47.4:l^il 


■i 


47.7323 




48.0604 


' 


4s.::aoG 




i>i,(,i}[H 




4B.00fy 


: 


40. 3231 


;- 


49.0372 


.^ 


49.U514 


i> 


50.2650 


h 


50.5797 


: 


50.8939 


t 




' 


51.5224 


7? 


51,8304 




52.130.-. 


.-. 


52.4647 


:- 




■1 


53.09:1 


.5 


53,J072 


( 


53.7213 


-, 


54.0355 


,^ 


34.3496 


.i 


54.6038 


n. 


54,978 


,1 


55.2921 


2 


3.'-,.6003 


.:■ 


35.9204 


-1 


66.2346 


,.' 


.5". 54^8 


.r 


56.8629 


'1 






57.4912 


.£ 


57,8054 


24. 


58,1190 




68,4337 


.1 


58.7473 


;- 


59.062 


A 


69.3762 




69.6!.Dl 





60,0045 


.1 


SO. 3 187 


^ 


00.6328 


i, 


00.947 


V3 


6I.2(;i3 


[ 


61.5753 


.i 


61.8895 


? 


62.2n3li 


4 


62.5178 


3 


62.832 


6 


03.H61 


7 


0.S.IG03 


1- 


03,7744 




64.0336 




C4,402a 


.1 



Amu 


c™. 


D 


;iii,-:."i4 






332,9901 


60.0010 




356.32HI 


60.910 




:J5!l.6N17 
:iso!l3:i6 


07,2:1112 
09T152 


2 


.Wi.Blj73 


69,^293 




3S7.O705 
31111 .5 7,>i 


09.1 ):15 




411.8716 


71.9420 




415.470K 


72.2,-.08 




419,0972 


72.5700 




422,7.!36 


72, 8H.-,! 




420.3H58 






430.0536 




:: 


433.7371 


73.K270 




437.4303 


74.1417 




441.1511 


7 4.4.^.59 




444.8819 


74.708 




4ia.C!83 






452.3904 


75.:t9H4 




450.:(it<l 


7.V7I25 




4m. .;i ■ 
4M,yO!i,S 


7.-<.y,)41 




498.7004 


7^.16,-13 




302.7206 


7U,IS21 




5:10.7030 


7'.l.79.10 


■' 


6.^(1. y:iO 4 


.Si^csir, 1 




633.022,) 


81.9970 1 





5.i9 


:^m 






aw 


3-.'3V. 


0:2 


531^0 


576.8050 


581 


1703 


5N3 


3303 


6S!I 


:lJ6y 


59,1 


95,'i7 


598.2M63 


im 


i295 


00>i 
Oil 





702.1564 
7110.86 



84.1918 
84.509 
84.82:12 
85.l:i73 
85.4315 
83.7656 
86.0798 
86.:!91 
86. 70-* I 
87.0223 



90,7:122 
91.1004 
91.42(15 



9:t.:40.v. 
9:: .6 191; 
B:t.9;i:i8 
94,248 
94. .5621 
94.8763 
9o.!90l 
9.J.5046 
95.8 IWH 



AREAS AND CIRCUMFERENCES OF CIRCLES. 
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TABLE.— ( Continued.) 



1 ' 

1 Diam. 

.8 


Area. 


Circum. 


Diam. 

.4 


Area. 


Circum. 


Diam. 
43. 


Area. 


Circum. 


794.2278 


99.9028 


1098.5862 


117.4958 


1452.2046 


135.0888 


.9 


799.2308 


100.217 


.5 


1104.4687 


117.81 


1, 


1458.9668 


135.4029 


32. 


804.2496 


100.5312 


.6 


1110.3671 


118.1241 


.2 


1465.7448 


135.7171 


.1 


809.284 


100.8463 


.7 


1116.2811 


118.4383 


.3 


1472.6385 


136.0332 


.2 


814.8341 


101,1595 


.8 


1122.2109 


118.7524 


.4 


1479.348 


136.3454 


.3 


819,3999 


101.4736 


.9 


1128.1664 


119.0666 


,5 


1486.1731 136.6596 


.4 


824.4815 


101.7478 


38, 


1134.1176 


119.3808 


.6 


1493.0139 


136.9737 


.6 


829.5787 


102.102 


.1 


1140.0946 


119.6949 


.7 


1499.8705 


137.2879 


.6 


834.6917 


102.4161 


.2 


1146.087 


120.0091 


.8 


1506.7427 


137.602 


.7 


839.8203 


102.7303 


.3 


1162.0954 


120.3232 


.9 


1613.6287 


137.9162 


.8 


844.9647 


103.0444 


.4 


1158.1194 


120.6374 


44. 


1620.5344 


138.2304 


.9 


850.1248 


103.3586 


.6 


1164.1591 


120.9516 


.1 


1627.4537 


138.5445 


33. 


855.3006 


103.6728 


.6 


1170.2146 


121.2667 


.2 


1534.3888 


138.8587 


.1 


860.492 


103.9869 


.7 


1176.2857 


121.5799 


.3 


1541 ..3396 


139.1728 


.2 


865.G992 


104.3011 


.8 


1182.3725 


121.894 


,4 


1548.3061 


139,487 


.3 


870.9222 


104.6161 


.9 


1188.4651 


122.2082 


.5 


1555.2883 


139.8012 


.4 


876,1608 


104.9294 


39. 


1194.5434 


122.5224 


.6 


1562.2862 


140.1153 


.5 


881.4151 


105.2436 


.1 


1200.7273 


122.8365 


.7 


1669.2998 


140.4295 


.6 


, 886,6851 


105,5577 


.2 


1206.877 


123.1507 


.8 


1676.3292 


140.7436 


.7 


891.9709 


105.8719 


.3 


1213.0424 


123.4648 


.9 


1683.3742 


141.0578 


.8 


897.2723 


106.186 


.4 


1219.2243 


123.779 


46. 


1590.4.35 


141.372 


.9 


902.5895 


106,5002 


.6 


1225.4203 


124.0932 


.1 


1597.6114 


141.6861 


34. 


907.9224 


106.8144 


.6 


1231.6328 


124.4073 


.2 


1604.6036 


142.0003 


.1 


913.2709 


107.1285 


.7 


1237.861 


124.7215 


.3 


1611.7114 


142.3144 


.2 


918.6352 


107.4272 i 


.8 


1244.121 


125.0366 


.4 


1613.835 


142.6286 


.3 


924.0115 


107.7568 


.9 


1250.3646 


126.3498 


.6 


1625.9743 


142.9428 


.4 


929.4109 


108.071 


40. 


1266.64 


125.664 


.6 


1633.1293 


143.2569 


.5 


934.8223 


108.3852 


.1 


1262.931 


125.9781 


.7 


1640.302 


'143.5711 


.6 


940.2494 


108.6993 


.2 


1269.2388 


126.2923 


.8 


1647.4846 


143.8862 


.7 


945.6922 


109.0352 


.3 


1276.5602 


126.6064 


.9 


1664.6885 


144.1994 


.8 


951.1508 


109.3076 


.4 


1281.8984 


126.9206 


46, 


1661.9064 


144.51.36 


.9 


956.625 


109.6418 


.5 


1288.2623 


127.2348 


.1 


1669.1399 


144.8277 


35. 


962.115 


109.956 


.6 


1294.6219 


127.6489 


.2 


1676.3891 


145.1419 


.1 


967.6206 


110.2701 


.7 


1301.0071 


127.8631 


.3 


1683.6541 


145.456 


.2 


973.142 


110.5843 


.8 


1307.4082 


128.1772 


.4 


1690.9347 


145.7702 


.3 


978.679 


110.8984 


• .9 


1313.8249 


128.4914 


.5 


1698.2311 


146.0844 


.4 


984.2318 


111.2126 


41. 


1320.2574 


128.8056 


.6 


1705.5432 


146.3985 


.5 


989.8003 


111.6268 


.1 


1326.7066 


129.1197 


.7 


1712.871 


146.7127 


.6 


995.3845 


111.8409 


.2 


1333.1693 


129.4323 


.8 


1720.2144 


147.0268 


.7 


1000.9843 


112.1551 


.3 


1339.6489 


129.748 


.9 


1727.5736 


147.341 


.8 


1006.6 


112.4692 


.4 


1346.1441 


130.0622 


47. 


1734.9486 


147.6552 


.9 


1012.2313 


112.7834 


.6 


1352.6651 


130.3764 


.1 


1742.3392 


147.9693 


36. 


1017.8784 


113.0976 


.6 


1369.1818 


130.6906 


.2 


1749.7455 


148.2835 


.1 


1023.5411 


113.4117 


.7 


1365.7242 


131.0047 


.3 


1757.1676 


148.5976 


.2 


1029.2195 


113.7259 


.8 


1372.2822 


131.3188 


.4 


1764.6045 


148.9118 


.3 


1034.9131 


114.04 


.9 


1378.866 


131.632 


.5 


1772.0587 


149.226 


.4 


1040.6235 


114.3542 


42. 


1385.4456 


131.9472 


.6 


1779.5279 


149.6361 


.6 


1046..3491 


114.6684 


.1 


1392.0508 


132.2613 


.7 


1787.0127 


149.8543 


.6 


1052.0904 


114.9825 


.2 


1398.6717 


132.5765 


.8 


1794.5133 


150.1684 


.7 


1057.8474 


115.2967 


.3 


1405.3083 


132.8896 


.9 


1802.0296 


150.4826 


.8 


1063.62 


115.6108 


.4 


1411.9607 


133.2038 


48. 


1809.5616 


150.7968 


.9 


1069.4084 


115.925 


.6 


1418.6287 


133.518 


.1 


1817.1092 


161.1109 


37. 


1075.2126 


116.2392 


.6 


1425.3125 


133.8321 


.2 


1824.6726 


151.4251 


.1 


1081.0324 


116.6533 


.7 


1432.0U9 


134.1463 


.3 


1832.2518 


161.7392 


.2 


1086.8679 


116.8676 


.8 


1438.7271 


134.4604 


.4 


1839.8466 


162.0534 


.3 


1092.7191 117.1816 


.9 1445.458 134.7746 


.5 


1847.4576 


152.3676 
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▲BIAS AND CIBOUMFERBNGES OF CiaCLEB. 



TABLF^f Continued). 





.6 


Area. 


Circum. 1 

.. .. 1 

162.6H17 


l>iam. 
.2 


Area. 


Circum. 


Diam. 

.8 


- — 1 

Area. 1 Circotn. 

1 






1855.0833 


2307.2224 


170.2747 


2808.6218 '1 87 .867(; 


1 




.7 


1862.7253 


152.9959 1 


.3 


2315.744 


170.5883 


.9 


2818.023 188.1818 j | 




.8 


1870.3829 


153.31 


.4 


2324.2813 


170.903 


60. 


2827.44 


188.496 ' 




.9 


1878.0563 


153.6242 


.6 


2332.8343 


171.2172 


.1 


2836.8726 


188.8101 




49. 


1885.7454 


163.9384 


.6 


2341.403 


171.5343 


.2 


2846.321 


189.1243 




.1 


1893.4501 


154.2525 


.7 


2349.9874 


171.8455 


.3 


2855.785 


189.4384 ' 




.2 


1901.1706 


154.5667 


.8 


2358. 5S76 


172.1596 1 


.4 


2865.2648 


189.7526 ' 




.3 


1908.9068 


154.8808 


.9 


2367.2034 


172.4738 ; 


.5 


2874.7603 


I90.0o68 




.4 


1916.6587 


155.195 


w m 


2375.835 


172.788 1 


.6 


2884.2615 


190.3.S09.. 




.6 


1924.4263 


155.5092 


.1 


2384.4822 


173.1021 


.7 


289:^.7984 1 190.6931 " 1 




.6 


1932.2096 


156.8233 


.2 


2393.1452 


173.4163 


.8 


2903.341 ; 191.0092 ' | 




.7 


1940.0086 


156.1375 


.3 


2401.8238 


173.7304 


.9 


2912.899.5 191.323 4 


1 




.8 


1947.8234 


156.4516 


.4 


2410.5182 


174.0446 1 


61. 


2922.473 4 1 191.6376 \ \ 




.9 


1955.6538 


156.7558 


.6 


2419.2283 


174.3588 


•1 


2932.0631 191.9517 


1 




60. 


1963.6 


167.08 


.6 


2427.9511 


174.6729 


.2 


2941.6685 


192.2659 1 




.1 


1971.3618 


167.3941 


.7 


2436.6956 


174.9771 


.3 


2951.2897 


192.58 


1 




.2 


1979.2394 


157.7083 


.8 


2415.4528 


175.3092 


.4 


29>>0.9265 


193 .8942 


1 




.3 


1987.1.326 


158.0224 


.9 


2454.2257 


176.6154 1 


.5 


2970.5791 


193.2084 






.4 


1995.0416 


158.3366 


56. 


2463.0144 


175.929i> ; 


.6 


2980.2474 


193.5225 


1 




.6 


2902.9663 


158.6508 


.1 


2471.8187 


176.2437 


.7 


2989.9314 


193.8367' 1 




.6 


2010.9067 


158.9649 


.2 


2480.6387 


176.5579 


.8 


2999.63- 


194.1508 1 


\ 




.7 


2018.8628 


159.2791 


.3 


2489.4745 


176.872 


.9 


8009.3464 


19 4.465 


1 




.8 


2026.8346 


159.6932 


.4 


2498.3259 


177.1862 1 


62. 


3019.O776 


194.7792 






.9 


2034.877 


159.9074 


.6 


2507.1931 


177.6004! 


.1 


H028.8244 


195.0933 ! 




61. 


2042.8254 


160.2216 


.6 


2516.076 


177.8145! 


.2 


30.18.5869 


195.4075 




.1 


2050.8443 


160.5357 


.7 


2524.9736 


178.1287 


.3 


3048.3651 


195.7216 






.2 


2058.8784 


160.8499 


.8 


2533.8888 


178.4428 


.4 


3058.1591 


19;. 0358 






.3 


2066.9293 


161.164 


.9 


2542.8188 


178.757 


.5 


3067.9687 


196.35 






.4 


2074.9953 


161.4782 


57. 


2551.7646 


179.0712 


.6 


3077.7941 


196.6641 






.6 


2083.0771 


161.7924 


.1 


2560.726 


179.3853 ' 


.7 


3087.6341 


196.9783 






.6 


2091.1746 


162.1066 


.2 


2569.7031 


179.6995 1 


.8 


3097.4919 


197.2924 






.7" 


2099.2878 


162.4207 


.3 


2578.6959 


180.0136 1 


.9 


3107.3644 


197.6066 






.8 


2107.4166 


162.7348 


.4 


2587.7045 


180.3278 


63. 


3117.2526 


197.9208 


' 




.9 


2115.5612 


163.049 


.5 


2596.7287 


180.642 


.1 


3127.1564 


198.2349 






62. 


2123.7216 


163.3632 


.6 


2605.7687 


I80.95.;i 


.2 


3137.0758 


198.5491 1 






.1 


2131.8976 


163.6773 


.7 


2614.8243 


181.2803 1 


.3 


3147.0114 


198.8632!' 




.2 


2140.0893 


163.9935 


.8 


2623.8957 


181.5844! 


; .4 


3156.9G64 


199.177 4 






.3 


2148.2967 


164.3056 


.9 


2632. 9«28 


181.8986, 


1 .5 


3l6o.929l 


199.4916 


1 




.4 


2156.5199 


164.6198 


58. 


2642.0856 


182.2128 


! .6 


3176.9115 


199.8057 


1 




.6 


2164.7687 


164.934 


.1 


2651.2046 


182.5269 


.7 


3186.9097 


200.1199 






.6 


2173.0133 


165.2481 


.2 


2o60.3382 


182.8411 


.8 


8196.9235 


200.434 


t 




.7 


2181.2835 


165.5623 


.3 


2669.4882 


183.1552 


.9 


8206.9531 


200.7482 






.8 


2189.5695 


165.8764 


.4 


2678.6538 


183.4694 


i64. 


8216.9984 


201.0624 






.9 


2197.8712 


166.1906 


.5 


2687.8351 


183.7836 


.1 


8227.0593 


201.3765 






63. 


2206.1886 


166.5048 


.6 


2697.0321 


184.0977 


.2 


3237.136 


201.6907 






.1 


2214.5216 


166.8189 


.7 


2706.2449 


18 4.4119 


.3 


3247.2284 


202.0048 






.2 


2222.8704 


167.1331 


.8 


2715.4733 


184.726 


.4 


3257.3365 


202.319 






.3 


2231.235 


167.4472 


.9 


2724.7175 


185.0402 


.5 


3267.4603 


202.6332 






.4 


2239.6152 


167.7614 


59. 


2733.9774 


185.3544 


.6 


3277.5998 


202.9473 






.6 


2248.0111 


168.0756 


.1 


2743.2529 


185.6685 


.7 


3287.755 


203.2615 






.6 


2256.4227 


168.3897 


.2 


2752.5442 


185.9827 


.8 


3297.926 


203.5756 


1 




.7 


2264.8701 


168.7049 


.3 


2761.8512 


186.2696 


.9 


3308.1126 


203.8898 


1 




.8 


2273.2931 


169.018 


.4 


2771.1739 


186.611 


66. 


3318.315 


204.204 






.9 


2281.7519 


169.3322 


.6 


2780.5123 


186.9252 


.1 


3328.534 


204.5181 






64. 


2290.2264 


169.6464 


.6 


2789.8664 


187.2393 


.2 


3338.7668 


204.8323 






.1 1 2298.7165 


169.9605 


.7 


2799.2362 


187.5535 


.3 3349.0162 


205.1464 



























AREAS AND CIRCUMPBRBNOES OF CIRCLES. 
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T ABLE.— ( Contmued, ) 



Diam. 
.4 


Area. 


3359.2814 


.5 


3369.5623 


.6 


3379.8589 


.7 


3390.1712 


.8 


3400.4992 


.9 


3410.8429 


66. 


3421.2024 


.1 


3431.5775 


.2 


3441.9633 


.3 


3452.3749 


.4 


3462.7971 


.6 


3473.2351 


.6 


3483.6888 


.7 


3494.164 


.8 


3504.6432 


.9 


3515.143 


67. 


3525.6606 


.1 


3536.1928 


.2 


3546.7404 


.3 


3557.3043 


.4 


3567.8837 


.5 


3578.4787 


.6 


3589.0895 


.7 


3599.7159 


.8 


3610.3581 


.9 


3621.016 


68. 


3631.6896 


.1 


3642.3788 


.2 


3653.0838 


.3 


3663.804 


.4 


3674.541 


.6 


3685.2931 


.6 


3696.006 


.7 


3706.8445 


.8 


3717.6437 


.9 


3728.4587 


69. 


3739.2894 


.1 


3750.1357 


.2 


3760.9978 


.3 


3771.8756 


.4 


3782.7691 


.5 


3793.6783 


.6 


3804.6032 


.7 


3815.6438 


.8 


3826.5002 


.9 


3847.4722 


70 

• 


3848.46 


.1 


3859.4952 


.2 


3870.4826 


.3 


3881.5174 


.4 


3892.568 


.6 


3903.6343 


.6 


3914.7163 


.7 


3925.814 


.8 


3936.9274 


.9 


3948.0565 



Circam. 

205.4606 

205.7748 

206.0889 

206.4031 

206.7172 

207.0314 

207.3456 

207,6597 

20.7.9739 

208.288 

208.6022 

208,9164 

205.2305 

209.5446 

209,8588 

210.173 

210.4872 

210.8013 

211.1155 

211.4296 

211.7438 

212.058 

212.3721 

212.6863 

213.0004 

213.3146 

213.6288 

213.9429 

214.2571 

214.5712 

214.8454 

215.1996 

215.5137 

215.8279 

216.142 

216.4562 

216.7704 

217.0845 

217.3987 

217.7128 

218.027 

218.3412 

218.6553 

218.9695 

219.2836 

219.5978 

219.912 

220.2261 

220.5403 

220.8544 

221.1686 

221.4828 

221.7969 

222.1111 

222.4252 

222.7394 



"Diam. 



71. 



.1 
.2 
.3 
.4 
.6 
.6 
.7 
.8 
.9 



72. 



.1 
.2 
.3 
.4 
.6 
.6 
.7 
.8 
.9 



73. 



74. 



.1 
.2 
.3 
.4 
.5 
.6 
.7 
.8 
.9 

!l 
.2 
.3 
.4 
.5 
.6 
.7 
.8 
.9 



75. 



.1 
.2 
,3 
.4 
.5 
.6 
,7 
.8 
.9 



76. 



.1 
,2 
.3 
,4 
.5 



Area. 



3959.2014 

3970.3619 

3981.5381 

3992.7301 

4003.9373 

4015.1611 

4026.4002 

4037.655 

4048.9254 

4060.2116 

4071.5136 

4082.8332 

4094.1645 

4105.5125 

4116.8793 

4128.2587 

4139.6524 

4151.0667 

4162.4943 

4173.9376 

4185.3966 

4196.8712 

4208.3614 

4219.8678 

4231.3896 

4242.9271 

4254.4803 

4266.0493 

4277.6339 

4289.2343 

4300.8504 

4312.4821 

4324.1296 

4335.7928 

4347.4717 

4359.1663 

4370.8760 

4382.6026 

4H94.3448 

4406.1018 

4417.875 

4429.6638 

4441.4684 

4453.2886 

4465.1246 

4476.9763 

4488.8437 

4500.7268 

4512.6256 

4524.5401 

4536.4704 

4548.4163 

4560.3787 

4572.3563 

4584.3583 

4596.3671 



Circum. 

223.0536 

223.3677 

223.6819 

223.996 

224.3102 

224.6244 

224.9385 

225.2527 

225.5668 

225.881 

22(J.1952 

226.5093 

226.8235 

227.1376 

227.4518 

227.766 

228.0801 

228.3943 

228.7084 

229.0226 

229.3368 

229.6509 

229.9651 

230.2792 

230.5934 

230.9076 

231.2217 

231 .6359 

231.85 

232.1642 

232.4784 

232.7926 

233.1067 

233.4208 

234.735 

234.0492 

234.3633 

234.6775 

234.9916 

235.3058 

235.62 

235.9341 

236.2483 

236.5624 

236.8766 

237.1908 

237.6049 

237.8191 

238.1332 

238.4474 

238.7616 

239.0757 

239.3899 

239.704 

240.0182 

240.3324 



Diam. 

.6 

.7 

.8 

.9 
77. 

.1 

.2 

.3 

.4 

.5 

.6 

.7 

.8 

.9 
78. 

.1 

.2 

.3 

.4 

.5 

.6 

.7 

.8 

.9 
79. 



.1 
.2 
.3 
.4 
.5 
.6 
.7 
.8 
.9 



80. 



.1 
.2 
.3 
.4 
.6 
.6 
.7 
.8 
.9 



81. 



.1 
.2 
.3 
.4 
.5 
.6 
.7 
.8 
.8 



Area. 



82. 



.1 



4f)08.38l6 

4620,4218 

4632.4776 

4644.5492 

4666.6366 

4668.7396 

4680.8683 

4692.9927 

4706.1429 

4717.3087 

4729.4903 

4741 .6876 

4763.9605 

4766.1292 

4778.3736 

4790.6336 

4802.9094 

4815.201 

4827.6082 

4839.8311 

4852.1697 

4864:6241 

4876.8973 

4889.2799 

4901.6814 

4914.0985 

4926.5314 

4938.982 

4951.4443 

4963.9243 

4976.484 

4988.9314 

6001.4586 

6014.0014 

5026.66 

6039.1342 

5051.7242 

5064.3268 

5076.9552 

5089.5883 

5102.2411 

6114.9096 

6127.6938 

6140.2937 

5153.0094 

6166.7407 

5178.4877 

6191.2606 

6204.028& 

6216.8231 

6229,633 

5242.4686 

6266.2998 

6268.1668 

6281.0296 

5293.918 



Circum. 

240.6466 

240.9607 

241.2748 

241 .6987 

241 .9032 

242.2173 

242.6316 

242.8466 

243.1698 

243.474 

243.7881 

244.1023 

244.4164 

244.7306 

245.0448 

245.3689 

245.6731 

246.9872 

246.3014 

246.6156 

246.9297 

247.2439 

247.548 

247.8722 

248.1864 

248.5005 

248.8147 

249.1288 

249.443 

249.7672 

250.0713 

250.3865 

250.6996 

261.0138 

261.3280 

251.6421 

251.9563 

252.2704 

262.6846 

252.8988 

263.2129 

263.6271 

253.8412 

264.1664 

264.4696 

264.7837 

266.0979 

265.412 

266.7262 

266.0404 

266.3546 

266.6687 

266.9828 

267.297 

267.6112 

267.9253 
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AREAS AND CIBCUMFERENCBS OV OIBCLEF. 



T ABLE.— ( Continwd. ) 



I Diam 

.2 
.3 
.4 
.6 
.6 
.7 
.8 
.9 

83. 
.1 
.2 
.3 
.4 
.6 
.6 
.7 
.8 
.9 

84. 
.1 
.2 
.3 
.4 
.6 
.6 
.7 
.8 
.9 



Area. 



85. 



.1 
.2 
.3 
.4 
.5 
.6 
.7 
.8 
.9 



86. 



.1 
.2 
.3 
.4 
.6 
.6 
.7 
.8 
.9 



87. 



.1 
.2 
.3 
.4 
.6 
.6 
.7 



6306.8221 

6319.7439 

6332.6775 

5345.6287 

6358.5957 

5371.5983 

6384.5762 

5397.6908 

6410.6206 

6423.666 

6436.7272 

5449.8042 

6462.8968 

6476.0051 

6489.1291 

6602.2689 

5515.4243 

6528.5958 

5541.7824 

5554.9847 

5568.2032 

5581 .4372 

5594.6869 

6607.9523 

5621.2334 

5634.5682 

5647.8428 

5661.171 

5674.516 

5687.8746 

5701.25 

5714.641 

5728.0478 

5741.4703 

5754.9085 

5768.3624 

5781.832 

5795.3173 

5808.8184 

5822.3361 

5835.8675 

5849.4167 

5862.9795 

5876.5591 

5890.1541 

6903.7654 

5917.392 

5931.0344 

5944.6926 

5958.3644 

5972.0559 

5985.7691 

5999.4821 

6013.2187 

6026.9711 

6040.7391 



Circuiu. 



258.2.395 

258.5536 

258.8646 

259.182 

259.4961 

259.8103 

260.1244 

260.4386 

260.7528 

261.0669 

261 ..3811 

261.6962 

262.0094 

262. ,3236 

262.6376 

262.9519 

263.264 

263.5802 

263.8944 

264.2085 

264.5227 

264.8368 

265.151 

265.4652 

265.7793 

266.0935 

266.4076 

266.7218 

267.036 

267. .3501 

267.6643 

267.9784 

268.2926 

268.6068 

268.9209 

269.2351 

269.6492 

269.8634 

270.1776 

270.4917 

270.8059 

271.12 

271.4342 

271 .7484 

272.0665 

272.3767 

272.6908 

273.005 

273.3192 

273.63.33 

273.9875 

274.2616 

274.6758 

274.89 

275.2041 

275.6183 



Diam. 


Area. 


.8 


6054.6149 


.9 


60G8.3224 


88. 


G0S2. 1.376 


.1 


6095.9684 


.2 


6109.815 


.3 


6123.6774 


.4 


6137.6554 


.6 


6151.4491 


.6 


6165.3.585 


.7 


6179.2837 


.8 


6193.2245 


.9 


6207.1811 


89. 


6221.1534 


.1 


6235.1413 


.2 


6249.145 


.3 


6263.1644 


.4 


6277.1995 


.5 


6291.2035 


.6 


6305.3168 


.7 


6319.399 


.8 


6333.497 


.9 


6347.6813 


90. 


6361.74 


.1 


6375.885 


.2 


6390.0458 


.3 


6404.2222 


.4 


6418.4144 


.5 


6432.6223 


.6 


6446.8474 


,7 


6461.0852 


.8 


6476.3402 


.9 


6489.6109 


91. 


6503.8674 


.1 


6518.1996 


.2 


6532.5173 


.3 


6546.8909 


.4 


6561.2081 


.6 


6575.6651 


.6 


6689.9458 


.7 


6604.3222 


.8 


6618.7542 


.9 


6633.182 


92. 


6647.6356 


.1 


6662.0848 


.2 


6676.5597 


.3 


6691.0161 


.4 


6705.5567 


.5 


6720.0787 


.6 


6734.6165 


.7 


6749.1699 


.8 


6763.7391 


.9 


6778.324 


93. 


6792.9246 


.1 


6807.5408 


.2 


6822.173 


.3 


6836.8208 



Circum. 


Diam- 
.4 


Area. 


Circum. 


275.8324 


6851.4840 


293.4254 


275.1466 


.5 


6866.1631 


293.7396 


276.4608 


.6 


6880.8579 


294.0537 


276.7749 


.7 


6895.5685 


294.,^679 


277.0891 


.8 


6910.2947 


294.682 


277.4032 


.9 


i 6925.0367 


294.9962 


277.7174 


94. 


6939.7944 


295.3104 


278.0316 


.1 


6954.5677 


295.6245 


278.3457 


.2 


6969.3568 


295.9387 


278.6599 


.3 


6984.1614 


296.2436 


278.975 


.4 


6998.9821 


296.567 


279.2882 


.5 


7013.8183 


296.8812 


279.6024 


.6 


7028.6702 


297.1953 


279.9165 


.7 


7043.5025 


297.5095 


280.2307 


.8 


7058.418 


297.8236 


2S0.5448 


.9 


7073.3202 


298.1378 


280.859 


95. 


1 7088.235 


298.452 


281.1732 


.1 


7103.1654 


298.7661 


• 281.4873 


.2 


7118.1116 


299.0723 


281.8825 


.3 


71.33.07,34 


299.3944 


282.1156 


• .4 


7148.051 


299.7086 


282.4298 


.5 


7163.0443 


300.0228 


282.744 


.6 


7178.0533 


300..3369 


283.0581 


.7 


7193.078 


300.6511 


283.3723 


.8 


7208.1184 


300.9652 


283.6864 


.9 


7223.1745 


301.27ii4 


284.0006 


96. 


7238.2464 


301.59.36 


284.3148 


:i 


7253.3.339 


301.9077 


384.6289 


.2 


7268.4371 


302.2219 


284.9431 


.3 


7283.5561 


302.536 


285.2.572 


.4 


7298.6907 


302.8502 


285.5714 


.5 


7313.8411 


303.1644 


285.8856 


.6 


7329.0072 


303.4785 


286.1997 


.7 


7344.189 


303.7927 


286.5139 


.8 


7359.3864 


304.1068 


286.829 


.9 


7374.5996 


304.421 


287.1422 


97. 


7389.8286 


304.7352 


287.4564 


.1 


7405.0732 


305.0493 


287.7705 


.2 


7420.3335 


305.3635 


288.0847 


.3 


7435.6095 


305.6776 


288.3988 


.4 


7450.9013 


305.9918 


288.713 


.5 


7466.2087 


306.306 


289.0272 


.6 


7481.5319 


306.6201 


289.3413 


.7 


7496.8707 


306.9363 


289.6555 


.8 


7512.2253 


307.24«4 


289.9696 


.9 


7527.5956. 


307.5626 


290.2838 


98. 


7542.9816 


307.8768 


290.598 


.1 


7558.3832 


308.1909 


290.9121 


.2 


7573.8006 


308.5051 


291.2263 


.3 


7589.2338 


308.8192 


291.5404 


.4 


7604.6826 


."09.1334 


291.8546 


.6 


7620.1471 


309.4476 


292.1688 


.6 


7635.6273 


309.7617 


292.4829 


.7 


7651.19.33 


310.0759 


292.7971 


.8 


7666.9349 


310.396 


293.1112 


.9 


7682.1623 


310.7042 
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TABLE.— (Continued.) 



Diam. 



99. 



.1 
.2 
.3 



Area. 


Circum. 


Diam* 

.4 
.5 

.6 

.7 


7697.7054 
7713.2641 
7728.8336 

7744.4288 


311.0184 
311.3325 
311.6467 
311.9608 



Area. 



7760.0347 
7775.6563 
7791.29.36 
7806.9466 



Circum. 


Diam. 

.8 
.9 
100. 


312.276 
312.5892 
312.90.33 
313.2175 



Area. 



7822.6154 
7838.2998 
7854. 



Circum. 

313.5116 
313.8458 
314.16 



To Compnte tbe Area or Circnmferenee of a Diameter greater than any 

in tlie preceding Table. 

See Rules, pages 176 and 181. 

Or, Jf the Diameter exceeds 100 and is lesi than 1001. 

Remove the decimal point, and take out the area or ciroumferenoe as for a Whole Number 
by remoying the decimal point, it* for the area, two places to the right ; and if for the circum- 
ference, one place. 

Illostbation.— The area of 96.7 is 7344.189 ; hence for 967 it is 734418.9 ; and the ciroum- 
ferenoe of 96.7 is 303.7927, and for 967 it is 3037.927. 



AREAS AND CIECTJMFEEENCES OF CIRCLES. 

FROM 1 TO 50 FEET. 

[Advancing by an Iwih.^ 



Diam. 


Area. 


Circum. 


Diam. 


Area. 


Circum. 


Diam. 




Feet. 


Feet. Ins. 


Feet. 


Feet. Ins. 


lA 


.7854 


3 Wb 


'6 ft. 


7.0686 


9 5 


bfU 


1 


.9217 


3 m 


1 


7.4666 


9 8K- 


1 


2 


1.069 


3 8 


2 


7.8757 


9 n% 


2 


3 


1.2271 


3 11 


3 


8.2957 


10 2K 


3 


4 


1.3962 


4 %K 


4 


8.7265 


10 5% 


4 


5 


1.5761 


4 b% 


6 


9.1683 


10 ^K 


5 


6 


1.7671 


4 8K 


6 


9,6211 


10 iiK 


6 


7 


1.9689 


4 n% 


7 


10.0846 


11 3 


7 


8 


2.1816 


6 2% 


8 


10.5591 


11 6J^ 


8 


9 


2.4062 


6 6% 


9 


11.0446 


11 9|| 


9 


10 


2.6398 


5 9 


10 


11.5409 


12 >| 


10 


11 


2.8852 


6 2V 
6 Z% 


11 


12.0481 


12 3% 


11 


2ft. 


3.1416 


4/f. 


12.5664 


12 6K 


6/f. 


1 


3.4087 


6 6^ 


1 


13.0952 


12 9% 


1 


2 


3.6869 


6 9% 


2 


13.6353 


13 1 


2 


3 


3.976 


7 K 


3 


14.1862 


13 4>^ 


3 


4 


4.276 


7 3% 


4 


14.7479 


13 7Ji 


4 


5 


4.5869 


7 7 * 


5 


15.3206 


13 10>^ 


5 


6 


4.9087 


7 10V 

8 \H 


6 


15.9043 


14 \% 


6 


7 


5.2413 


7 


16.4986 


14 4% 


7 


8 


5.585 


8 4K 


8 


17.1041 


14 7% 


8 


9 


5.9395 


8 7K 


9 


17.7205 


14 11 


9 


10 


6.3049 


8 loM 


10 


18.3476 


15 2% 


10 


11 


6.6813 


9 1% 


11 


18.9858 


16 5^ 


11 



Area. 

Feet. 

19.635 

20.2947 

20.9656 

21.6475 

22.34 

23.0437 

23.7583 

24.4836 

26.2199 

25.9672 

26.7261 

27.4943 

28.2744 

29.0649 

29.8668 

30.6796 

31 .5029 

32.3376 

33.1831 

34.0391 

34.9065 

36.7847 

36.6735 

37.5736 



Circrxn? 



Feet. Ins. 

16 8>^ 
16 11^ 
16 2K 
16 6M 

16 9 

17 H 
17 3K 
17 6?| 

17 9^ 

18 K 
18 3% 
18 7M 

18 lOM 

19 iM 
19 4% 
19 7K 

19 lOM 

20 iK 
20 4% 
20 SM 

20 11>^ 

21 2% 
21 6|f 
21 8^ 
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TABhE.—fConHnued.) 



Biam. 



7/t 
1 
2 
3 

4 
6 
6 
7 
8 
9 

10 

11 

SJt. 

. 2 
3 
4 
6 

6 
7 
8 
9 

10 

11 

9fL 

2 

3 

•4 

5 

6 

7 

8 

9 

10 

11 

loy?. 

1 
2 
3 
4 
6 
6 
7 
8 
9 

10 
11 
11 /if. 
1 
2 
3 
4 
6 
6 



Area. 



Feet 

38.4846 
39.406 
40.3388 
41 .2826 
42.2.S67 
43.2022 
44.1787 
45.1656 
46.1638 
47.173 
48.1926 
49.2236 
50.2656 
51.3178 
52.3816 
53.4562 
54.5412 
55.6377 
56.7451 
57.8628 
58.992 
60.1321 
61.2826 
62.4445 
63.6174 
64.8006 
66.9951 
67.2007 
68.4166 
69.644 
70.8823 
72.1309 
73.391 
74.662 
76.9433 
77.2362 
78.54 
79.864 
81.1796 
82.516 
83.8627 
85.2211 
86.6903 
87.9697 
89.3608 
90.7627 
92.1749 
93.5986 
96.0334 
96.4783 
97.9347 
99.4021 
100.8797 
102.3689 
103.8691 



Circnm. 



Feet Ins. 

21 11% 

22 3 
22 6>i 

22 9M 

23 H 
23 2M 

23 m 

23 9% 

24 IM 
24 iH 
24 iH 

24 10% 

25 1>2 

26 iH 

25 7% 

26 11 
26 2% 
26 6>i 
26 8% 

26 11>^ 

27 2% 
27 5?i 



27 


9 


28 


K 


28 


m 


28 


6% 


28 


9^4 


29 


H 


29 


3% 


29 


7 


29 


10% 


30 


4% 


30 


30 


7% 


30 


11^ 


31 


1^ 


31 


5 


31 


8^ 


31 


UK 


32 


2% 


32 


5^, 


32 


m 


32 


uK 


33 


2% 


33 


6H 


33 

34 


'^ 


34 


zK, 


34 


eK 


34 


9^ 


36 


% 


35 


4H 



Diam. 



36 7M 

35 loff 

36 1% 



7 
8 
9 

10 

11 
12^^. 

2 
3 
4 
5 
6 
7 
8 
9 

10 
11 

1 
2 
3 
4 
5 
6 
7 
8 
9 

10 

11 
14//. 

2 
• 3 
4 
6 
6 
7 
8 
9 

10 
11 
15 /t. 

2 
3 
4 
5 
6 
7 
8 
9 
10 
11 

left. 
1 



Area. 



Feet. 

105.3794 

106.9013 

108.4342 

109.9772 

111.6319 

113.0976 

114.6732 

116.2607 

117.869 

119.4674 

121.0876 

122.7187 

124.3598 

126.0127 

127.6765 

129.3504 

131.036 

132.7326 

134.4391 

1.36.1674 

137.8867 

139.626 

141.3771 

143.1391 

144.9111 

146.6949 

148.4896 

160.2943 

162.1109 

163.9384 

155.7768 

157.626 

169.4862 

161.355;j 

163.2373 

165.1303 

167.0331 

168.9479 

170.8735 

172.8091 

174.7565 

176.715 

178.6832 

180.6634 

182.6646 

184.6555 

186.6684 

188.6923 

190.726 

192.7716 

194.8282 

196.8946 

198.973 

201.0624 

203.1616 



Circnm. 



Feet. Ina. 

36 4^ 

36 7% 

36 10% 

37 2% 
37 5% 
37 SH 

37 11% 

38 2% 
38 6% 

38 8% 
39 

39 3% 
39 qH 

39 9% 

40 % 
40 3?i 
40 6% 

40 10 

41 1% 
41 4% 
41 7% 

41 10% 

42 1% 
42 4% 
42 8 

42 11% 

43 2% 
43 5% 
43 8% 

43 11% 

44 2% 
44 6 
44 9% 

44 % 

45 3% 

46 6% 

45 9% 

46 % 
46 4 
46 7% 

46 ii;^ 

47 1% 
47 4% 
47 7% 

47 10% 

48 2% 
48 6% 
48 8% 

48 11% 

49 2% 
49 6% 

49 8% 
60 

60 3U 

50 6^ 



Diam 



Area. 



2 
3 

4 
5 
6 
7 
8 
9 

10 

11 

\7ft- 
1 
2 
3 
4 
6 
6 
7 
8 
9 
10 
11 

18/iJ. 
1 
2 
3 
4 
6 
6 
7 
8 
9 

10 
11 

I9ft. 
1 
2 
3 
4 
6 
6 
7 
8 
9 
10 
11 

20jt. 
1 
2 
3 
4 
6 
6 
7 
8 



Feet 

205.2726 

207.3946 

209.5264 

211.6703 

213.8251 

215.9896 

218.1662 

220.36.37 

222,561 

224.7603 

226.9806 

229.2105 

231 .4525 

2.33.7055 

235.9682 

238.243 

240.5287 

242.8241 

245.1316 

247.45 

249.7781 

2.52.1184 

254.4696 

256.8303 

259.2033 

261.5872 

263.9807 

266.3864 

268.8031 

271.2293 

273.6078 

276.1171 

278.6761 

281.0472 

283.5294 

286.021 

288.5249 

291 .0397 

293.5641 

296.1107 

298.6483 

301.2054 

,303.7747 

306.355 

308.9448 

31 1 .54(39 

314.16 

316.7824 

319.4173 

322.063 

324.7182 

327.3858 

330.0643 

332.7522 

336.4525 



Circam. 



Feet Ins. 

60 9% 

61 % 
51 BH 
51 6>^ 

51 10 

52 IH 

62 4^ 

62 7% 

52 10>^ 

63 1% 

53 4% 

53 8 

63 U}4 

64 2}^ 

54 6% 

54 8i^ 
64 11^ 
66 2% 

55 6 

56 9>^ 
56 H 
56 3>^ 

66 6% 

56 9% 

57 % 

67 4 

57 7% 

57 10% 

58 1% 
58 4)4 

68 7% 

68 10% 
58 2 

69 5% 
69 8% 
69 11)1 
60 2% 
60 5% 
60 8% 
60 11% 

60 3% 

61 6% 
61 9% 
61 % 

61 3% 

62 6% 
62 9% 

62 1% 

63 4% 
63 7% 
63 11% 

63 1% 

64 4% 
64 7% 
64 11% 
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2T 



TASLE.^ ConHwued.) 



Diam. 



9 

10 

11 

21 ft. 

I 

2 

3 

4 

6 

6 

7 

8 

9 

10 

11 

22ft. 

1 

2 

3 

4 

5 

6 

7 

8 

i§ 

U 
23 ft 

2 
3 
4 
6 
6 
7 
8 
9 
10 
11 

24/^ 

2 

3 

4 

5 

6 

•7 

8 

9 

10 

11 

25/? 

1 

2 

3 



Area, 



Feet. 

338.1637 

340.8844 

343.6174 

346.3614 

349.1147 

351 .8804 

364.6571 

357.4432 

360.2417 

363.0511 

365.8698 

368.7011 

371.5432 

374.3947 

377.2587 

380.1336 

383.0177 

385.9144 

388.822 

391.7389 

394.6683 

397.6087 

400.5583 

403.5204 

406.4935 

409.4759 

412.4707 

415.4766 

418,4915 

421.5192 

424.5577 

427.6055 

430.6658 

433.7371 

436.8175 

439.9106 

443.0146 

446.1278 

449.2536 

452.3904 

455.5362 

458.6948 

461.8642 

465.0428 

468.2341 

471.4363 

474.6476 

477.8716 

481.1065 

484.3506 

487.6073 

490.875 

494.1516 

497.4411 

500.7415 



Circnm. 


Diam. 


Feet. Ins. 


65 2Ji 
65 6H 


4 


5 


65 SH 


6 


65 11% 


7 


66 2X 


8 


66 5% 


9 


66 9 


10 


66 >^ 


11 


67 3H 


26/^ 


67 6}4 


1 


67 9^ 


2 


68 % 


3 


68 3% 


4 


68 7 


5 


68 lOJ^ 


6 


69 IH 


7 


69 i}4 


8 


69 7% 


9 


69 10^ 


10 


70 IK 


11 


70 6 


27 ft. 


70 8K 
70 UH 


1 


2 


71 2)4 


3 


71 ^H 


4 


71 8M 


5 


71 11% 


6 


72 3 


7 


72 63^ 


8 


72 9?^ 


9 


73 H 


10 


73 3^ 


11 


73 6|i 


2Sft. 


73 9% 


"1 


74 1 


2 


74 4H 


3 


74 7^ 


4 


74 10% 


5 


75 1% 


6 


75 4?i 


7 


75 7% 


8 


75 11 


9 


76 2^ 


10 


76 5l| 


11 


76 Si^ 


29ft. 


76 11% 


I 


77 2% 


2 


77 5% 


3 


77 9 


4 


78 M 


5 


78 3>| 
78 6>| 


6 


7 


78 9^ 


8 


79 K 


9 


79 3% 


10 



Area. 



Feet. 

504.051 

607.3732 

610.7063 

614.0484 

617.4034 

520.7692 

524.1441 

527.6318 

630.9304 

634.3379 

637.7583 

641.1896 

644.6299 

548.083 

651.6471 

555.0201 

658.6059 

662.0027 

665.6084 

669.027 

672.5566 

676.0949 

679.6463 

683.2085 

586.7796 

690.3637 

593.9587 

697.6625 

601.1793 

604.807 

608.4436 

612.0931 

615.7536 

619.4228 

623.106 

6^6.7982 

630.6002 

634.2162 

637.9411 

6-11.6758 

645.4236 

649.1821 

652.9496 

656.73 

660.5214 

664.3214 

668.1346 

671.9587 

675.7915 

679.6375 

683.4943 

687.3598 

691 .2386 

695.128 

699.0263 



Circnm. 


■ 

Diam. 


Feet. Ins. 


79 7H 


11 


79 ll>i 


soft. 


80 IM 


1 


80 4% 


2 


80 7% 


3 


80 iOK 


4 


81 iJi 


5 


81 5 


6 


81 S}i 


7 


81 UH 


8 


82 2% 


9 


82 6M 


10 


82 8% 


11 


82 11% 


31 ft. 


83 3 


1 


83 6)^ 


2 


83 d}4 
84. H 


3 


4 


84 S!4 


5 


84 6% 


6- 


84 9% 


7 


86 1 


8 


85 4J^ 
85 8>| 


9 


10 


85 11% 


11 


86 IK 


32 ft. 


86 4:H 


1 


86 7% 


2 


86 U 


3 


87 2>^ 


4 


87 6M 


5 


87 8^ 


6 


87 11>^ 


7 


88 2% 


8 


88 5X 


9 


88 9 


10 


89 ^ 


11 


89 3>i 


33ft. 


89 6% 


1 


89 9>^ 


2 


90 % 


3 


90 SK 


4 


90 6% 


5 


90 11% 


6 


91 IK 


7 


91 4% 


8 


91 7% 


9 


91 10% 


10 


92 1% 


11 


92 4% 
92 8% 


34/^ 


92 11% 


2 


93 2% 


3 


93 5% 


4 


93 8% 


5 



Area. 



Feet. 

702.9377 

706.86 

710.7909 

714.736 

718.69 

722.6537 

726.6305 

730.6183 

734.6147 

738.6242 

742.6447 

746.6738 

750.7161 

764.7694 

768.8311 

762.9062 

766.9921 

771.0866 

775.1914 

779.3131 

783.4403 

787.5808 

791.7322 

795.8922 

800.0654 

804.2496 

808.4422 

812.6481 

816.865 

821.0904 

825.3291 

829.5787 

833.8368 

838.1082 

842.3095 

846.6813 

850.9855 

856.3006 

869.624 

863.9609 

868.3087 

872.6649 

877.0346 

881 .4161 

886.804 

890.2064 

894.6196 

899.0413 

903.4763 

907.9224 

912.3767 

916.8445 

921 .3232 

925.8103 

930.3108 



(^ircum. 



Feet. Ins. 

93 11% 

94 2% 
94 6 

94 9H 

95 % 
95 3% 

95 6% 

96 9h 
96 % 
96 4 
96 7M 

96 10% 

97 1% 
97 4% 
97 7% 

97 10% 

98 2 
98« 6% 
98 8% 

98 11% 

99 2% 
99 6% 
99 8% 
00 

00 3% 
00 6% 

00 9% 

01 3% 
01 6% 

01 10 

02 1% 
02 4% 
02 7% 

02 10% 

03 1% 
03 4% 
03 8 

03 11% 

04 2% 
04 6% 

04 8% 

04 nX 

05 2% 
05 6 

05 9% 

06 M 
06 3% 
06 6% 

06 9h 

07 0% 
07 4 
07 7% 
07 lOj^ 
08 



IP. 
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ABIA8 AND OIROUMFERENOES OF CIRCLES. 



TABhE-^ Continued), 



Diam. 



6 
7 
8 
9 

10 

11 

SSft 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

36/f 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 
11 
37/f. 

2 

3 

4 

6 

6 

7 

8 

9 

10 

11 

38/« 

1 

2 

3 

4 

5 

6 

7 

8 

9 

10 

11 

39 /t. 



Area. 



Feet. 

934.8223 

939.3421 

943.8763 

948.4195 

952.972 

957.638 

962.115 

966.7701 

971.2989 

975.9085 

980.5264 

985.1579 

989.8003 

994.4509 

999.1151 

1003.7902 

1008.4736 

1013.1705 

1017.8784 

1022.6944 

1027.324 

1032.0646 

1036.8134 

1041.5758 

1046.3491 

1051.1306 

1055.9257 

1060.7317 

1065.6459 

1070.3738 

1075.2126 

1080.0594 

1084.9201 

1089.7915 

1094.6711 

1099.6644 

1104.4687 

1109.381 

1114.3071 

1119.244 

1124.1891 

1129.1478 

1134.1176 

1139.0953 

1144.0868 

1149.0892 

1154.0997 

1159.1239 

1164.1591 

1169.2023 

1174.2592 

1179.3271 

1184.403 

1189.4927 

1194.5934 



Circum. 



Feet. Iu8. 

08 4% 
08 1H 

08 lOjs 

09 2 
09 5H 

09 sH 

09 11?« 
2ii 
5?4 

Sh 
1 

1 9% 



2 



X 



2 33/ 
2 6% 

2 10 

3 IM 
3 4H 
3 7% 

3 10^ 

4 Ih 
4 4% 
4 8 

4 11M 

5 2>4 

6 5% 
5 9>< 

5 11% 

6 2% 



6 
6 
7 
7 
7 
7 
8 
8 



9 
9 



6 

3>l 
6H 



4 

8 m 

8 10^ 

9 IM 



8 

4>^ 
- 7|^ 
9 10% 
20 2 
20 5K 
20 8% 

20 11% 

21 2% 
21 5% 
21 8|i 

21 11% 

22 3K 
22 6H 



Diam. 



1 
2 
3 

4 
5 
6 

7 
8 
9 

10 
11 

4oyi. 
1 

2 
3 
4 

5 

6 
7 
8 
9 
10 
11 
i\ft. 
1 
2 
3 
4 
6 
6 
7 
8 
9 

10 
11 

42/^ 
1 
2 
3 
4 
5 
6 
7 
8 
9 

10 
11 

43/<. 
1 
2 
3 
4 
5 
6 
7 



Area. 



Circum. 



Feet. 

1199.7195 

1204.8244 

1209.9577 

1215.099 

1220.2542 

1225.4203 

12:50.5943 

1235.7822 

1240.981 

1246.1878 

1251.4084 

1256.64 

1261.8794 

1267.1.327 

1272.397 

1277.6692 

1282.9553 

1288.2523 

1293.6572 

1298.876 

1304.2057 

1305.64.33 

1314.8949 

1320.2574 

1325.6276 

1331.0119 

1336.4071 

1341.8101 

1347.2271 

1352.6551 

1368.01)08 

1363.5406 

1369.0012 

1374.4697 

1379.9521 

1385.4466 

1390.2467 

1396.4619 

1401.988 

1407.5219 

1413.0698 

1418.6287 

1424.1952 

1429.7759 

1435.3675 

1440.9668 

1446.5802 

1452.2046 

1457.8365 

1463.4827 

1469.1397 

1474.8044 

1480.4833 

1486.1731 

1491.8705 



Feet. Ins. 



122 
123 
123 
123 
123 
124 
124 
124 
124 
125 
125 
125 
125 
126 
126 
126 
126 
127 
127 
127 
128 
128 
128 
128 
129 
129 
129 
129 
130 
130 
130 
130 
131 
131 
131 
131 
132 
132 
132 
132 
133 
133 
133 
134 
134 
134 
134 
135 
135 
135 
135 
136 
136 
136 
136 



9>^ 

3% 
6;^ 
9% 
\i^ 
4M 
7% 
10% 

7% 
11 

^H 

6% 
8% 

n% 

2% 

6% 
9 

3% 

6K 
9% 

3% 
7 

l?% 
1% 

4% 
'^% 

5 

8% 

11% 

23^ 

5% 

11% 
3 
6% 

%H 

% 

Hi 

6% 
9% 
1 
4% 

n^ 

10% 

7% 
U 



8 



Diam. 



8 

9 

10 

11 

44/' 
1 
2 
3 
4 

O 

6 
7 
8 
9 

10 
11 

45 /^ 
1 

2 

3 

4 
5 
6 
7 
8 
9 

10 
11 

46 /^ 
1 
2 
3 
4 
5 
6 
7 
8 
9 
10 
11 

47y?. 

1 

2 
3 
4 
5 
6 
7 
8 
9 

10 
11 

1 
2 



Area. 



Feet. 

1497.6821 

1503.3046 

1509.0348 

1514.7791 

1520.5344 

1526.2971 

1532.0742 

1537.8622 

1543.6578 

1549.4776 

1555.2883 

1561.1165 

1666.9591 

1572.8125 

1678.6735 

1684.5488 

1590.435 

1596.3286 

1602.2366 

1608.1555 

1614.0819 

1620.0226 

1625.9743 

1631.93.34 

1637.9068 

1643.8912 

1649.8831 

1655.8892 

1661.9064 

1667.9308 

1673.9698 

1680.0196 

1686.0769 

1692.1485 

1698.2311 

1704.321 

1710.4254 

1716.5407 

1722.6634 

1728.8006 

1734.9486 

1741.1039 

1747.2738 

1763.4545 

1759.642G 

1765.8452 

1772.0587 

1778.2795 

1784.5148 

1790.761 

1797.0145 

1803.2826 

1809.6616 

1815.8477 

1822.1485 



Circnm. 



Feet Ins. 


137 


2J^ 


137 




137 


137 11^ 


138 


2H 


138 


5% 


138 


9 


139 


H 


139 


m 


139 


6H 


139 


9^ 


140 


% 


140 


3% 


140 


7% 


141 lOH 


141 
141 




141 


7% 


141 10% 


142 


IX 


142 


5 


142 


SH 


142 llM 

143 2H 


143 


^^ 


143 


^U 


143 


n% 


144 


3 


144 


6K 


144 


9Ji 


145 


K 


145 


3% 


145 


6^ 


145 


9% 


146 




146 


4% 


146 


7K 

io?g 


146 


147 


1% 


147 


4M 


147 


7% 


147 


11 


148 


2% 


148 


^H 


148 


8% 


148 


11% 


149 


2|i^ 


149 


^Y^ 


149 


8% 


150 


% 


160 


3^ 
6% 


160 


160 


9% 


151 


% 


161 


3% 



SIDES OF EQUAL SQUARES. 
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TABLE,— (ConUnued.) 



Diam. 



3 
4 
5 

6 
7 
8 
9 
10 



Area. 



Feet. 

1828.4602 

1834.7791 

1841.1727 

1847.4571 

1853.8087 

1860.175 

1866.5521 

1872.9365 



Circum. 



Feet. Ins. 



161 
151 
152 
152 
162 
152 
163 
163 



6?^ 

I OH 
IH 

4% 
10^^ 

^¥ 

3% 



Diam. 



11 

49/r 

1 
2 
3 
4 
6 
6 



Area. 



Feet. 

1879.3365 
1885.7454 
1892.1724 
1898.5041 
1905.0367 
1911.4965 
1917.9609 
1924.4263 



Circum. 


Diam. 


Feet. Ins, 


153 8M 


7 


153 111^ 


8 


154 2K 


9 


154 5'i 


10 


154 8% 


11 


154 U% 


50 ft. 


155 2% 




165 6 





Area. 



Feet. 

1930.9188 

1937.3159 

1943.914 

1950.4392 

1956.9691 

1963.6 



Circum. 

Feet. Ina. 

155 9M 

156 H 
156 3^ 
156 6% 

156 dK 

157 % 



TA.B1L.E V. 

TABLE OF THE SIDES OF SaUARES-EaiJAL IN ABE A TO A 

CIRCLE OF ANT DIAMETER. 

PROM 1 TO 100. 



Diam. 'Side of Sq. 



1. 


.8862 


'H 


1.1078 


'¥ 


l.,S293 


X 


1.5509 


2. 


1.7724 


•M 


1.994 


X 


2.2156 


X 


2.4371 


3. 


2.6587 


•H 


2.8802 


•¥ 


3.1018 


.M 


3.3233 


4. 


3.6149 


•M 


3.7665 


>A 


3.988 


X 


4.2096 


5. 


4.4311 


¥> 


4.6527 


•t^ 


4.8742 


.^ 


5.0958 


6-.. 


5.3174 




5.5389 


5.7605 


.^ 


6.982 


7. 


6.2036 


•K 


6.4261 


.:^ 


6.6467 


.K 


6.8683 



Diam. 



8 



10 



n 



12 



13 



14 









K 






i 

Va. 
K 



Side of Sq. 



7.0898 

7.3114 

7.5329 

7.7546 

7.976 

8.1976 

8.4192 

8.6407 

8.8623 

9.0838 

9.3054 

9.5269 

9.7486 

9.97 

10.1916 

10.4132 

10.6347 

10.8563 

11.0778 

11.2994 

11.5209 

11.7426 

11.9641 

12.1856 

12.4072 

12.6287 

12.8503 

13.0718 



Diam, 



16. 



■¥> 



••itt 



3, 



16. 



17. 






■^ 



•/ M 



18. 



•/4 



■4 



19. 



•M 



4^ 



20. 



.H 



.k 



.K 



21. 



X 



Side of Sq. 



13.2934 

13.515 

13.7365 

13.9581 

14.1796 

14.4012 

14.6227 

14.8443 

15.0659 

15.2874 

15.509 

15.7306 

15.9521 

16.1736 

16.3952 

16.6168 

16.8383 

17.0599 

17.2814 

17.503 

17.7245 

17.9461 

18.1677 

18.3892 

18.6108 

18.8323 

19.05.39 

19.2754 



Diam. 



22. 



•M 
M 
X 



23. 



y^ 
'% 



24. 



% 



26. 



•7'o 






26. 



.k 

X 



27 



.Yz 
X 



28. 



i 

./4 



Side of Sq. 



19.497 

19.7185 

19.9401 

20.1617 

20.3832 

20.6048 

20.8263 

21.0479 

21.2694 

21.491 

21.7126 

21.9341 

22.1657 

22.3772 

22.6988 

22.8203 

23.0419 

23.2634 

23.485 

23.7066 

23.9281 

24.1497 

24.3712 

24.5928 

24.8144 

25.0359 

26.2576 

25i469 



Diam. 



29. 






30. 



^A 



^4 

•M 

•/4 



31. 



32. 



■H 
X 



33. 



■Y^ 

'72 

X 



X 



34. 



H 



.72 

X 



35. 



X 

x 

X 



Side of Sq. 



26.7006 

26.9221 

26.1437 

26.3663 

26.6868 

26.8084 

27.0299 

27.2616 

27.473 

27.6946 

27.9161 

28.1377 

28.3693 

28.5808 

28.8024 

29.0239 

29.2455 

29.467 

29.6886 

29.9102 

30.1317 

30.3533 

30.5748 

30.7964 

31.0179 

31 .2395 

31.4611 

31.6826 



30 



8IZ>X8 OF EQUAL SQUAREi^. 



TABLE—f Continued), 



Diam. 



Side of Sq. 



36. 






37. 






38. 



39. 






40. 



I 






41. 






X 



42. 






43. 






44. 






45. 



46. 






47. 



? 

% 



18. 






I 



31.90-12 

32.1257 

32.3473 

32.5688 

32.7904 

33.0112 

33.2335 

33.4551 

33.0766 

33.8982 

34.1197 

34.3413 

34.5628 

34.7884 

35.006 

35.2275 

35.4491 

36.6706 

35.8922 

36.1137 

36.3353 

36.5569 

36.7784 

37. 

37.2215 

37.4431 

37.6646 

37.8862 

38.1078 

38.3293 

38.5509 

38.7724 

,38.994 

39.2155 

39.4371 

39.6587 

39.8802 

40.1018 

40.3233 

40.5449 

40.7664. 

40.988 

41.2096 

41.4311 

41 .6527 

41.8742 

42.0958 

42.3173 

42.5839 

42.7604 

42.982 

43.2036 



Diam. 



49. 



M 



50. 



^4 






51. 



'% 



52. 



.I/O 
•/4 



53. 






'H 



54. 



.>o 



55. 






Side of Sq. 



56. 



•h 






31. 






58. 



59. 



X 

X 



60. 



•>4 



61. 



X 



43.-I251 

43.G1()7 

43.H6S2 

44.0S1)8 

44.3113 

44.5.r29 

44.7.545 

44.976 

45.1976 

45.4191 

45.6107 

45.8H22 

46.0838 

46.3054 

46.5269 

46.7485 

46.97 

47.1916 

47.4131 

47.6347 

47.8562 

48.0778 

48.2994 

48.5209 

48.7425 

48.964 

49.1856 

49.4071 

49.6287 

49.8503 

50.07.8 

5<).29;U 

50.5149 

f)0.73(i5 

60.958 

ol.i?9(> 

51.4012 

51.0227 

6 i. 84 43 

52.0658 

52.2.-74 

62.5089 

62.7305 

62.9521 

5:5.1736 

6:{.:'»952 

53.6 1«1 7 

53.8.I.S3 

54.0:/.)8 

61.2814 

64.503 

54.7245 



Diam 



02. 



•K 

•v-^ 

X 



63. 



64. 



H 



•K 



65. 



^4 
•/4 



66. 






67. 






68. 






•K 



69. 



^4 



70. 



.>o 

a** 

•/4 



X. 



71. 



•>€ 



72. 



X 



X 



73. 



>'4 



• ro 



74. 



X 



X 

X 

X 



Side of Sq.'|Diiim. 



54.9461 
55.1676 
55..3MJ2 

55.6107 

65.8323 

56.0538 

56.2754 

66.497 

56.7185 

56.9401 

57.1616 

57.3832 

57.6047 

57.8263 

5.S.0479 

58.2691 

58.491 

58.7125 

5S.9341 

59.15.')«> 

59.3772 

59.5988 

59.8203 

00.0419 

60.2634 

60.485 

60.7065 

60.9281 

61.14*97 

61.3712 

61.5928 

61.8M3 

62.0359 

62.2574 

62.479 

62.7006 

62.9221 

63.1437 

63.3652 

63.5868 

(13.8083 

64.0299 

64.2514 

64.4730 

64.6946 

64.9161 

65.1377 

(i5.3592 

65.5808 

65.8023 

(;6.02:-;9 

66.2455 



75. 



76. 



•y 4 
./4 



77. 



'- 4 
''4 



78. 






Side Of Sq. 



79. 



•U 
.'., 

•% 



80. 






81. 



3? 
•/4 



82. 






83. 



1 
. .> 

X 



X 
X 

X 



34. 



^5. 



X 

1 
'. 2 

I 
>) 

"4 



^6. 



X 



87. 






66.467 

66.6886 

66.9104 

67.1317 

67.3532 

67.5748 

67.7964 

68.0179 

68.2395 

68.461 

68.6826 

68.9041 

69.1257 

69.3473 

69.5688 

69.7901 

70.0119 

70.2:{35 

70.4.55 

70.6766 

70.8981 

71.1197 
71.3413 
71.5628 
71.7844 
72.0059 
72.2275 
72.4491 
72.6706 
72.8921 
73.1137 
73.3:}53 
73.5568 
73.7784 
73.9999 
74.2215 
74.4431 
74.6647 
74.8862 
75.1077 
75.3293 
75.5508 
75.7724 
75.99;U 
76.2155 
76.4371 
76.65.S6 
76.8802 
77.1017 
77.3233 
77.5449 
77.7664 



Diam. 



88. 



.Ji 



'4 



:% 



89. 



90. 






91. 



it 

/4 



92. 



% 



93. 






'H 



94. 



^4 
•/4 



95. 



V '2 



96.' 



'■'4 
1'' 



97. 



^4 



X 



98. 



.?i 



99. 



100. 



.>4 






Side of Sq. 






77.988 

78.209.5 

78.43)6 

78.«526 

78.8742 

79.0957 

79. .SI 73 

79.5:^89 

79.7604 

79.982 

80.20.35 

80.4251 

80.6467 

80.8682 

81.0898 

81.3113 

81.5329 

81.7544 

61 .1)76 

82.1975 

82.4191 

82.6407 

82.8622 

83.083S 

83.30.53 

83.5269 

83.7484 

83.970 

84.1916 

84.4131 

84.6347 

84.8562 

85.0778 

85.2U93 

85.5209 

85.7425 

85.9616 

86.185 

86.4071 

86.6289 

86.8502 

87.0718 

87.2933 

87.5419 

87.7364 

87.958 

8S.1796 

88.4011 

SS.6227 

88.8442 

89.0658 

89.2874 



TABLE OF THE LENGTHS OF CIECULAB AECS. 



The Diameter of a Circle assumed to he Unity j and divided into 1000 equal Parts, 



H'ght 

.1 

.101 

.102 

.103 

.104 

.105 

.106 

.107 

.108 

.109 

.110 

.111 

.112 

.113 

.114 

.115 

.116 

.117 

.118 

.119 

.12 

.121 

.122 

.123 

.124 

.125 

.126 

.127 

.128 

.129 

.13 

.131 

.132 

.133 

.134 

.135 

.136 

.137 

.138 

.139 

.14 

.141 

.142 

.143 

.144 

.145 

.146 

.147 



Length' 

1.02615 

1 .02698 

1.02752 

1.02806 

1 .0286 

1.02914 

1.0297 

1 .03026 

1.03082 

1.03139 

1.03196 

1.032.54 

1.03312 

1.03371 

1.0343 

1.0:J49 

1.03551 

1 .036 1 1 

1.03672 

1.03734 

1.03797 

1.0386 

1 .03923 

1 .03987 

1.04051 

1.04116 

1.04181 

1 .04247 

1.04313 

1 .0438 

1.04447 

1.04515 

1.04584 

1.04652 

1 .04722 

1.04792 

1.04862 

1.04932 

1.05003 

1 .05075 

1.05147 

1 .0522 

1 .05293 

1.05367 

1.054 U 

1.05516 

1.05591 

1.05667 



H'ght. 

.148 

.149 

.15 

.151 

.152 

.153 

.154 

.loo 

.156 

.157 

.158 

.159 

.16 

.161 

.162 

.163 

.164 

.165 

.166 

.167 

.168 

.169 

.17 

.171 

.172 

.173 

.174 

.175 

.176 

.177 

.178 

.179 

.18 

.181 

.182 

.183 

.184 

.185 

.186 

.187 

.188 

.189 

.19 

.191 

.192 

.193 

.194 

.195 



Length. 

1.05743 

1.05819 

1 .05896 

1.05973 

1.06051 

1.0i;i3 

1 .06209 

1 .06288 

1 .06368 

1.06449 

1 .0653 

1.06611 

1.06693 

1.06775 

I .(M;s58 

1.06911 

1.0702.') 

1.07109 

1.07191 

1.07279 

1.07365 

1.07451 

1 .07537 

1.07624 

1.07711 

1.07799 

1.07888 

1.07977 

l.080(;6 

1. OS 156 

1.08246 

1.08337 

1.08428 

1.08519 

1.08611 

1.08704 

1.08797 

1.0889 

1.08984 

1.09079 

1.09174 

1.09269 

1 .09.365 

1.09461 

1.09357 

1 .09654 

1 .09752 

1 .0985 




.196 

.197 

.198 

.199 

.2 

.201 

.202 

.203 

.204 

.20S 

.206 

.207 

.208 

.209 

.21 

.211 

.212 

.213 

.214 

.215 

.216 

.217 

.218 

.219 

.22 

.221 

.222 

.223 

.224 

.225 

.226 

.227 

.228 

.229 

.23 

.231 

.232 

.M^ 

.234 

.235 

.236 

.237 

.238 

.239 

.24 

.241 

.242 

.243 



Length. 

1.09949 

1.10048 

1.10147 

1.10247 

1.10348 

1.10447 

1.10548 

1.1065 

1.10752 

i . 1 0865 

1.10958 

1.11062 

1. 1116:) 

1.11269 

1.11374 

1.11479 

1.11584 

1.11692 

1.11796 

1.11904 

1.12011 

1.12118 

1.12225 

1.12334 

1.12445 

1.12556 

1.12663 

1.12774 

1.12885 

1.12997 

1.13108 

1.13219 

1.13331 

1.13144 

1.13557 

1.13671 

1.13786 

1.13903 

1.1402 

1.14136 

1.14247 

1.14363 

1.1448 

1.14597 

1.14714 

1.14831 

1.14949 

1.16067 



H'ght. 

.244 

.245 

.246 

.247 

.248 

.249 

.25 

.261 

.252 

.253 

.264 

.255 

.256 

.257 

.258 

.259 

.26 

.261 

.262 

.263 

.264 

.265 

.266 

.267 

.268 

.269 

.27 

.271 

.272 

.273 

.274 

.275 

.276 

.277 

.278 

.279 

.28 

.281 

.28i 

.283 

.284 

.286 

.286 

.287 

.288 

.880 

.29* 

.291 



Length. 


H'ght. 


Length. 


1.15186 


.292 


1.21381 


1.15308 


.293 


1.2152 


1.15429 


.294 


1.21653 


1.15649 


.295 


1.21794 


1.1567 


.296 


1.21926 


1.16791 


.297 


1.22061 


1.15912 


.298 


1.22203 


1.16033 


.299 


1 .22347 


1.16157 


.3 


1.22496 


1.16279 


.301 


1 .22635 


1.16402 


.302 


1.22776 


1.16526 


.303 


1.22918 


1.16649 


.304 


1.23061 


1.16774 


.305 


1 .23205 


1.16899 


.306 


1.23349 


1.17024 


.307 


1.23494 


1.1715 


.308 


1 .23636 


1.17275 


.309 


1.2378 ^ 


1.17401 


.31 


1 .23921 


1.17527 


.311 


1.2407 


1.17655 


.312 


1.24216 


1.17784 


.313 


1 .2436 


1.17912 


.314 


1.24506 


1.1804 


.315 


1.24654 


1.18162 


.316 


1.24801 


1.18294 


.317 


1.21946 


1.18428 


.318 


1.25095 


1.18567 


.319 


1.25243 


1.18688 


.32 


1 .25391 


1.18819 


.321 


1 .25539 


1.18969 


.322 


1 .25686 


1.19082 


.323 


1.258,36 


1.19214 


.324 


1.25987 


1.19.346 


.326 


1.26137 


1.19477 


.326 


1 .26286 


1.1961 


.327 


1.26437 


1.19743 


.328 


1 .26588 


1.19887 


.329 


•1.2674 


1.20011 


.33 


1.26892 


1.20146 


.331 


1.27044 


1 .20282 


.332 


1.27196 


1.20419 


.333 


1 .27349 


1 .20658 


.334 


1 .27502 


1 .20696 


.336 


1-27656 


1 .20828 


.336 


1.2781 


1.20967 


.337 


1 .27964 


1.21202 


.338 


1.28118 


1.21239 


.339 

1 


1.28273 
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LXNOTHS OF CIRCULAR ARCS. 



T ABLE.— ( Continued. ) 



H'Kht. 
.34 


Length. 
1.28428 


1 nyht. 

.373 


Length. , 
1 .3373 


H'ght. 
.406 


Length. 


H'ght. 
.439 


Length. 
1.45.327 


H'ght. 
.472 


1 
Lengrth. 

1.515T1 


1 .39372 


.341 


1 .28583 


.374 


1 .33896 


! .407 


1 .39548 


.44 


1.45512 


.473 


1.51764 


.342 


1 .28739 


.375 


1 .34063 1 


.408 


1 .39724 


.441 


1.45697 


.474 


1 .61 958 


.343 


1 .28895 


.376 


1 .34229 


.409 


1.399 


.442 


1.45883 


.475 


1.52152 


.344 


1.29052 


.377 


1 .34396 


.41 


1 .40077 


.443 


1.46069 


.476 


1 .62.346 


.345 


1.29209 


.378 


1 .34563 


.411 


1 .40254 


.444 


1 .46255 


.477 


1 .52541 


.346 


1 .29366 


.379 


1.34731 


.412 


1.40432 


.446 


1.46441 


.478 


1 .52736 


.347 


1 .29523 


.38 


1 .34899 1 


.413 


1.406 


.446 


1.46628 


.479 


1.52931 


.348 


1.29681 


.381 


1 .35068 


.414 


1.40788 


.447 


1.46815 


.48 


1.63126 


.349 


1.29839 


.382 


1 .35237 


.416 


1 .40966 


.448 


J .47002 


.481 


1 .53322 


.36 


1.29997 


.383 


1.35406 


.416 


1.41145 


.449 


1.47189 


.482 


1.53518 


.361 


1.30156 


.384 


1 .35575 


.417 


1.41324 


.45 


1 .47377 


.483 


1.63714 


.352 


1.30316 


.385 


1 .35744 


.418 


1.41503 


.451 


1.47565 


.484 


1.5391 


.353 


1.30474 


.386 


1.35914 


.419 


1.41682 


.462 


1.47753 


.485 


1.64106 


.354 


1 .30634 


.387 


1 .36084 


.42 


1.41861 


.463 


1.47942 


.486 


1.54302 


.355 


1.30794 


.388 


1 .36254 


.421 


1 .42041 


.454 


1.48131 


.487 


1 .64499 


.356 


1 .30954 


.389 


1.36425 


.422 


1.42222 


.455 


1 .4832 


.488 


1.54696 


.357 


1.31116 


.39 


1 .36596 


.423 


1 .42402 


.456 


1.48509 


.489 


1 .64H93 


.358 


1.31276 


.391 


1.36767 


.424 


1 .42583 


.467 


1.48699 


.49 


1 .6509 


.359 


1.31437 


.392 


1 .36939 


.425 


1.42764 


.458 


1.48889 


.491 


1 .55288 


.36 


1.31599 


.393 


1.37111 


.426 


1.42942 


.459 


1.49079 


.492 


1 .65486 


.361 


1.31761 


.394 


1 .37283 


.427 


1.43127 


.46 


1.49269 


.493 


1.66685 


.362 


1.31923 


.396 


1 .37465 


.428 


1 .43309 


.461 


1 .4946 


.494 


1 .65854 


.363 


1.32086 


.396 


1 .37628 


.429 


1.43491 


.462 


1 .49651 


.495 


1 .66083 


.364 


1.32249 


.397 


1 .37801 


.43 


1.4.3673 


.463 


1.49842 


.496 


1 .56282 


.365 


1 .3241.3 


.398 


1.37974 


.431 


1.43856 


.464 


1.500.33 


.497 


1.56481 


.366 


1.32577 


.399 


1.. 38148 


.432 


1 .44039 


.466 


1.50224 


.498 


1 .6668 


.367 


1.32741 


.4 


1 .38322 


.433 


1 .44222 


.466 


1.50416 


.499 


1.66879 


.368 


1.32905 


.401 


1 .38496 


.4.34 


1 .44405 


.467 


1.60608 


.6 


1.57079 


.369 


1.3.3069 


.402 


1.38671 


.435 


1.44589 


.468 


1.508 . 






.37 


1.. 33234 


.403 


1 .38846 


.436 


1.44773 


.469 


1 .50992 






.371 


1 .33399 


.404 


1.39021 


.437 


1.44957 


.47 


1.61185 






.372 


1.33564 


.405 


1.39196 i 


.438 


1.45142 


.471 


1.51378 







To Ascertain the Length of an Arc of a Circle by tlie preceding Table. 

Rule* — Diride the height by the base, find the quotient in the oolumn of heigrhts, and take the 
lengthof that height from the next righthand column. Multiply the length thus obtained by the 
base of the arc, and the product will give the length of the arc. 

ExAHPLB. — What is the length of an arc of a circle, the base or span of it being 100 feet, and the 
height 26 feet? 
25 -7- 100 = .25 ; and .25 per table, r= 1.15912, the length of the base, which, being multiplied by 100 = 

115.912 /«!«. 

Note.— When, in the division of a height by the base, the quotient has a remainder after the 
thirdplace of decimals, and great accuracy is required. • 

Take the length for the first three figures, subtract it from the next following length ; multiply 
the remainder by the said fraction al remainder, add the product to the first length, and the sum will 
be the length for the whole quotient. 

Example.— What is the length of an are of a oircle, the base of which in 35 feel, and the height 
or versed sine 8 feet ? 

8 -f- 35 s= .2285714; the tabular length for .228 s 1.13331, and for .229^:1.1.3444, the difference 
between which is .00113. Then .5714 x-OOI 13= .000645682. 

Hence .228 = 1.13331, 

and .0005714= .000645682 

* 1.133955682, the sum by which the baie o^ 

the arc if to be multiplied ; and 1.133955682 x 35 = 39.68845 /ee^. 



TABLE OF THE LESaTHS OF SEMI-ELLIPTIC ABCS. 

ITie Transverse Diameter of an EUipse assumed to he Unity j and divided into 1000 

equal Parts, 



E 


C'ght. 


Length. 
1.04162 


H'ght. 
.148 


Leng li. 
1.09119 


H'ght. 
.196 


Length. 
1 .14531 


H'ght 
.244 


Length. 


H'ght. 
.292 


Length. 
1.26601 


.1 


1 .2038 




.101 


1.04262 


.149 


1 .09228 


.197 


1.14646 


.246 


1 .20606 


.293 


1.26734 




.102 


1 .04362 


.15 


1.0933 


.198 


1.14762 


.246 


1 .20632 


.294 


1.26867 




.103 


1 .04462 


.151 


1.0944-! 


.199 


1.14888 


.247 


1 .20768 


.295 


1.27 




.104 


1 .04562 


.152 


1 .09558 


.2 


1.15014 


.248 


1.20884 


.296 


1.27133 




.105 


1.04662 


.153 


1 .09669 


.201 


1.15131 


.249 


1.2101 


.297 


1.27267 




.106 


1.04762 


.154 


1.0978 


.202 


1.15248 


.25 


1.21136 


.298 


1.27401 




.107 


1.04862 


.155 


1.09891 


.203 


1.15.366 


.251 


1.21263 


.299 


1.27636 




.108 


1.04962 


.156 


1.10002 


.204 


1 .15484 


.262 


1.2139 


.3 


1.27669 




.109 


1 .05063 


.157 


1.10113 


.205 


1.15602 


.253 


1.21517 


.301 


1.27803 




.11 


1.05164 


.158 


1.10224 


.206 


1.1572 


.254 


1.21644 


.302 


1 .27937 




.111 


1.05265 


.159 


1.103.35 


.207 


1.15838 


.255 


1.21772 


.303 


1.28071 




112 


1 .05366 


.16 


1.10447 


.203 


1.15957 


256 


1.219 


.304 


1 .28206 




.113 


1 .05467 


.161 


1.1056 


.209 


1.16076 


.257 


1 .22028 


.306 


1.28.339 




.114 


1.05568 


.162 


1.10672 


.21 


1.16196 


.258 


1.22156 


.306 


1 .28474 




.115 


1.05669 


.163 


1.10784 


.211 


1.16316 


.259 


1 .22284 


Ml 


1 .28609 




.116 


1 .0577 


.164 


1.10896 


.212 


1.16436 


.26 


1.22412 


.308 


1.28744 




117 


1.05872 


.165 


1.11008 


.213 


1.16557 


.261 


1.22541 


.309 


1 .28879 




.118 


1.05974 


.166 


1.1112 


.214 


1.16678 


.262 


1 .2267 


.31 


1.29014 




.119 


1.06076 


.167 


1.11232 


.215 


1.16799 


.263 


1.22799 


.311 


1.29149 




.12 


1.06178 


.168 


1.11344 


.216 


1.1692 


.264 


1 .22928 


.312 


1.29285 




.121 


1.0628 


.169 


1.114.56 


.217 


1.17041 


.265 


1 .23057 


.313 


1 .29421 




.122 


1.06382 


.17 


1.11569 


.218 


1.17163 


.266 


1.23186 


.314 


1 .29667 




.123 


1.06484 


.171 


1.11682 


.219 


1.17285 


.267 


1.23316 


.316 


1.29603 




.124 


1 .06586 


.172 


1.11795 


.22 


1.17407 


.268 


1.23446 


.316 


1.29829 




.125 


1.06689 


.173 


1.11908 


.221 


1.17529 


.269 


1 .23575 


.317 


1.29965 




.126 


1.06792 


.174 


1.12021 


.222 


1.17651 


.27 


1 .23705 


.318 


1.30102 




.127 


1 .06895 


.175 


1.12134 


.223 


1.17774 


.271 


1 .23836 


.319 


1 .30239 




.128 


1.06998 


.176 


1.12247 


.224 


1.17897 


.272 


1 .23966 


.32 


1.30.376 




.129 


1.07001 


.177 


1.12,36 


.225 


1.1802 


.273 


1.24097 


.321 


1 .30613 




.13 


1.07204 


.178 


1.12473 


.226 


1.18143 


.274 


1 .24228 


.322 


1 .3065 




.131 


1 .07308 


.179 


1.12586 


.227 


1.18266 


.275 


1 .24359 


.323 


1 .30787 




.132 


1.07412 


.18 


1.12699 


.228 


1.1839 


,276 


1 .2448 


.324 


1.. 30924 




.133 


1.07616 


.181 


1.12813 


.229 


1.18514 


.277 


1.24612 


.325 


1.31061 




.134 


1.07621 


.182 


1.12927 


.23 


1.18638 


.278 


1 .24744 


.326 


1.31198 




.135 


1.07726 


.183 


1.13041 


.231 


1.18762 


.279 


1.24876 


.327 


1.31336 




.136 


1.07831 


.184 


1.13155 


.232 


1.18886 


.28 


1.2501 


.328 


1.31472 




.137 


1.07937 


.186 


1.13269 


.233 


1.1901 


.281 


1.25142 


.329 


1.3161 




.138 


1.08043 


.186 


1.13383 


.234 


1.19134 


.282 


1.25274 


..33 


1.31748 




.139 


1.08149 


.187 


1.13497 


.235 


1.19258 


.283 


1 .25406 


.331 


1.31886 




.14 


1 .08255 


.188 


1.13611 


.236 


1.19382 


.284 


1.26538 


.332 


1.32024 




.141 


1.08362 


.189 


1.13726 


.237 


1.19606 


.285 


1.2567 


.333 


1.32162 




.142 


1 .08469 


.19 


1.13841 


.238 


1.1963 


.286 


1.25803 


.334 


1.323 




.143 


1 .08576 


.191 


1.13956 


.239 


1.19765 


.287 


1.25936 


.335 


1.32438 




.144 


1.08684 


.192 


1.14071 


.24 


1.1988 


.288 


1.26069 


.336 


1 .32576 




.146 


1 .08792 


.193 


1.14186 


.241 


1 .20005 


.289 


1 .26202 


.337 


1.32715 




146 


1.08901 


.194 


1.14301 


.242 


1.2013 


.29 


1 .26336 


.338 


1 .32854 




147 


1 .0901 


.195 


1.14416 


.243 


1.20256 


.291 


1 .26468 


.339 


1.32993 
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LENGTHS or 8EHI-BLLIPTI0 ARCS. 



TABJJE.—fCawHnued,) 



H'ght 
.34 


Length. 
l.,33I.S2 


H'ght. 
.396 


Length. 
1.41211 


H'ght 
.452 


Length. 


ir^ht. 
.508 


Length. 
1.58319 


H'ght. 
.564 


Length. 
1 .67087 


1.49618 


.341 


1.33272 


.397 


1.41357 


.453 


1.49771 


.509 


1 .58474 


.565 


1.67245 


.342 


1.33412 


.398 


1.41504 


.464 


1.49924 


.51 


1.68629 


.666 


1.67403 


.343 


1.33552 


.399 


1.41651 


.455 


1.60077 


.611 


1.68784 


.567 


1.67561 


.344 


1 .33692 


.4 


1.41798 


.456 


1 .6023 


.612 


1.5894 


.568 


1.67719 


.345 


1 .33833 


.401 


1.41945 


.457 


1 .60383 


.613 


1.59096 


.569 


1.67877 


.346 


1 .33974 


.402 


1 .42092 


.458 


1.60536 


.514 


1.59252 


.57 


1 .68036 


.347 


1.34115 


.403 


1.42239 


.459 


1 .60689 


.515 


1 .59408 


.571 


1.68195 


.348 


1 .34256 


.404 


1 .42386 


.46 


1 .50842 


.516 


1 .59564 


.572 


1 .68354 


.349 


1 .34397 


.405 


1 .42533 


.461 


1 .50996 


.517 


1 .5972 


.573 


1.68513 


.35 


1.34539 


.406 


1.42681 


.462 


1.6116 


.618 


1 .69876 


.574 


1.68672 


.351 


1.34681 


.407 


1 .42829 


.463 


1.51304 


.519 


1.60032 


.575 


1.68831 


.352 


1 .34823 


.408 


1 .42977 


.464 


1 61468 


.62 


1.60188 


.676 


1 .6899 


.353 


1.34965 


.409 


1.43125 


.465 


1.51612 


.521 


1 .60344 


.677 


1.69149 


.*354 


1.35108 


.41 


1.43273 


.466 


1.51766 


.522 


1.605 


.578 


1 .69308 


.355 


1.35251 


.411 


1.43421 


.467 


1.6192 


.523 


1.60666 


.579 


1 .69467 


.356 


1.35394 


.412 


1 .43569 


.468 


i .62074 


.624 


1.60812 


.58 


1.69626 


.357 


1.36537 


.413 


1.43718 


.469 


1.52229 


.526 


1.60968 


.581 


1.69785 


.358 


1.3568 


.414 


1.43867 


.47 


1 .52384 


.526 


1. 61124 


.582 


1.69945 


.359 


1 .35823 


.416 


1.44016 


.471 


1.52539 


.527 


1.6128 


.583 


1.70105 


.36 


1.35967 


.416 


1.44165 


.472 


1.62G91 


.628 


1.61436 


.584 


1.70264 


.361 


1.36111 


.417 


1.44314 


.473 


1 .52849 


.529 


1.61592 


.585 


1 .70424 


.362 


1 .36265 


.418 


1 .44463 


.474 


1 .53004 


.63 


1.GI748 


.586 


1.70584 


.363 


1 .36399 


.419 


1.44613 


.476. 


1.63159 


.531 


1.61904 


.687 


1.70745 


.364 


1 .36543 


.42 


1 .44763 


.476 


1.63314 


.532 


1 .6206 


.688 


1.70905 


.365 


1.36688 


.421 


1.44913 


.477 


1 .53469 


.633 


1.62216 


.589 


1.71065 


.366 


1.36833 


.422 


1 .46064 


.478 


1.63625 


.534 


1.62372 


.59 


1.71225 


.367 


1.36978 


.423 


1.45214 


.479 


1.53781 


.635 - 


1 .62528 


.591 


1.71286 


.368 


1.37123 


.424 


1 .45364 


.48 


1.63937 


.536 


1.62684 


.592 


1.71546 


.369 


1.37268 


.425 


1.46515 


.481 


1.54093 


537 


1.6284 


.593 


1.71707 


.37 


1.37414 


.426 


1 .46665 


.482 


1 .54249 


.538 


1.62996 


.594 


1.71868 


.371 


1.37662 


.427 


1.45815 


.483 


1.64405 


.539 


1.63162 


.595 


1.72029 


.372 


1.37708 


.428 


1.45966 


,484 


1.64561 


.54 


1.63309 


.696 


1.7219 


.373 


1 .37854 


.429 


1.46167 


.486 


1-.64718 


.541 


1.63465 


.597 


1 .7235 


.374 


1.38 


.43 


1.46268 


.486 


1.64875 


.642 


1 .63623 


.698 


1.72511 


.375 


1.. 38146 


.431 


1.46419 


.487 


1 .55032 


.643 


1.6378 


.699 


1.72672 


.376 


1 .38292 


.432 


1 .4657 


.488 


1.55189 


.544 


1.63937 


.6 


1.72833 


.377 


1 .38439 


.433 


1.46721 


.489 


1 .55346 


.645 


1.64094 


.601 


1 .72994 


.378 


1.38585 


.434 


1 .46872 


.49 


1 .55503 


.546 


1.64251 


.602 


1.73165 


.379 


1 .38732 


.435 


1 .47023 


.491 


1.6566 


.547 


1 .64408 


.603 


1.73:U6 


.38 


1 .38879 


.436 


1.47174 


.492 


1.65817 


.548 


1.64565 


.604 


1.73477 


.381 


1 .39024 


.437 


1 .47326 


.493 


1.55974 


.649 


1.64722 


.606 


1 .73638 


.382 


1.39169 


.438 


1 .47478 


.494 


1.56131 


.55 


1.64879 


.606 


1.73799 


.383 


1.39314 


.439 


1 .4763 


.495 


1.56289 


.651 


1.65036 


.607 


1 .7396 


.384 


1 .39459 


.44 


1.47782 


.496 


1 .56447 


.652 


1.65193 


.608 


1.74121 


.385 


1 .39605 


.441 


1.47934 


.497 


1.56605 


.663 


1 .6535 


.609 


1.74283 


.386 


1.39751 


.442 


1 .48086 


.498 


1.66763 


.654 


1 .65507 


.61 


1 .74444 


.387 


1 .39897 


.443 


1.48238 


.499 


1.56921 


.555 


1.66665 


.611 


1.74605 


.388 


1 .40043 


.444 


1.48391 


.5 


1.67089 


.566 


1.65823 


.612 


1 .74767 


.389 


1.40189 


.445 


1.48544 


.601 


1.67234 


.657 


1.66981 


.613 


1 .74929 


.39 


1.40335 


.446 


1 .48697 


.502 


1 .57389 


.658 


1.66139 


.614 


1 .75091 


.391 


1.40481 


.447 


1 .4885 


.503 


1.67644 


.559 


1.66297 


.615 


1 .75252 


.392 


1.40627 


.448 


1 .49003 


.604 


1.67699 


.56 


1 .66455 


.616 


1 .75414 


.393 


1.40773 


.449 


1.49157 


.505 


1.67854 


.561 


1.66613 


.617 


1 .75576 


.394 


1.40919 


.45 


1.49311 


.606 


1.58009 


.562 


1.66771 


.618 


1 .75738 


.395 


1.41065 


.451 


• 1 .49465 


.607 


1.58164 


.563 


1.66929 


.619 


1.769 

_ . . ^ 
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H'ght. 
.62 


Length. 


H'ght. 
.676 


Length. 
1.86215 


H'ght. 
.732 


Length. 
1 .94552 


H'ght. 
.788 


Length. 


H'ght. 
.844 


Length. 
2.13976 


1.76062 


2.04117 


.621 


1.7G224 


.677 


1 .85379 


.733 


1.94721 


.789 


2.0429 


.845 


2.14155 


.622 


1 .76386 


.678 1 


1.85544 


.734 


1.9489 


.79 


2.04462 


.846 


2.14334 


.623 


1.76548 


.679 


1.85709 


.735 


1.95069 


.791 


2.046.35 


.847 


2.14613 


.624 


1.7671 


.68 


1 .85874 


.736 


1 .95228 


.792 


2.04809 


.848 


2.14692 


.625 


1.76872 


.681 


1 .86039 


.737 


1.95397 


.793 


2.04983 


.849 


2.14871 


.626 


1.77034 


.682 


1.86205 


.738 


1 .95666 


.794 


2.06157 


.85 


2.1605 


.627 


1.77197 


.683 


1.8G37 


.739 


1 .95736 


.795 


2.05331 


.851 


2.15229 


.628 


1.77359 


.684 


1 .86535 


.74 


1 .95994 


.796 


2.05606 


.852 


2.16409 


.629 


1.77521 


.685 


1.867 


.741 


1.96074 


.797 


2.06679 


.863 


2.15689 


.63 


1.77684 


.686 


1 .86866 


.742 


1.96244 


.798 


2.05853 


.854 


2.1577 


.631 


1.77847 


.687 


1.87031 


.743 


1.96414 


.799 


2.06027 


.856 


2.1595 


.632 


1 .78009 


.688 


1.87196 


.744 


1 .96583 


.8 


2.06202 


.856 


2.1613 


.633 


1.78172 


.689 


1.87362 


.745 


1.96753 


.801 


2.06377 


.867 


2.16309 


.634 


1 .78335 


.69 


1.87627 


.746 


1 .96923. 


.802 


2.06552 


.858 


2.16489 


.636 


1 .78498 


.691 


1.87693 


.747 


1.97093 


.803 


2.06727 


.859 


2.16668 


«.636 


1 .7866 


.692 


1 .87859 


.748 


1.97262 


.804 


2.06901 


.86 


2.16848 


.637 


1 .78823 


.693 


1 .88024 


.749 


1.97432 


.805 


2.07076 


.861 


2.17028 


.638 


1.78986 


.694 


1.8819 


.75 


1 .97602 


.806 


2.07251 


.862 


2.17209 


.639 


1.79149 


.695 


1 .88356 


.751 


1.97772 


.807 


2.07427 


.863 


2.17389 


.64 


1.79312 


.696 


1 .88522 


.762* 


1.97943 


.808 


2.07602 


.864 


2.1767 


.641 


1.79475 


.697 


1 .88688 


.753 


1.98113 


.809 


2.07777 


.866 


2.17751 


.642 


1.79638 


.698 


1 .8886.4 


.754 


1 .98283 


.81 


2.07953 


.866 


2.17932 


.643 


1.7980J 


.699 


1 .8902 


.766 


1 .98453 


.811 


2.08128 


.867 


2.18113 


.644 


1.79964 


.7 


1.89186 


.766 


1 .98623 


.812 


2.08304 


.868 


2.18294 


.645 


1.80127 


.701 


1 .89352 


.757 


1 .98794 


.813 


2.0848 


.869 


2.18476 


.646 


1 .8029 


.702 


1.89519 


.758 


1 .98964 


.814 


2.08666 


.87 


2.18666 


.647 


1 .80454 


.703 


1 .89685 


.759 


1.99134 


.815 


2.08832 


.871 


2.18837 


.648 


1.80617 


.704 


1.89851 


.76 


1 .99306 


.816 


2.09008 


.872 


2.19018 


.649 


1.8078 


.705 


1.90017 


.761 


1.99476 


.817 


2.09198 


.873 


2.192 


.65 


1.80943 


.706 


1.90184 


.762 


1.99647 


.818 


2.0936 


.874 


2.19382 


.651 


1.81107 


.707 


1 .9035 


.763 


1.99818 


.819 


2.09536 


.876 


2.19664 


.652 


1.81271 


.708 


1.90517 


.764 


1.99989 


.82 


2.09712 


.876 


2.19746 


.653 


1.81435 


.709 


1.90684 


.765 


2.0016 


.821 


2.09888 


.877 


2.19928 


.654 


1.81599 


.71 


1.90852 


.766 


2.00331 


.822 


2.10065 


.878 


2.2011 


.655 


1.81763 


.711 


1.91019 


.767 


2.00502 


.823 


2.10242 


.879 


2.20292 


.656 


1.81928 


.712 


l.iill87 


.768 


2.00673 


.824 


2.10419 


.88 


2.20474 


.657 


1.82091 


.713 


1.91355 


.769 


2.00844 


.825 


2.10596 


.881 


2.20656 


.658 


1 .82255 


.714 


1.91523 


.77 


2.01016 


.826 


2.10773 


.882 


2.20839 


.669 


1.82419 


.715 


1.91691 


.771 


2.01187 


.827 


2.1095 


.883 


2.21022 


.66 


1 .82583 


.716 


1.91859 


.772 


2.01359 


.828 


2.11127 


.884 


2.21205 


.661 


1 .82747 


.717 


1 .92027 


.773 


2.01531 


.829 


2.11304 


.886 


2.21388 


.662 


1 .8291 1 • 


.718 


1.92195 


.774 


2.01702 


.83 


2.11481 


.886 


2.21671 


.663 


1 .83075 


.719 


1.92363 


.775 


2.01874 


.831 


2.11669 


.887 


2.21754 


.664 


1 .8324 


.72 


1.92531 


.776. 


2.02045 


.832 


2.11837 


.888 


2.21937 


.665 


1.83404 


.721 


1 .927 


.777 


2.02217 


.833 


2.12015 


.889 


2.2212 


.666 


1 .83568 


.722 


1.92868 


.778 


2.02389 


.834 


2.12193 


.89 


2.22.303 


.667 


1 .83733 


.723 


1.93036 


.779 


2.02561 


.835 


2.12371 


.891 


2.22486 


.668 


1 .83897 


.724 


1.93204 


.78 


2.02733 


.836 


2.12549 


.892 


2.2267 


.669 


1.840G1 


.725 


1 .93373 


.781 


2.02907 


.837 


2.12727 


.893 


2.22854 


.67 


1.84226 


.726 


1 .93541 


.782 


2.0308 


.838 


2.12905 


.894 


2.23038 


.671 


1.84391 


.727 


1.9371 


.783 


2.03262 


.839 


2.13083 


.895 


2.23222 


.672 


1 .84556 


.728 


1 .93878 


.784 


2.03425 


.84 


2.1.3261 


.896 


2.23406 


.673 


1 .8472 


.729 


1.94046 


.785 


2.03598 


.841 


2.13439 


.897 


2.2359 


.674 


1 .84885 


.73 


1.94215 


.786 


2.03771 


.842 


2.13618 


.898 


2.23774 


.675 


1 .8505 


.731 


1 .94383 


.787 


2.03944 


.843 


2.13797 


.899 


2.23958 
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LKNQTHS OF SEMI-ELLIPTIO ARCS. 



TABLE.— ( Continued. ) 



H'ght. 
.9 


Length. 
2.24142 


H'ght. 
.921 


Length. 
2.27987 


H'ght. 
.942 


Length. 


H'ght. 
.963 


Length. 


H'ght 

. 
.984 


Length. 
2.39823 


2.31852 


2.3581 


.901 


2.24325 


.922 


2.2817 


.943 


2.32038 


.964 


2.36 


.985 


2.40016 


.902 


2.24508 


.923 


2.28354 


.944 


2.32224 


.965 


2.36191 


.986 


2.40208 


.903 


2.24691 


.924 


2.28537 


.945 


2.32411 


.966 


2.36381 


.987 


2.404 


.904 


2.24874 


.925 


2.2872 


.946 


2.32698 


.967 


2.36571 


.988 


2.40592 


.905 


2.26057 


.926 


2.28903 


.947 


2.32785 


.968 


2.36762 


.989 


2.40784 


.906 


2.2624 


.927 


2.29086 


.948 


2.32972 


.969 


2..36952 


.99 


2.40976 


.907 


2.26423 


.928 


2.2927 


.949 


2.3316 


.97 


2.37143 


.991 


2.41169 


.908 


2.25606 


.929 


2.29453 


.95 


2.33.348 


.971 


2.37334 


.992 


2.41362 


.909 


2.25789 


.93 


2.29636 


.951 


2.3.3537 


.972 


2.37525 


.993 


2.41556 


.91 


2.25972 


.931 


2.2982 


.952 


2.33726 


.973 


2.37716 


.994 


2.41749 


.911 


2.26155 


.932 


2.30004 


.953 


2.33915 


.974 


2.37908 


.995 


2.41943 


.912 


2.26338 


.933 


2.30188 


.954 


2.34104 


.975 


2.381 


.996 


2.42136 


.913 


2.26521 


.934 


2.30373 


.965 


2.34293 


.976 


2.38291 


.997 


2.42.329 


.914 


2.26704 


.935 


2.30567 


.95^6 


2.34483 


.977 


2. .38482 


.998 


2.42522 


.915 


2.26888 


.936 


2.30741 


.957 


2.34673 


.978 


2.38673 


.999 


2.42715 


.916 


2.27071 


.937 


2.30926 


.958 


2.34862 


.979 


2..38864 


1. 


2.42908 


.917 


2.27254 


.938 


2.31111 


.969 


2.36051 


.98 


2.39055 






.918 


2.27437 


.939 


2.31296 . 


.96 


2.35241 


.981 


2.39247 






.919 


2.2762 


.94 


2.31479 


.961 


2.35431 


.982 


2. .39 439 






.92 


2.27803 


.941 


2.31666 


.962 


2.35621 


.983 


2..39631 


» 





To Aieertain the Length of a Semi-Elliplie Are (right Semi-Ellipse) 

by the preceding Table. 

RuLV. — Diyide the height by the base, find the ^aotient in the column of heights, anl take the 
length of that height from the next righthand column, i^uliiply the length thus obtained by the 
base of the arc, and the product will be the length of the arc. 

£zA3fPLB.— What is the length cf the arc of a semi-ellipse, the base being 70 feet, and the 
height 30.10 feet. 

30. 10-^70 =.43; and .43 per table, =1.46268. 
Then 1.46268 X 70=102.3876 feet 

When the Cu/rve is not that of a Bight Semi-EUipse, the Height being half 

of the Transverse Diameter, 

Rvos. — Diyide half the base by twice the height, then proceed as in the preceding example ; 
mnltiply the tabular length by twice the height, and the product will be the length required 

EzAiiPLB. — What is the length of the arc of a semi-ellipse, the height being 35 feet, and the 
base 60 feet? 

60-3-2=30, and 30- S-35 x :^=.428, the tabular length of which is 1.45966. ' 

Then 1.45966 x 35 x 2=i02.1762/e«<. 
Note.— If in the diTision of a height by the base there is a remainder, proceed in the manner 
given for the Lengths of Circular Arcs, page 32. 



TABLE OF THE AEEAS OF THE SEGMENTS OF A CIRCLE. 

The Diameter of a Circle assumed to he Unity j and divided into 1000 equal Parts, 



Versed 
Sine. 

.001 
.002 
.003 
.004 
.005 
.006 
' .007 
.008 
.009 
.01 
.011 
.012 
.013 
.014 
.015 
.016 
.017 
.018 
.019 
.02 
.021 
.022 
.023 
.024 
.025 
.026 
.027 
.028 
.029 
.03 
.031 
.032 
.033 
.034 
.035 
.036 
.037 
.038 
.039 
.04 
,041 
.042 
.043 
.044 
.045 
.046 
.047 



Seg Area. 



.00004 

.00012 

.00022 

.00034 

.00047 

.00062 

.00078 

.00095 

.00113 

.00133 

.00153 

.00175 

.00197 

.0022 

.00244 

.00268 

.00294 

.0032 

.00347 

.00375 

.00403 

.00432 

.00462 

.00492 

.00523 

.00555 

.00587 

.00619 

.00653 

.00686 

.00721 

.00756 

.00791 

.00827 

.00864 

.00901 

.00938 

.00976 

.01015 

.01054 

.01093 

.01133 

.01173 

.01214 

.01255 

.01297 

.01339 



Versed 

Sine. 



.048 

.049 

.05 

.051 

.052 

.053 

.051 

.055 

.056 

.057 

.058 

.059 

.06 

.061 

.062 

.063 

.064 

.065 

.066 

.067 

.068 

.069 

.07 

.071 

.072 

.073 

.074 

.075 

.076 

.077 

.078 

.079 

.08 

.081 

.082 

.083 

.084 

.085 

.086 

.087 

.088 

.089 

.09 

.091 

.092 

.093 

.094 



Seg. Area. 



.01.382 

.01425 

.01468 

.01512 

.01656 

.01601 

.01646 

.01691 

.01737 

.01783 

.0183 

.01877 

.01924 

.01972 

.0202 

.02068 

.02117 

.02165 

.02215 

.02265 

.02315 

.02336 

.02417 

.02468 

.02519 

.02671 

.02624 

.02676 

.02729 

.02782 

.02835 

.02889 

.02943 

.02997 

.03052 

.03107 

.03162 

.03218 

.03274 

.0333 

.03387 

.0.S444 

.03501 

.03558 

.03616 

.03674 

.03732 



Versed 
Sine. 



095 

096 

097 

098 

099 

1 

101 

102 

103 

104 

105 

106 

107 

108 

109 

fl 

111 

112 

113 

114 

116 

116 

117 

118 

119 

12 

121 

122 

123 

124 

125 

126 

127 

128 

129 

13 

131 

132 

1.33 

1.34 

135 

136 

137 

138 

139 

14 

141 



6eg. Area. 



.0379 
.03849 
.03908 
.03968 
.04027 
.04087 
.04148 
.04208 
.04269 
.0431 
.04391 
.04452 
.04514 
.04575 
.04638 
.047 
.04763 
.04826 
.04889 
.04953 
.05016 
.0508 
.05145 
.05209 
.05274 
.05338 
.05404 
.05469 
.06534 
.066 
.05666 
.05733 
.05799 
.05866 
.05933 
.06 

.06067 
.06135 
.06203 
.06271 
.06339 
.06407 
.06476 
.06545 
.06614 
.06683 
06753 



Versed 




Sine. 


Seg Area. 


.142 


.06822 


.143 


.06892 


.144 


.06962 


.145 


.07033 


.146 


.07103 


.147 


.07174 


.148 


.07245 


.149 


.07316 


.15 


.07387 


.151 


.07469 


.152 


.07531 


.153 


.07603 


.154 


.07675 


.155 


.07747 


.156 


.0782 


.157 


.07892 


.168 


.07965 


.159 


.08038 


.16 


.08111 


.161 


.08185 


.162 


.08268 


.163 


.08332 


.164 


.08406 


.165 


.0848 


.166 


.08564 


.167 


.08629 


.168 


.08704 


.169 


.08779 


.17 


.08863 


.171 


.08929 


.172 


.09004 


.173 


.0908 


.174 


.09155 


.175 


.09231 


.176 


.09307 


.177 


.09384 


.178 


.0946 


.179 


.09537 


.18 


.09613 


.181 


.0969 


.182 


.09767 


.183 


.09845 


.184 


.09922 


.186 


.1 


.186 


.10077 


.187 


.10155 


.188 


.10233 



Versed 
Sine. 

.189 

.19 

.191 

.192 

.193 

.194 

.195 

.1^6 

.197 

.198 

.199 

.2 

.201 

.202 

.203 

.204 

.205 

.206 

.207 

.208 

.209 

.21 

.211 

.212 

.213 

.214 

.216 

.216 

.217 

.218 

.219 

.22 

.221 

.222 

.223 

.224 

.225 

.226 

.227 

.228 

.229 

.23 

.231 

.232 

.233 

,234 

.235 



Seg Area. 



10312 

1039 

10468 

10547 

10626 

10705 

10784 

10864 

10943 

11023 

11102 

11182 

11262 

11343 

11423 

11503 

11584 

11665 

11746 

11827 

11908 

1199 

12071 

12153 

12235 

12317 

12399 

12481 

12563 

12646 

12728 

12811 

12894 

12977 

1306 

13144 

13227 

13311 

13394 

13478 

13562 

13646 

13731 

13816 

139 

13984 

14069 
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▲BlAB or THB BEQHENT8 OF ▲ CI&OLE. 



TABLE.'-fCkmtmued.) 



[ 



Veriea 
Siue. 

.236 

.237 

.238 

.239 

.24 

.241 

.242 

.243 

.244 

.245 

.246 

.247 

.248 

.249 

.26 

.251 

.252 

.253 

.254 

.255 

.256 

.257 

.258 

.259 

.26 

.261 

.262 

.263 

.264 

.265 

.266 

.267 

.268 

.269 

.27 

.271 

.272 

.273 

.274 

.275 

.276 

^77 

.278 

.279 

.28 

.281 

.282 

^83 

.284 

.285 

.286 

.287 

.288 



Beg. AroH. 



.14154 

.14239 

.14324 

.14409 

.14494 

.1458 

.14665 

.14751 

.14837 

.14923 

.15009 

.15095 

.15182 

.15268 

.15355 

.15441 

.15528 

.15615 

.15702 

.15789 

.16876 

.15964 

.16061 

.16139 

.16226 

.16314 

.16402 

.1649 

.10678 

.16666 

.16765 

.16844 

.16931 

.1702 

.17109 

.17197 

.17287 

.17376 

.17466 

.17554 

.17643 

.17733 

.17822 

.17912 

.18002 

.18092 

.18182 

.18272 

.18361 

.18452 

.18542 

.18633 

.18723 



Y«rMd 
Sine. 



.289 

.29 

.291 

.292 

.293 

.294 

.295 

.296 

.297 

.298 

.299 

.3 

.301 

.302 

.303 

.304 

.305 

.306 

.307 

.308 

.309 

.31 

.311 

.312 

.313 

.314 

.315 

.316 

..SI 7 

.318 

.319 

.32 

.321 

.322 

.323 

.324 

.325 

.326 

.327 

.328 

.329 

.33 

.331 

.332 

.333 

.334 

.335 

.336 

.337 

.338 

.339 

.34 

.341 



Se^. Area 



.18814 

.18906 

.18995 

.19086 

.19177 

.19268 

.1936 

.19451 

.19642 

.19634 

.19725 

.19817 

.19908 

.2 

.20092 

.20184 

.20276 

.20368 

.2046 

.20663 

.20646 

.20738 

.2083 

.20923 

.21015 

.21108 

.21201 

.21294 

.21387 

.2148 

.21673 

.21667 

.2176 

.21863 

.21947 

.2204 

.22134 

.22228 

.22321 

.22415 

.22609 

.22603 

.22697 

.22791 

.22886 

.2298 

.23074 

.23169 

.23263 

.23368 

.23453 

.23547 

.23642 



Yened 
8ine. 



.342 
.343 
.344 
.345 
.346 
.347 
.348 
.349 
35 
.361 
.352 
.363 
.354 
.366 
.366 
.367 
.368 
.359 
.36 
.361 
.362 
.363 
.364 
.365 
.366 
.367 
.368 
.369 
.37 
.371 
.372 
.373 
.374 
.376 
.376 
.377 
.378 
.379 
.38 
.381 
.382 
.383 
.384 
.386 
.386 
.387 
.388 
.389 
.39 
.391 
.392 
.393 
.394 





Versed 




6eg. Area. 


Sine. 
.396 


Seg. Area. 


.23737 


.28848 


.23832 


.396 


.28946 


.23927 


.397 


.29043 


.24022 


.398 


.29141 


.24117 


.399 


.29239 


.24212 


.4 


.29337 


.24307 


.401 


.29435 


.24403 


.402 


.29633 


.24498 


.403 


.29631 


.24593 


.404 


.29729 


.24689 


.405 


.29827 


.24784 


.406 


.29926 


.2488 


.407 


..30024 


.24976 


.408 


.30122 


.26071 


.409 


.3022 


.26167 


.41 


.30319 


.25263 


.411 


.30417 


.25359 


.412 


.30615 


.25456 


.413 


.30614 


.25561 


.414 


.30712 


.26647 


.416 


.,30811 


.25743 


.416 


.30909 


.26839 


.417 


.31008 


.26986 


.418 


.31107 


.26032 


.419 


.31206 


.26128 


.42 


.31304 


.26226 


.421 


.31403 


.26321 


.422 


.31602 


.26418 


.423 


.316 


.26614 


.424 


.31699 


.26611 


.425 


.31798 


.26708 


.426 


.31897 


.26804 


.427 


.31996 


.20901 


.428 


.32096 


.26998 


.429 


.32194 


.27096 


.43 


.32293 


.27192 


.431 


.32391 


.27289 


.432 


.3249 


.27386 


.433 


.3269 


.27483 


.434 


.32689 


.27580 


.435 


.32788 


.27677 


.436 


.32887 


.27775 


.437 


.32987 


.27872 


.438 


.33086 


.27969 


.439 


.33185 


.28067 


.44 


.33284 


.28164 


.441 


.33384 


.28262 


.442 


.33483 


.28369 


.443 


.33682 


.28467 


.444 


.33682 


.28664 


.445 


.33781 


.28652 


.446 


.3388 


.2875 


.447 


.3398 



Versed 

Sine. 



.448 

.449 

.45 

.451 

.452 

.463 

.454 

.455 

.466 

.457 

.468 

.469 

.46 

.461 

.462 

.463 

.464 

.465 

.466 

.467 

.468 

.469 

.47 

.471 

.472 

.473 

.474 

.475 

.476 

.477 

.478 

.479 

.48 

.481 

.482 

.483 

.484 

.486 

.486 

.487 

.488 

.489 

.49 

.491 

.492 

.493 

.494 

.495 

.496 

.497 

.498 

.499 

.5 



Seg. Area. 

.34079 

.34179 

.34278 

.34378 

.34477 

.34557 

.34676 

J54776 

.34875 

.34975 

.35075 

.35174 

.35274 

.35374 

.35474 

.35573 

.36673 I 

.36773 

.35872 

.35972 

.36072 

.36172 

.36272 

.36371 

.36471 

.36571 

.36671 

.36771 

.36871 

.36971 

.37071 

.3717 

.3727 

.3737 

.3747 

.3757 

.3767 

.3777 

.3787 

.3797 

.3807 

.3817 

.3827 

.3837 

.3847 

.3857 

.3867 

.3877 

.3887 

.3897 

.3907 

.3917 

.3927 
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To Ascertain the Area of a Segment of a Circle by the preceding Table. 

Rule.— Dirida the height or yersed sine by the diameter of the oirole ; find the quotient in the 
oolninn of versed sines. Take the area noted in the next column, multiply it by the square of the 
diameter, find it will give the area. 

EzAirPLB.— tleqnired the area of a segraenti its height being 10, and the diatneter of fbe circle 
59 feet. 

J0-s-50=,2, and .2, pertable,=.lll82; then .11182 X 50t^279M feet. 

Note. — If, in the division of a height by the base, the quotient has remainder after the third 
place of denmals, and great aecnricy is required. 

Take the area for the first three figures, subtract it from the next following area, multiply the 
remainder by the said fraction, and add the product to the first area ; the sum will be the area for 
the whole quotient. 

2. What is the area of a segment of a circle, the diameter of which is 10 feet, and the height of 
it 1.575 feet ? 

1.675-:.10sr.l575 ; the tabular area for .l&7s=.07892, and for .158».07965, the difference between 
which is .00U73. 

Then .6 X .00073=.000365. 

Hence J57:=.07892 

.0005=^.000366 



.079275, the sum by which the square of the dia- 
meter of the circle i3 to be multiplied ; and .079285 X 10 'i =^7. 9Z86 feet. 



TABLE OF THE AEEAS OF THE ZOVES OF A CIBCLE. 

The Diameter of a Circle assumed to he Unity , and divided into 1000 eqiMl Parts. 



H'ght. 


Area. 


H'ght. 
.029 


Area. 


H'ght 
.057 


Area 


H'ght. 
.085 


Area. 

1 


H'ght. 
.113 


Area. 


.001 


.001 


.02898 


.05688 


.08459 


.11203 


.002 


.002 


.03 


.02998 


.058 


.05787 


.086 


.08557 


.114 


.113 


.003 


.003 


.031 


.03093 


.059 


.05886 


.087 


.08666 


.115 


.11398 


.004 


.004 


.032 


.03198 


.06 


.05986 


.088 


.08754 


.116 


.11496 


.005 


.005 


.033 


.03298 


.061 


.06085 


.089 


.08853 


.117 


.11692 


.006 


.006 


.0.34 


.03397 


.062 


.06184 


.09 


.08951 


.118 


.1169 


.007 


.007 


.035 


.03497 


.063 


.06283 


.091 


.0905 


.119 


.11787 


.008 


.008 


.036 


.03597 


.064 


.06382 


.092 


.09148 


.12 


.11884 


.009 


.009 


.037 


.03697 


.065 


.06482 


.093 


.09246 


.121 


.11981 


.01 


.01 


.038 


.03796 


.066 


.0658 


.094 


.09344 


.122 


.12078 


.011 


.011 


.039 


.03896 


.067 


.0668 


.095 


.09443 


.123 


.12176 


.012 


.012 


.04 


.03996 


.068 


.0678 


.096 


.0964 


.124 


.12272 


.013 


.013 


.041 


.04095 


.069 


.06878 


.097 


.09639 


.126 


.12369 


.014 


.014 


.042 


.04195 


.07 


.06977 


.098 


.09737 


.126 


.12469 


.016 


.015 


.043 


.04295 


.071 


.07076 


.099 


.09836 


.127 


.12662 


.016 


.016 


.044 


.04394 


.072 


.07176 


.1 


.09933 


.128 


.12669 


.017 


.017 


.045 


.04494 


.073 


.07274 


.101 


.10031 


.129 


.12756 


.018 


.018 


.046 


.04693 


.074 


.07373 


.102 


.10129 


.13 


.12862 


.019 


.019 


.047 


.04693 


.076 


.07472 


.103 


.10227 


.131 


.12949 


.02 


.02 


.048 


.04793 


.076 


.0755 


.104 


.10325 


.132 


.13045 


.021 


.021 


.049 


.04892 


.077 


.07669 


.105 


.10422 


.133 


.13141 


.022 


.022 


.05 


.04992 


.078 


.07768 


.106 


.1052 


.134 


.13238 


.023 


.023 


.051 


.05091 


.079 


.07867 


.107 


.10618 


.135 


.13334 


.024 


.024 


.052 


.0519 


.08 


.07966 


.108 


.10716 


.136 


.1343 


.025 


.025 


.053 


.0529 


.081 


.08064 


.109 


.10813 


.137 


.13527 


.026 


.02599 


.054 


.05389 


.082 


.08163 


.11 


.10911 


.138 


.13623 


.027 


.02699 


.055 


.05489 


.083 


.08262 


.111 


.11008 


.139 


.13719 


.028 

1 


.02799 


.056 


.05588 


.084 


.0836 


.1.12 


.11106 


.14 


.13815 
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ARKA8 OP THK ZONES OF A OIROLF. 



TABLE.— ( Continued.) 



irgfat 
.141 

.142 

.143 

.144 

.145 

.146 

.147 

.148 

.149 

.15 

.151 

.162 

.153 

.154 

.155 

.166 

.157 

.158 

.159 

.16 

.161 

.162 

.163 

.164 

.165 

.166 

.167 

.168 

.169 

.17 

.171 

.172 

.173 

.174 

.175 

.176 

.177 

.178 

.179 

.18 

.181 

.182 

.183 

.184 

.186 

.186 

.187 

.188 

.189 

.19 

.191 

.192 

,193 

.194 

.195 

.196 



Area. 

.1.3911 

.14007 

.14103 

.14198. 

.14294 

.1439 

.14485 

.14581 

.14077 

.14772 

.l4.St;7 

.14%2 

.15058 

.15153 

.15248 

.15343 

.15438 

.15533 

.15628 

.15723 

.15817 

.15912 

.16006 

.16101 

.10195 

.1629 

.16384 

.16478 

.16572 

.16667 

.16761 

.16865 

.16948 

.17042 

.17136 

.1723 

.17.323 

.17417 

.1751 

.17603 

.17697 

.1779 

.17883 

.17976 

.18069 

.18162 

.18254 

.18347 

.1844 

.18632 

.18625 

.18717 

.18809 

.18902 

.18994 

.19086 



H'ght. 

.197 

.198 

.199 

.2 

.201 

.202 

.203 

.204 

.205 

.206 

.207 

.208 

.209 

.21 

.211 

.212 

.213 

.214 

.215 

.216 

.217 

.218 

.219 

.22 

.221 

.222 

.223 

.224 

.225 

.226 

.221 

.228 

.229 

.23 

.231 

.232 

.233 

.234 

.235 

.236 

.237 

.238 

.239 

.24 

.241 

.242 

.243 

.244 

.245 

.246 

.247 

.248 

.249 

.25 

.251 

.252 



Area. 



.19178 

.1927 

.19.361 

.19453 

.19545 

.19636 

.19728 

.19819 

.1991 

.20001 

.200i*2 

.20183 

.20274 

.20365 

.20156 

.20646 

.20637 

.20727 

.20818 

.20908 

.20998 

.21088 

.21178 

.21268 

.21358 

.21447 

.21637 

.21626 

.21716 

.21805 

.21894 

.21983 

.22072 

.22161 

.2225 

.22335 

.22427 

.22515 

.22604 

.22692 

.2278 

.22868 

.22966 

.23044 

.23131 

.2.3219 

.23306 

.23394 

.23481 

.23568 

.23665 

.23742 

.23829 

.23915 

.24002 

.24089 



I'ght. 


Area. 


.263 


.24175 


.254 


.24261 


.265 


.24317 


.256 


.24433 


.257 


.24519 


.258 


.24604 


.259 


.2469 


.26 


.24775 


.261 


.24861 


.262 


.24946 


.263 


.25021 


.264 


.25116 


.265 


.26201 


.266 


.25285 


.267 


.2637 


.268 


.26465 


.269 


.25539 


.27 


.25623 


.271 


.26707 


.272 


.26791 


.273 


.25875 


.274 


.25959 


.275 


.26043 


.276 


.26126 


.277 


.26209 


.278 


.26293 


.279 


.26376 


.28 


.26459 


.281 


.26541 


.282 


.26624 


.283 


.26706 


.284 


.26789 


.285 


.26871 


.286 


.26963 


.287 


.27035 


.288 


.27117 


.289 


.27199 


.29 


.2728 


.291 


.27362 


.•:92 


.27443 


.293 


.27524 


.294 


.27605 


.295 


.27686 


.296 


.27766 


.297 


.27847 


.298 


.27927 


.299 


.28007 


.3 


.28088 


.301 


.28167 


.302 


.28217 


.303 


.2.^^27 


.304 


.28406 


.305 


.28486 


.300 


.28565 


.307 


.28644 


.308 


.28723 



Il'ght 



.309 

.31 

.311 

.312 

.313 

.314 

.315 

.316 

.317 

.318 

.319 

.32 

.321 

.322 

.323 

.324 

.325 

.326 

.327 

.328 

.329 

.33 

.331 

.332 

.333 

.334 

.335 

.336 

.337 

.338 

.339 

.34 

.341 

.342 

.343 

.344 

.345 

.346 

.347 

.348 

.349 

o 
.351 
.362 
.353 
.354 
.365 
.366 
.367 
.358 
.359 
.36 
.361 
.362 
.363 
.364 



Area. 

.28801 

.2888 

.28958 

.29036 

.29115 

.29192 

.2927 

.29348 

.29425 

.29502 

.2958 

.29656 

.29733 

.2981 

.29886 

.29962 

.30039 

.30114 

.3019 

.30266 

.30341 

.30416 

.30491 

.30566 

.30641 

..30715 

.3079 

.30864 

.30938 

.31012 

.31085 

.31159 

.31232 

.31305 

.31378 

.3145 

.31523 

.31595 

.31667 

.317,39 

.31811 

.31882 

.31954 

.32025 

.32096 

.32167 

.32237 

.32307 

.32377 

.32447 

.32517 

.32587 

.32656 

.32725 

.,32794 

.32862 



irght. 

.365 

.366 

..367 

.368 

.369 

.37 

.371 

.372 

.373 

.374 

.375 

.376 

.377 

.378 

.379 

.38 

.381 

.382 

.383 

.384 

.385 

.386 

.387 

.388 

.389 

.39 

.391 

.392 

.393 

.394 

.396 

.396 

.397 

.398 

.399 

.4 

.401 

.402 

.403 

.404 

.405 

.406 

.407 

.408 

.409 

.41 

.411 

.412 

.413 

.414 

.415 

.416 

.417 

.418 

.419 

.42 



Area,. 



•329.31 

.32999 

.33067 

.33135 

.33203 

.3,327 

.33337 

.33404 

.33471 

.3,3537 

.33604 

.3367 

.33735 

.33801 

.33866 

.33931 

.33996 

.34061 

.34125 

.3419 

.34253 

.34317 

.3438 

.34444 

.34507 

.34569 

.34632 

.34694 

.34756 

.34818 

.34879 

.3494 

..35001 

.35062 

.35122 

.35182 

.35242 

.35302 

.35361 

.3542 

.35479 

.35538 

.35596 

.35664 

.35711 

.35769 

.36826 

.35883 

.35939 

.35995 

.36051 

.36107 

.36162 

..36217 

.36272 

.36.326 



II 



rg.1 
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TABJjE,-^( Continued,) 



ifi'gbt. 


Area. 


H'ght. 
.437 


Area. 


.421 


.3638 


.37202 


.422 


.36434 


.438 


.3725 


.423 


.36488 


.439 


.37298 


.424 


.36541 


.44 


.37346 


.426 


.36594 


.441 


.37393 


.426 


.36646 


.442 


.3744 


.427 


.36698 


.443 


.37487 


.428 


.3675 


.444 


.37533 


.429 


.36802 


.445 


.37579 


.43 


.36863 


.446 


.37624 


.431 


.36904 


.447 


.37669 


.432 


.36954 


.448 


.37714 


.433 


.37005 


.449 


.37758 


.434 


.37054 


.45 


.37802 


.435 


.37104 


.451 


.37845 


.436 


.37163 


.462 


.37888 



H'ght. 



.453 
.454 
.4 00 

.456 

.457 

.458 

.469 

.46 

.461 

.462 

.463 

.464 

.465 

.466 

.467 

.468 



Area. 



.37931 
.37973 
.38014 
.38056 
.38096 
.38137 
.38177 
.38216 
.38255 
.38294 
.38332 
.38369 
.38406 
.38443 
.38479 
.38514 



II 'ght. 



.469 

.47 

.471 

.472 

.473 

.474 

.475 

.476 

.477 

.478 

.479 

.48 

.481 

.482 

.483 

.484 



Area. 



.38549 

.38583 

.38617 

.3865 

.38683 

.38716 

.38747 

.:)8778 

.38808 

.38867 

.38895 

.38923 

.3895 

.38976 

.39001 



H'ght. 

.485 

.486 

.487 

.488 

.489 

.49 

.491 

.492 

.493 

.494 

.495 

.496 

.497 

.498 

.499 

.5 



Area. 



.39026 

.3905 

.39073 

.39095 

.39117 

.39137 

.39156 

.39175 

.35192 

.39208 

.39223 

.39236 

.39248 

.39258 

.39266 

.3927 



This Table is computed only for Zones, the longest chord of which is diameter. 

To Ascertain the Area of a Zone by the preceding Table. 

RuiiV 1. — When the Zone is Less than a Semicircle, Divide the height by the diameter, and find 
kit qaotieDt in the column of height. Take out the area op|)osite to it in the next column on the right 
pn^ and multiply it by the quare of the longest chord ; the product will be the area of the zone. 

BSAXPUB. — Required the area of a zone the diameter of which is 50, and its height 15. 

15 -5- 50 = .3 J and .3, as per table, = .28088. 
Henoe .28088 X 50^ = 702.2 area. 

BifLS 2,-~-When the Zone is G~reater than a Se^ncircle : Take the height on each side of the dia- 
ir of the circle, and ascertain, by Rule I, their respective areas ; add the areas of these two por- 
together, and the sum will be the area of tho zone. 

BXAMPLK. — Required the area of a zone, thi diaqieter of the circle being 50, an4 Ihe heig;hts of 
lOno on each side of the diameter of the circle 20 and 15 re-^pectively. 

20 -f- 60 = .4; .4, as per table, = .35 1 82; and .35182 x 602 = 879.55. 

16-j-50 = .3; .3, as per Uble =-28088 j and .28088 x 50 2 = 702.2, 
Henoe 879.55 + 702.2 = 1581.75 area. 

Bulk 3. — When the longest cliord of tlie zone is less than diameter, Take the height or distancet 

ft tho diam. to each of the chords respectively ; find the area corresponding to each height and 
net the lesser from the greater area; the result will be the area required. 
NoTC— When, in the division of a height by the chord, the quotient has a remainder after tho 
d place of decimals, and great accuracy is required. 
Take the area for the first three figure:!, subtract it from the next following area, multiply the 
feuioder by the said fraction, and add the product to the first area ; the sum will be the area for 
ftt whole quotient. 

I SzAiCPLS. — What is the area of a zone of a circle, the greater chord being 100 feet, and the 
Inadtb of it 14 feet 3 inches ? 

ffeet3inche8=14.25and 14.25 -f- 100 = .1 425 ; the tabular area for .142 = .14007, apd foif .1,4a., 
•14103, the difference between which is .00096. 
Then .5 X .00096 =.00048. 
Henoe .142 =.14007 
U)005=. 00048 

.14056, the sam by which the square of the greater chord is to be-inpltipliedii anct 
4065 X 100^ =1406.6 feet. 
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SPECIFIC GRAVITIES. 

The Specific Gravity of a body is the proportion it bears to the weight 
of another body of known density. 

If a body float on a fluid, the part immersed is to the whole body as 
the specific gravity of the body is to the specific gravity of the fluid. 

When a body is immersed in a fluid, it loses such a portion of its own 
weight as is equal to that of the fluid it displaces. 

An immersed body, ascending or descending in a fluid, has a force 
equal to the difference between its own weight and the weight of its bulk of 
the fluid, leas the resistance of the fluid to its passage. 

Water is well adapted for the standard of gravity ; and as a cubic foot of 
it weights 1000 ounces avoirdupois, its weight is taken as the unit, viz : 1000. 

To Ascertain the Specific Gravity of a Body heavier 

than Water. 

Rdlr. — Weigh it both in and out of water, and note the dtfferencej 

then, as the weight lost in water is to ttie whole weight, so is 1000 to the 

^ W X 1000 
specific gravity of the body. Or, ^ = G, w representing the 

weight in water^ and G the specific gravity. 

Example. — Wluit ia ilie specific gmvlt-y of a Htoue which weighs iu air 15 Ihs., iu 
WHter 10 Ibfl. ? 

15— 10« 5 ; then 5 : 15 : : 1000 : : 3000 spec. grav. 

To Ascertain the Specific Gravity of a Body ligrhter 

than Water. 

Rule. — Annex to the lighter body another that is heavier than water, 
or the fluid used j weigh the piece' added and the compound mass separa- 
rately, both in and out of the water, or the fluid ; ascertain how much each 
loses in water, or the fluid, by subtracting its weight in water, or the fluid; 
from its weight in air, and subtract the less of these diflferences from the 
greater ; then, 

As the last remainder is to the weight of the light body iu air, so is 1000 

to the specific gravity of the body. 

Example. — Whut ia tlie specific gravity of a piece of wood tliafc weighs 20 Ihs. 
in air ; annexed to it. is a piece of metal thatweigiia 24 lbs. in air and 21 lbs. in water, 
and tiie two pieces in water wei«[h 8 Iba. ? 

20-f-24 — 8=14 — S=',i6=4oss of compound mass in water; 
24 — ^21 a= 'i=zloss of heavy body in water. 

33 : 20 : : 1000 : 606a=24 spec. grav. 

To Ascertain the Specific Gravity of Fluid. 

RuLK. — Take a body of known specific gravity, weigh it in and out of 
the fluid ; then, as the weight of the body is to the loss of weight, so is tbe 
Bpecifio gratit/ of the bod/ to that of the fluid* 
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ExAMPLB.— WImt is thA Rpecific jjruvity of h fluid in which a piece of copper 
[spec. y)-at;.=9000) weighs 70 Iba. in, Hml 80 ll>8. out of it f 

80 :80~70=10 : : 9000 : 1 125 t^Tee. grav. 

To Compute the Proportions of two Ingredients in a Com- 
pound, or to discover Adulteration in Metals. 

RuLK. — Take the ditFerencee of each specific gravity of the ingredients 
and the specific gravity of the compound, then multiply the gravity of the 
one by the difference of the other ; and, as the sum of the products is to the 
rej»p€Ctive products, so is the specific gravity of the body to the proportions 
of the ingredients. 

Example. — A compound of gold (jt^«c. ^I'av.as 18.888) and silver {spec, grav.ss 
10.535) li}is H epeclffc gravity of 14 ; what is the proportion of each metal f 

18.888-14=«4.888X 10.535=51.495 

14.— 10.535=»3.465X 18.888=65.447 
65,447-1-51.495 : 65.447 ; : 14 : 7.835 ^o«, 
65.447-j-5l.495 : 51.495 : : 14 : 6.L65 nher, 

T o compute the Weights of the Ingredients* that of the 

compound being given. 

Rule. — As the specific gravity of the compound is to the weight of the 
compound, so are each of the proportions to the weight of its material. 

Example. — The weight, as above, being 28 lbs., what are the weights of theiu- 
gredieuts } 

.. oQ S 7.835: 15 67 ffoW 

Proof of Spirituous Iiiquors. 

A cubic inch oi proof spirits weighs 234 grains ; then, if an immersed 
cubic inch of any heavy body weighs 234 grains less in spirits than air, it 
shows that the spirit in which it was weighed \% proof. 

If it lose less of its weight, the spirit is above proof; and if it lose more, 
it is below proof. 

Illitstuatton. — A cubic inch of glass weighing 700 grains weighs 500 grains 
when weighed in a certain spirit ; wiiat ia the proof of it ? 

700— 500s=2003s:^aM«=w«M7/tt lost in the spirit 

Then 200 : 234 : : 1. : LlTsasratio of proof of spirits compared to proof spirits, or 1. 
«=.17 above pi\>of. 

Solids. 

Rule. — Divide the specific gravity of the substance by 16, and the 
^aoiient will give the weight of a cubic foot of it in pounds. 
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OP DIFPERRNT BODIES A.ND SUBSTANCES. 



METALS. 



Alluminuin 

Antimony 

Arsenic 

Barium 

Bisiiiutb 

Bra88, copper 84 ) 

** tin 16 J •••• 

** copper 67 > 

" zinc 33 J 

" plate. 

** wire. 

Bronze, gun metal . . . . 

Boron 

Bromine 

Cadmium 

Calcium.. •• 

Chromium 

Cinnabar. 

Cobalt 

Colnmhium 

Gold^ pure, cast 

^' hammered. 

" 22 carats fine... 

'^ 20 carats fine . . . . 
Copper, cast 

*' plates 

" wire 

Iridium.. 

'* hammered 

Irop, cast 

** ** gun metal... 

" hot blast 

•* cold ** 

" wrought bars. . . . 

" " wire . . . 

<< rolled plates 

Lead, caAt 

*< rolled .- 

Lithium 

Manganese 

Magnesium 

Mercury— 40° 

»* +32" 

" 60Q 

*< 212" 

Molybdenum 

Nickel - . 

*' cast,, 

Qsmium 



flo g-ra- 
▼Ity. 



2560 

6712 

6763 

470 

9823 

8832 

7820 

8380 

8214 

8700 

2000 

3u00 

8650 

1580 

6900 

8098 

8600 

6000 

19258 

19361 

17486 

15709 

8788 

8698 

8cS80 

18680 

23000 

7207 

7308 

7065 

721H 

7788 

7774 

7704 

11352 

11388 

590 

8000 

1750 

16632 

13698 

L3580 

13370 

8600 

8800 

8279 

10000 



Weiirht 
or a cu- 
bic inoli. 



0926 

2428 

2084 

,017 

, 3553 

.3194 

.2828 

..3031 
.2972 

3147 
.0723 
.1085 

3129 
.057 

2134 
.2929 

.3111 

.217 

.6965 

.70m3 

.6325 

.5682 

.3179 

.3146 

.3212 

.6756 

.8319 

.2607 

.264 

.2565 

2611 

.2817 

,2811 

.2787 

,4106 

,4119 

0213 

2894 

0633 

6661 

4918 

,49121 

4836 

3111 

,3183 

2994 

3613 



METALS. 



Palladium 

Platinum, hammered.. 

** native 

" rolled 

PotaHsium, 69® 

lied-lead 

Rhodium 

Htithenium 

Selenium 

Silicium 

Silver, pure, cast . . . 
" hammered. 

Sodium 

Steel, plates 

** sort 

*• tempered and 
hardened . . 

" wire 

Strontium 

Tin, Cornish, hammerd 
** pure . . 

Tellurium 

Tbalium 

Titanium 

Tungsten 

Uranium 

Wolfram 

Znic, cast 

rolled 



ti 



WOODS (Dry). 



Alder 
Apple, 

Ash .. 



Bamboo 

Bay 

Beech 

■ • ■ • 

Birch . . . . 
Box, Brazilian 

*' Dutch.. 

** French.. 
Bnllet-wood.- 
Biitternut... . 
Cain peachy . . 
Cedar 

♦' Indian.- 



••>■•■ « 



Speoi- I Weight 
flc f^ra- ofa<^u- 



vity. 



11350 

20337 

16000 

22069 

865 

8940 

10650 

8600 

4500 

10474 

10511 

970 

7806 

7833 

7818 

7847 

2540 

7390 

7291 

6110 

11850 

5300 

17000 

10150 

7119 

6861 

7191 



800 
793 
845 
600 
400 
822 
852 
690 
667 

1031 
912 

1328 
928 
376 
913 
661 

1316 



bio iuch. 



.4105 
. 735G 
.5787 
.7982 
. 03 1 3 
..3241 
.3852 
.3111 
.1627 

.3788 
.3902 
.0351 
.2823 
2833 

. 2828 

. 2838 

.0918 

.2673 

. 2637 

.221 

.42^6 

.1917 

.6149 

.3671 
.2575 
. 2482 

26 

Ciihio 
ft»ut. 



50 
49 
52 
43 
25 
51 
53 
43 
35 
64 
57 
83 
58 
23 
67 
35 
82 



562 
812 
125 

375 

25 

125 

437 

437 



5 

062 
062 
167 
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WOODS, (Dry.) 

', Continued.) 



Charcoal, piue 

" fresh burned 

" oak 

** 8oft wood. . . 

" triturated... 

Cherry 

Che.«<nut, 8weet 

Citron 

Cocoa 

Cork 

Cypress, Spawish 

Dog-wood 

Ebony, American 

*• Indian 

Elder 



• ••• • 



E!m..... ) 

Filbert 

Fir (Norway Space). . 

Gum, blue 

** water 

Hackmatack 

Hazel 

Hawthorn 

Hemlock 

Hickory, pig-nut 

'* shell-bark.. 

Holly. 

Jasmine • 

Juniper 

Lance-wood 



Larch J 

Lemon 

Lignum-vit89 

Lime 

Linden 

Locust 

Logwood 

Mahogany < 

" Honduras. . . 

'^ Spanish. . . . 

Maple 

" bird\s eye 

Mastic. 

Mulberry < 



Speci- 
vity. 



Oak, African 

'^ Canadian 



441 
380 

157H 
280 

1380 
715 
610 
726 

1040 
240 
644 
756 

1331 

1209 
695 
570 
671 
600 
512 
843 

1000 
592 
860 
910 
368 
792 
690 
760 
770 
666 
720 
644 
660 
703 

1333 
804 
604 
728 
913 
720 

1063 
660 
852 
750 
676 
849 
661 
897 
823 
872 



Weight 
of a cu- 
bic foot 



27.562 

23 76 

98.312 

17.5 

86.25 

14.687 

38.125 

45.375 

65. 

15. 

40.26 

47.26 

83.187 

75.662 

43 437 

35 625 
41.937 
37.6 
32. 

52.687 
62.6 

37. 

53.76 

66.875 

23. 

49.6 

43.125 

47.6 

48 126 

36 ^75 
46. 
34. 

36 

43 937 

83.312 

50.26 

37.76 

46.6 

57.062 

46. 

66.437 

36. 

53.26 

46.875 

36. 

63 062 

36.062 

56.062 

5r.437 

64.6 



WOODS, (Dry), 

(Continued,) 



u 



Oak, Dantzic 

English 

green 

heart, 60 years. . . 

live, green 

** seasoned.... 

white 

Orange 

Pear 

Persimmon 

Plum 

Pine, pitch 

" red 

** white 

" yellow. 

Pomegranate 

Poon 

Poplar 

wmte«t«**a« . a . ■ . 

Quince 

Hose-wood 

Sassafras 

Satin-wood , . . 

Spruce 

Sycamore 

Tamarack. 

Teak (African oak). . < 

Walnut 

" black 



Speci- 
fic gra- 
vity. 



Willow. 



Yew, Dutch , 

** Spanish. 



(Well Seasoned.*) 

Ash 

Beech i, 

Cherry 

Cypress 

Hickory, red 

Mahogany, St. Domg. . 

Pine, white 

yellow 

Poplar 

White Oak, upland 

James River. 



u 



759 
932 
1446 
1170 
1260 
1068 
860 
705 
661 
710 
785 
660 
690 
664 
461 
1364 
680 
383 
629 
706 
728 
482 
886 
600 
623 
3&3 
667 
746 
671 
600 
486 
685 
788 
807 



722 
&24 
606 
441 
838 
720 
473 
641 
687 
687 
769 



Waiglit 
of a cu- 
bic foot. 



47.437 

58.25 

71.625 

73.125 

78.75 

66.75 

53.75 

44.062 

41 sri 

44.375 

49.062 

41.25 

36.875 

34.626 

28.812 

84.625 

36.26 

23.937 

33.062 

44.062 

46.5 

30.125 

66.312 

31.25 

38.937 

23.937 

41.062 

46.662 

41.937 

31.26 

30.375 

36.662 

49.26 

50.437 



46.125 

39. 

37.875 

27.662 

62.375 

46. 

29.562 

33.812 

36.687 

42.937 

42 437 



Oi'duance manual 1841. 
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Stones, Earths, &o. 



Azate 

Ambaster, white 

** yellow 

Alnm 

Aml>er 

Ambergris 

AsbeBtos, starry . 

Asphaltutn 



! 



Barytea, salphate... 

Basalts 

Borax. 

Brick... 



it 



a 



fire 

work in cement.. 

<« '* mortar < 

Carbon 

Cement, Portland 

Roman 



« 



Chalk 

Chrysolite 

Clay ,. 

*' with gravel 

Coal| Antracite j 

** Borneo 

Cannel j 

Caking 

Cherry ........ 

Chili. 

Derbyshire 

Lancaster 

Maryland 

Newcastle .... 
Rive de Gier. . . . 



tt 

ti 
ti 
u 
it 
it 
tt 
u 

M 



" Scotch. 



Splint 

Wales, mean., 



u 

Coke 

** Nat'l, Va. . 
Concrete, mean. 

popal 

Coral, red 



i 



Speoi 

flcifra 

vity. 



Weight 

of a cubic 

fouU 



2590 
2730 
2699 
1714 
1078 
866 
3073 
905 
1650 
4000 
4865 
2740 
2864 
1714 
1900 
1367 
2201 
1800 
1600 
2000 
3500 
1300 
1560 
1520 
2784 
2782 
1930 
2480 
1436 
1640 
1290 
1238 
1318 
1277 
1276 
1^0 
1292 
1273 
1355 
1270 
1300 
1259 
1300 
1302 
13151 
1000 
746 
2000 
1045 
2700 



Stones, Earths, &c. 



170 625 

168.687 

107.125 

67.376 

192 062 
56.562 

103.125 

250. 

304.062 

171.25 

179. 

107.125 

118.75 
86.437 

137.662 

112.50 

100. 

125. 

218 76 
81 25 
97 . 25 
96. 

174. 



120.625 

165. 
89.75 

102.5 
80.625 
77.375 
82 375 
79.812 
79.75 
80.625 
80 75 
79.562 
84.6«7 
79.375 
81.25 
78.6B7 
81.25 
81.375 
82.187 
62.5 
46.64 

125. 
65.312 

— 



•' white 

Cornelian 

Diamond, Orienta!.. .. 
** Brazilian... 
Earth, f common soil. 

looHe 

moist sand . . . 

mould, fresh . . 

rammed . . . . 

rough sand . . . 

with gravel . . . 



it 
tt 
u 
tt 
it 



Emery 
Flint, black.. 
** white . 
Fluorine. . . . 
Glass, bottle. 
Crown 



ti 



tt 



dint. ... 



(( 
it 
it 
It 



■■\ 



. • . • a 



green., . 
optical . . 
white . . . 
window. 

Garnet 

** black 

Granite, Egyptian red.. 
" Patapsco.... 

** Quincy 

<* Scotch 

'^ Susquehanna. 

Gravel, common 

Grindstone 

Gypsum, opaque 

Qone, white, razor... 

Hornblende 

Iodine. 

Jet 

Lime, hydraulic 

" quick 

Limestone, green 

" white 

Magnesia, carbonate. . . 

Marble, Adelaide 

AtVican 

Biscayan, black, 

Carara 

common 

Egyptian 

French 

Italian, white*. 



ti 
tt 
tt 
it 
tt 
tt 
tt 



Rtgrtk 
vity. 



of a Cobio 

F<M)t. 



2550 

2613 
3521 
3444 
2194 
1500 
2050 
2050 
1600 
1920 
2020 
4000 
2582 
2594 
1320 
2732 
:2487 
2933 
3200 
2642 
3450 
2892 
2642 
4189 
3750 
2654 
2640 
2652 
2626 
2704 
1749 
2143 
2168 
2876 
3540 
4940 
1300 
2745 
804 
3180 
3156 
2400 
2715 
2708 
2695 
[2716 
2686 
2668 
2649 
2708 



1.37.125 
93.75 
128 125 
128.125 
100. 
120. 
126.25 
250. 
161.375 
162.125 
82.5 
170.75 
155.437 
183.312 
196. 
165 125 
215.625 
180.75 
165.125 



165 875 

165. 

165 75 

164.062 

169. 

109.312 

1,33.937 

135.5 

179.75 

221.25 



171.562 
50.25 
198.75 
197.25 
150. 
169.687 
169.25 
168.437 
169.75 
167.875 
166.75 
165.562 
169.25 



t Speo. grav. Qf the earth is vartoosly eftimated at from 5.450 to 5.000. 
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Stonesi Earthsi &c. 



Marble Parian 

** Vermont, white 

Marl, mean 

Mica 



Mortar. 



Millstone. .... 
Mud 

Nitre 

Opal 

Oyster-**hell. . 
Paving-stone. . 
Pealy Oriental. 

Peat 



Phoapliorus 

P 1 aster of Paris 

Plumbago 

Porphyry, red 

Porcelain, China.. .... 

Pumice-stone 

Quartz 

Kotten-stone 

Ked-Iead 

Resin . 

Rock, crystal. 

Ruby 

Salt, common 

Saltpetre 

Sand, coarse 

common 

damp and loose 

dried and loose. . 

dry 

mortar, Ft. Rich. 
'* Brooklyn 

sillicious . 

Sapphire 

Shale 



a 

n 

n 



Slate 



i 



Slate, purple 

Smalt 

Stone, Bath Engl. 

*< Blue Hill .... 
** Bluestone (basalt) 
" Breakneck.. N.Y. 

Bristol Engl. 

Caen, Normandy 
Common 1 






Speoi 
vity. 



2888 
2650 
1750 
2800 
1384 
1750 
2484 
1630 
1900 
2114 
2092 
2416 
2650 

600 
1329 
1770 
1176 
2100 
2765 
2300 

915 
2660 
1981 
8940 
1089 
2735 
4283 
2130 
2090 
1800 
1670 
1392 
1560 
1420 
1659 
1716 
1701 
3994 
2600 
2900 
2672 
2784 
2440 
1961 
2640 
2625 
2704 
2510 
2076 
2520 



WelKbt 

of H Cubic 

Foot 



177, 
165 
109 
175 
86 
109 
155 
101 
118. 

130 
151 



375 

57 

375 

5 

376 

25 

875 
75 

.76 



37. 

83. 
110. 

73. 
131. 
172. 
143. 

67. 
166. 
123. 
568 

68. 
170. 

13.^. 

130. 

112 

104 
87. 
97 
88. 

103 

107. 

106. 

162. 

181. 

167. 

174. 

152. 

122. 

166. 

164 

169. 

156. 

129 

167. 



6 

062 
625 
6 

25 

812 

76 

187 

25 

812 

75 

062 

937 

125 
625 
5 
375 

6 

76 

66 

26 

33 

6 
26 



5 

662 

062 

875 

75 

6 



Stones, Earths, fte. 



n 

it 

It 
({ 
u 



n 
n 



it 



Stone, Craigleth^.Engl. 
** Kentish rag ** 
Kip's Bay.. N.Y. 
Norfolk (Parlia- 
ment House). 
Portland . .Engl. 
Sandstone, mean 
** Sydney 
Staten IslM. N Y. 
Sullivan Co. " 

Schorl 

Spar, calcareoua ...... 

Feld, blue 

green 

Fluor. .... 

Stalactite 

Sulphur, native 

Talc, mean 

Tale, black 

Tile 

Topaz, Oriental 

Trap 

Turquoise 

MISCELLAITEOUS. 

AFphaltum < 

Atmospheric Air . . . . 
Beert wax 

IjUtier. ..a. ....a .... 

Camphor 

Caoutchouc 

Egg. 

Fat of Beef 

" Hogs 

<* Mutton 

Gamboge 

Gum Arabic. 

Gunpowder, loose .... 
shaken . . 



(< 



ti 



solid 



Gutta-percha. 

Horn 

Ice, at 32°... 

Indigo 

Isinglass. . . . 

Ivory 

Lard.. . . ... 



id.. I 



Speoi 

tiegnk 

vity. 



2316 
2661 
2769 

2304 
2368 
2200 
2237 
2976 
2688 
3170 
2736 
2693 
2704 
3400 
2416 
2033 
2500 
2900 
1816 
4011 
2720 
2760 



906 
1660 

966 

942 

988 

903 

1090 

923 

936 

923 

1222 

1462 

900 

1000 

1660 

1800 

980 

1689 

920 

1009 

tin 

1826 
947 



We!«rlit 

of a Gable 

Foot 



144.76 

165.687 

172. 

144. 

148. 

137.6 

139.812 

186. 

168. 

198.125 

170 937 

168.312 

169. 

216.6 

150.937 

127.062 

166 26 

181.25 

113.437 

170. 



66.562 
103.126 
.07529 
60.312 
68.875 
61.76 
66.437 

67.687 

58.5 

67.687 

90.76 

66.25 

62.5 

96.87$ 
112.5 

61.25 
106.562 

67.5 

63.062 

69.437 
114 062 

69.187 



(*) .001205. 
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PPEOIPIO GBAVITIES. 



KISCELLAnEOXJS. 



MaBtic 

Myrrh 

Opium 

Soap, Castile. 
Spermaceti . . 

Starch 

Sugar 

.66.... 



ti 



Tallow 
Wax . 



it 

n 
n 
n 
u 
it 
u 
n 
a 



LIQUIDS. 

Acid^ Acetic 

Benzoic 

Citric 

Concentrated.. . . 

Fluoric 

Muriatic 

Nitric . . ... 

Phosphoric. .. 
*' solid. 

Sulphuric 

Alcohol, pure, 60° 

95 per cent. . 
80 
60 
40 
26 
10 
6 
proof spirit, "SO 

per cen 
proof spirit, 60 
per cent. SO"" J 
Anmionia, 27.9 per ct. 



t< 

u 
ii 
n 
ii 
li 

il 



ii 

ii 
ii 
a 
ii 
it 



rit,*50 ) 
It 60^ J 



Speci 


Weight 


fio fCTH, 


of aCubir 


vity. 
1074 


Foot. 


67.125 


1360 


85. 


1886 


83 5 


1071 


56.987 


948 


58.987 


950 


59 375 


1606 


100.375 


1826 


82 875 


972 


60.25 


941 


58 812 


964 


60.26 


970 


60.625 


1062 


66.376 


667 


41.687 


1034 


64 625 


1521 


96.062 


!5('0 


93 75 


1200 


76. 


1217 


76.062 


1558 


97 375 


2800 


176 


1849 


116.662 


794 


49.622 


816 


51. 


868 


53 987 


984 


58.875 


961 


69 437 


970 


60 625 


9S6 


61.625 


992 


62. 


934 


68.875 


875 


54 687 


891 


66.687 



iiaxiiDs. 



Aquafortis, double . . . 

** pingle 

Beer 

Bitumen, liquid 

Blood (human). 
Brandy, 4 or 5 of spirit 
Cider 




Ether, acetic 

** muriatic 

" sulphuric 

Honey 

Milk 

Oil, Anise-seed 

Codfish 

Cotton-seed 

Linseed 

Naphta 

Olive 

Palm 

Petroleum 

Rape 

Sunflower 

Turpentine .'. 

Whale 

Spirit, rectified 

Tar 

Vinegar 

Water, Dead Sea . . . 

liO^... 
212" 
distilled, 89"t'. 
Mediterranean . 

rain 

f^ea . • . . • 
Burgundy. 
Ciianipagne 
Madeira . 
Port 



u 
ii 
it 
II 
a 
II 
»( 
ii 
a 
ii 
ii 



n 

il 
ii 
ii 
ii 
il 

Wine 

ii 

a 

li 



1300 

1200 

1084 

848 

1054 

924 

1018 

866 

845 

715 

1460 

1032 

986 

923 

940 
848 
915 
969 
878 
914 
926 
87U 
92;i 
824 

1080 

1240 

991' 

957 

99H 

1029 

1009 

1026 

992 

997 

1 88 

997 



"Weight 

of a C It trie 

IToot. 



81.25 

75. 

64.625 

53. 

65.875 

57.75 

63 625 
54.125 
52 812 
44.t)87 
90 625 

64 5 
61.625 
57.687 

58.75 
53. 

57 . 1 87 
60.562 
54.875 
67 125 
57 875 
54 . 875 
57 6h7 
5\ i) 
68.487 
67.5 
77.5 
62.449 
59:812 
62 87y 
64 812 
62 5 
64 125 
62. 

64 875 
62 8:2 
62.312 



Compression of the following fluids under a pressure of 15 lbs. per 
square inch : 



Alcohol 0000216 

Ether 0000158 



Mercury 00000265 

Water 00004668 



* Specific gravity of proof spirit Hccording to Ure's Table for Sykes's Hydrometer, 9-H). 
t 1 cubic iuoh = .252.69 Troy grains. 



WEIGHTS AND VOLUMES OF VARIOUS SUBSTANCES. 
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OEZlcistio Fluids. 

It Cubic Fo^t of Atmospheric Air w^ghs 527.04 Troy Grains* 
Its assumed Chavity of\ is the Unit for Elastic Fluids. 



Atmospheric air, 34**. 

Ammonia 

Azote 

Carbonic acid 

** oxyd 

Carbureted hydrogen . 

Chlorine. 

Chloro-carbonic 

Cyanogen 

Gas, coal 

Hydrogen 

Hydrochloric acid, 
Hy(lrocyanic 
Muriatic acid . 

Nitrogen 

Nitric oxyd 

Nitrou& acid . . . 
Nitrous oxyd . 
Oxygen », 



i< 



1. 
.589 
976 
1.52 
.972 
559 
2 47 
3.389 
1.816 
4 

.752 

.07 

1.278 

.942 

1.247 

.972 

1.094 

2.638 

1.527 

1.102 



Phoephureted hydrogen 

Sulphureted ** .... 

Sulphurous acid 

Steam,* 212^ 

Smoke, of bituminous coal. . . 

" coke 

" wood 

Vapor of alcohol 

bisulphuret of carbon 

Vapor of bromine 

chloric ether 

ether 

hydrochloric ether 

iodine 

nitric acid 

spirits of turpentine 

sulphuric acid 

** ether . . 

sulphur 

water 



ti 
« 

41 

H 
it 

n 
ti 



1. 

2. 

5. 

3. 

2. 

2. 

8. 

3 

4. 

2. 

2. 

2. 



77 
17 
21 

4883 
102 
105 
09 
613 
64 
1 

44 
586' 
255 
675 
75 
763 
7 

,586 
214 
623 



TVeig-lits and Volumes of varioiiw Sul^stanoes 

in Orclinary Use. * 



SUBSTANCES. 



METALS. 



Brass 






( copper 67 1 

( zinc 33 3 

gun metal 

sheets. . . . 



wire 

Copper, cast 

** plates. . , 

Iron, cast , 

** gun metal 

" heavy forging 

*^ plates 

** wrought bars. 
Lead, cast. .... . 

" rolled. ... 

Mercury, 60^^. . . . , 

Steel, plates , 

<* soft 



Cubic Foot. 



Lbs. 



488.75 



543 

513 

o24 

547. 

543. 

450, 

466 

479 

481, 

486 

709 

711 

848 

487 

4.^9 



75 

6 

16 

25 

625 

437 

5 

5 

5 

75 

5 

75 

7487 

75 

562 



Cub. loch. 



Lbs. 

2829 

3147 

297 

3033 

,3179 

3167 

,2607 

27 

2775 

,2787 

2816 

4106 

.4119 

491174 

2823 

. 2833 



SUBSTANCES. 



METALS. 



Tin,. 

Zinc, cast 



rolled. 



Cubic Foot, 



Lbs. 

455.687 
428 812 
449.437 



WOODS. 

Ash 

Bay 

Cork 

Cedar 

Chestnut.. 

Hickory, pig nut. . 
" shell-bark. 

Lignum-vitfie 

Logwood 

Mahogany, Hon- { 
duras ..... ) 



52. 

51. 

15. 

35 

38 

49 

43 

83 

57 

35. 

66.437 



812 
375 

062 
125 
5 

.125 

312 

.002 



Cub.Iuch. 



Lbs. 

.2637 

. 2482 
.2601 

Cub. Feet 
in u Ton. 

42.414 
43.601 



149 
63 
68 
45 



I 



333 
886 
754 
252 
51.942 
26 886 
39.255 
64. 
33 714 



X Equal to .07539143 lbs. avoirdu]ioi,8. 



Weight of a cubio foot, 257.353 Troy grains. 
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WEIGHTS AND YOLUMES OF VARIOUS SUBSTANCES. 



SUBSTAirCES. 



a 
It 



Oakj Canadian . . . 

English 

Iive,&eaboned 
white; dry.. 
*^ upland 
Pine, pitch. — 
** red .... 

** white 

^* well seasoned 
" yellow — . 

Spruce 

Walnut, black, dry 

Willow 

" dry 

Miscellaneous. 



Cubic Foot. 



Air 

Basalt, mean 
Brick, fire . . 
mean 



n 



Goal, anthracite < 

*' bitumin.,mean 
" Cannel. . . . . . 

** Cumberland.. 



64.6 

58.26 

66.75 

63.7^ 

42.937 

41.25 

36.876 

34.626 

29.562 

33.812 

31.25 

31.25 

36.562 

30.376 



Cnb. Feet 
in a Tod 



.075291 

176. 

137.562 

102. 

89.75 
102.5 

80. 
94.875 
84.687 



41.101 

38 455 

33.658 

41.674 

62.169 

54.303 

60.745 

64.693 

76.773 

66.248 

71.68 

71.68 

61.265 

73.744 



SlTBSTAirCES.- 



12.8 
16.284 
21 961 

24.958 
21.854 
28. 

23.609 
26 451 



Coal, Welsh, mean 

Coke 

Cotton, 'bale, mean 

" *' pressed < 

Earth, clay .... 
" common soil 
" gravel 
dry, sand. . . 

loose. . 

moist, sand 

mold 

mud 

with gravel. 
Granite, Qumcy . . 
" Susqueh'na 

Hay, bale 

pressed 

India rubber 

" vulcanized 

Limestone 

Marble, mean .... 
Mortar, dry, mean. 

Water, fref^h 

salt 

Steam 



a 

It 

ti 
t( 



Cubic Foot. 



81.25 

62.5 

14.5 

20. 

25. 
120.625 
137.125 
109.312 
120. 

93.75 
128.126 
128.125 
101.875 
126.25 
165.75 
169. 
9.525 

25. 

66.437 

197.25 
167 875 

97.98 

62.5 

64.125 
.036747 



Cub. Feet 
in a Tod. 



27 . 569 
35.84 
154.48 
114. 
89.6 
18 569 
16.335 
20 49 
18.667 
23.893 
17 482 
17.482 
21.987 
17.742 
13.514 
13.254 
235.17 
89.6 
39.69 

11.355 

13.343 

22.862 

35.84 

34.931 



^pplloatlon of the n7a1>leM. 

When the Weight of a Substance is required. Bulk. — Ascertain the 
volume of the substance in cubic feet ; multi])ly it by the unit in the second 
columu of tables, and divide the product by 16 ; the quotient will give the 
weight in pounds. 

When the Volume is given or ascertained in Inches. Hule. — Multiply 
it by the miit in the third column of the tables, and the product will be tbe 
weight in pounds. 

ExAMPLic. — What TB the weiglit of u cube of ItHlian marble, tlie sides being 3 feett 
33 X 2708 = 731 16 oz., which -=- I6=45«9.75 lbs. 

Or of H sphere of chhi. iron 2 inches in diaiiiet.ei'? 

23 X .5236 X ■2« weiff/U of a cubic titcA= 1.089 lbs. 

Ooiupairati^e Weig-ht or Tiiiil>ei* in a, Grreen 

and @ea.si$oiie<l State. 





WeiKlitofaCiib. Ft.| 


Timber. 


Weight ofa Cub. Ft 


Timber. 


Green. 


Seasoned 


Green. 


Seasoned 


Ainericun Pine 


Lb8. Oz. 

44.12 
58. 3 
60. 


Lb.s. Oz. 
30.11 
50 
53.6 


Cedar 


Lbs. Oz. 
32. 
71.10 
48.12 


Lbs. Ox. 
28. 4 


Asli 


Enfflish Oak 


43. 6 


Bet'cU 


Riga Fir 


35.8 



BALLOON. — WEIGHT OF PATTERNS. 51 

n7o Oompute the Oapacit^ of* a, Balloon. 

Rule. — ^From specific gravity of the air in grains par cubic foot sub- 
stract that of the gaz with which it is inflated ; multiply the remainder by 
the volume of the balloon in cubic feet ; divide the product by 7000, and 
from the quotient substract the weight of the balloon and its attachments. 

EXAMPLB. — The diameter of a Imllooii ia 26.6 feet, its weight, is 100 los., }in<i the 
specigc giuvity of the guz with which it is inflated is .06 (uir beieg HHSiitiied at I) ; 
what is its capacity ? 



il 



527.04— 31.62X'i6.63X.5i>:J6 .^ 495.42X9854.726 ,^ nny Atn jx 
7000 ~^^^ 7000 »00=597.46l Ihs. 

'Xo Oompute the Oiametex* of* a, Ba^lloon, the 
li^eig;'lit to l>e iraised 1>eiiig; g^i^en. 

By inversion of the preceding rule, 

52^Ir = dj 8 and s' representing the weight of air and gas in 

grins per cubic footj and d the diameter of the balloon in feet, 

£XAHPJLK. — Given the elements in the preceding ciise. 

-5/597.46+ 1 00 X 7000-4-527.04—31.62 
Then 1 —L ^ ==^18821.09=26.6 feet. 

Ta Oompute the \^elg;'ht of Oa,»t l^etal l>y 
the Weig-ht of the I*a;tteiru. 

When the Pattern is of White Pine, 

Rule. — Multiply the weight of the pattern in pounds by the following 
multiplier, and the product will give the weight of the casting : 
Iron, 14 ; Brass, 15 ; Lead, 22 ; Tin, 14 ; Zinc, 13.5. 

When there are Circular Cores or Prints, — Multiply the square of the 
diameter of the core or print by its length in inches, the product by .0175, 
and. the result is the weight of the pattern of the core or print to be deduct- 
ed from the weight of the pattern. 

It is customary, in the making of patterns for castings, to allow for 
shrinkage per lineal foot of pattern. 

Iron and Lead }th of an inch. Brass and Zinc ^tbs, and Tin ^th. 
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